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Form and Function of Disorder

Dedicated to Professor David A. Drabold on the occasion of his 60th birthday

Since Anderson’s seminal paper “Absence of diffusion in certain
random lattices” [Phys. Rev. 1958, 109, 1492] and its subsequent
generalization by Mott to disordered electronic systems more
than half a century ago, an extensive progress was made in
the study of disordered condensed matter physics in the past
decades. Mott’s realization that electrons in disordered solids
can be described by localized wave functions and the existence
of mobility edges—the energy boundaries separating the
extended and localized states—in the density of electronic states
lead to the conclusion that a disordered solid can undergo a
metal-insulator transition at zero temperature in the presence
of sufficient disorder. The work of Mott and others opened up
a new vista in condensed matter physics that resulted in remark-
able achievements in the study of disorder and electronic corre-
lations in solids in the decades to follow. The absence of
translational symmetry in disordered solids implies that the cor-
nerstone of the old solid state physics—the Bloch theorem—is
no longer valid and so is the very concept of energy bands, on
which the entire edifice of the k-space-based old theory is built
upon. However, the vacuum was immediately filled by local
approaches to electronic structure of solids in real space, where
great emphasis was placed on bond order and density matrices.
Of particular importance are the local approaches adopted by the
French school under the leadership of Friedel, and Heine and
others in the United Kingdom. These researchers have shown
that the structure and electronic properties of noncrystalline
solids can be effectively addressed from a chemist’s bonding
point of view by using advanced scattering theory and Green’s
functions. A description of electronic properties of disordered
solids then naturally emerges from the local density of states
and density matrices instead of energy bands. The importance
of the density of states in studying disordered solids is perhaps
most elegantly expressed by a theorem, due to Cyrot-Lackmann,
that connects the moments of the local density of states to the
topology of the local atomic environment of a network.
Viewing the subject in the light of its development over a
period of the past five decades, it is evident that the field of
disordered materials continues to present significant challenges
and problems of outstanding interest to date. While the generic
behavior of many disordered systems is now more or less under-
stood, our knowledge and understanding of the properties of real
disordered materials are still evolving and far from being
complete. From a theoretical point of view, the main difficulty
arises from the lack of knowledge of atomic positions in disor-
dered solids. Diffraction experiments, while provide useful struc-
tural information through atomic pair-correlation functions,
alone cannot determine the three-dimensional structure of
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disordered solids via inversion of pair-correlation data. In view
of this, the great majority of current theoretical methods for
structural inference of disordered solids are limited to Monte
Carlo and molecular-dynamics simulations, using a variety of
total-energy functionals from classical and semi-classical to quan-
tum-mechanical approaches. The last approach mostly relies on
the density-functional theory (DFT), developed by Kohn and
Sham in the sixties. While these approaches have been highly
successful in determining structures and properties of many dis-
ordered solids, such as structural glasses, they are nonetheless
limited to either small system sizes (via DFT calculations) or
relatively simple amorphous/glassy solids for which accurate
classical or semi-classical force-fields are available. The compu-
tational complexity associated with DFT calculations for large
disordered systems continues to present a major obstacle in
studying complex multi-component glasses of technological
importance. Metallic glasses are classic examples in this category,
the properties of which are often characterized by medium-range
ordering on the nanometer length scale. Likewise, the interplay
between magnetism and disorder remains largely an uncharted
territory. While sophisticated theories of magnetism (for disor-
dered materials) are already in place, a unified approach that
simultaneously takes into account structural disorder and
magnetic interactions between atoms is still missing.

In recent years, the emergence of a new breed of computa-
tional methods, which rely on experimental data and relevant
structural information, brings fresh impetus to address the

© 2021 Wiley-VCH GmbH
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problem of materials modeling from a data-centric point of view.
These data-driven methods either construct a machine-learning
(ML) potential, using a set of training data from a small number
of high-quality DFT simulations and experiments, or generate
realistic models of disordered solids by directly incorporating
a set of experimental data and (approximate) total-energy func-
tionals in an augmented solution space. Although it remains
to be seen to what extent ML approaches can address some of
the most difficult problems in materials modeling, involving
multi-component glasses in a non-stoichiometric environment
with associated length- and time-scale issues, there is a cautious
optimism in the air that ML approaches can bring a paradigm
shift in computational materials discovery. While we wait for
the future to deliver a definitive answer, it is undoubtedly an
exciting time for studying disordered materials when new
data-driven methods and experimental results are reported
regularly.

The current issue “Form and Function of Disorder” originates
from our desire to honor and celebrate the sixtieth birthday of
Professor David A. Drabold and his contributions in this field.
Although we had to cancel the accompanying conference
(May 30-31, 2020 in Athens, Ohio, USA), due to the outbreak
of Covid19 pandemic in 2020, we are delighted that the special
issue has finally come to fruition irrespective of the pandemic-
related difficulties that we have experienced recently. The issue
consists of twenty-two (22) articles of which fourteen (14) are
directly related to the study of disordered systems/materials.
The topics covered are diverse in nature and they range
from applications of classical, quantum-mechanical, and ML
approaches to glasses of technological interest, as well as generic
understanding of disordered systems from geometric and
topological points of view.

Following our discussion on emerging methods and their
applications, and noting the limited availability of space, we
briefly mention here a small number of articles that are themati-
cally related to the title of the issue. The article by Konstantinou
et al. (pssb.202000416) illustrates the use of machine-learning
potentials with DFT accuracy in studying a phase-change
material, Sb,Te;, whereas the application of a data-assisted
FEAR approach is presented by Thapa et al. (pssb.202000415)
to study an important metallic glassy system, Cu46-Zr46-AlS.
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The transition from glasses to crystalline structures is discussed
by Sun et al. (pssb.202000427), where the authors examine the
evolution of the interface between glassy and crystalline struc-
tures in lithium disilicate systems. The work by Dahal et al.
(pssb.202000447) explores the origin of the fast sharp diffraction
(FSDP) peak in amorphous silicon and provides some new
insights on the relationship between the position of the FSDP
in the wavevector space and a radial length scale in real space.
Subedi et al. (pssb.202000438) discuss a fascinating approach
to employ the Kubo-Greenwood formula for studying
conductivity in amorphous solids that leads to identification of
conductivity paths/regions in real space via construction of a
conducting matrix. The article by Biswas (pssb.202000610)
addresses the structure of energy landscapes of some highly
degenerate model spin-glass systems. The author presents a
new classification scheme by providing a two-dimensional
description of high-dimensional potential-energy surfaces, show-
ing the energy minima and barriers that separate them. The
nature of atomic vibrations in models of vitreous silica has been
studied by Shcheblanov et al. (pssb.202000422) with an emphasis
on the low- frequency vibrational modes. The authors show that
the modes are quasi-localized in nature and resulted from a mix-
ing of non-localized and localized vibrational states. The latter
have been found to exhibit both exponential and power-law
decays. The article by Sadjadi et al. (pssb.202000555), on isostatic
material frameworks, provides a brilliant discussion on how
topological and geometric constraints in random networks can
play a decisive role in understanding some generic properties
of real disordered materials. The remaining articles are equally
fascinating and enjoyable to read.

We thank the authors for delivering a high standard of scien-
tific content in their articles for this special issue. Finally, we
are grateful to the editorial team of physica status solidi (b),
and in particular Dr. Sabine Bahrs, who worked alongside us
for the past year to make this issue finally appear in print.

Parthapratim Biswas
Gang Chen

Serge Nakhmanson
Jianjun Dong

July 27, 2021

© 2021 Wiley-VCH GmbH
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Parthapratim Biswas is Professor of Physics in the University of Southern Mississippi (Hattiesburg, MS,
USA). He obtained his Ph.D. from S. N. Bose National Center for Basic Sciences in Kolkata (India) and
did his postdoctoral research in the Netherlands, UK, USA, and Germany. The primary area of his
research interest is electronic-structure theory of disordered solids. His current research involves
development of information-based inverse and hybrid approaches to material structure determination,
using geometric, topological, and experimental information.

Gang Chen received his Ph.D. in Materials Science and Engineering at Lehigh University (Bethlehem, PA,
USA) in 2004. He is currently an Associate Professor in the Department of Physics and Astronomy at
Ohio University (USA). His research is focused on fundamental understanding of the structure—property
relations in amorphous electronic materials.

Serge Nakhmanson’s research interests involve modeling of functional materials properties using
quantum-mechanical and finite-element based computational tools. He is one of the original creators and
a developer of the ‘Ferret’ code for simulating ferroic functionalities at mesoscale. Specific areas of
interest include novel multifunctional materials and predicting their behavior; influence of shape, size
and orientation on the material properties, as well as occasional excursions into “soft” ferroelectrics,
such as polymers, oligomers and molecular crystals.

Jianjun (J)) Dong is a Professor of Physics at Auburn University (Auburn, AL, USA). He received his
Ph.D. degree from Ohio University in 1998, under the supervision of Prof. David Drabold. His research
focuses on theories and simulations of real materials. A current research thrust is to develop new
theories and computational methodologies to understand heat transfer properties of materials, such as
materials at extreme low or high temperatures, very anharmonic crystals, disordered/glassy solids, and
material interfaces.
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David Drabold Festschrift tribute by Ronald L. Cappelletti

It is with gratitude and affection and a sense of privilege that I
pen these few words to celebrate my friend and colleague David
Drabold on the occasion of his sixtieth birthday. I was on the
team that interviewed David in 1993 to hire him as an
Assistant Professor at Ohio University. Doing experimental work
on amorphous materials, the prospect of having a faculty
colleague doing state-of-the art complementary computational
work was certainly intriguing. But little did I know that that inter-
view would blossom into a deep and warm friendship of nearly
thirty years with this kind, generous person over shared interests
in Late Antiquity (Theodoric, Belisarius), Roman coinage, other
historical areas, and family. (A shameless collector, David ever
manages to impart enthusiasm about his latest acquisitions, pro-
jects and travels.) David, of course, proved himself to be a stellar
addition to Ohio’s faculty, rapidly rising through the ranks to
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become a Distinguished Professor and mentoring a host of suc-
cessful graduate students and post-docs through his well-funded
research who continue to hold him in affection and esteem. It is
no secret to all here that David’s stature as an international leader
in the field of computational amorphous materials is driven by a
curious and original mind with keen insights penetrating bril-
liantly into the meaning and methods in this ever difficult area
of physics. This very collection of articles on Form and Function of
Disorder attests to his sustained accomplishments. I hope you will
all join me in wishing David many more years of productive work
in science (and, yes, avid collecting!)

Ronald L. Cappelletti

Physicist,
National Institute of Standards and Technology, USA

© 2021 Wiley-VCH GmbH
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David Drabold Festschrift tribute by Stephen Elliott

David is that ultimate ‘rara avis’ — a world-class scientist, but also
a numismatist having a museum-quality collection of ancient
coins and with a detailed knowledge of Anglo-Saxon England.
He must be completely unique. He is also a great Anglophile,
in love with not just its (ancient) history but also its quirky
customs. I have much enjoyed hosting him in Cambridge on
the numerous visits that he has made to the UK over the years
to collaborate, often in association with my College there, Trinity,
at which he has been a Visiting Fellow, as well as at Clare Hall.
I think that, in a previous life, David must have been an Oxbridge
don, for he always fits in so seamlessly with the arcane world of
College life, with its strange rituals (Latin graces before and after
High Table Dinner, the wearing of bat-like black gowns for such
Formal Hall occasions etc.). Perhaps a sign of his love of
Cambridge is that the image heading his publication list on his
website is a photograph of Trinity Avenue leading down to
the College, with a distant view of King’s College Chapel on
the right.

David is well-known, of course, for his world-leading compu-
tational studies of the atomic and electronic structure of
disordered materials, notably amorphous silicon, but also
chalcogenide glasses, as well as oxide and metallic glasses.

DOI: 10.1002/pssb.202100373
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He has pioneered a number of theoretical approaches in this
field, often given wonderfully striking acronyms as names,
e.g. FEAR (‘force-enhanced atomic refinement’), and its progeny,
AIFEAR (‘ab initio force-enhanced atomic refinement’). His
papers are always models of clarity, physical insight and timeli-
ness. I have had the pleasure and honour of collaborating with
David on a number of topics over the years, and we have pub-
lished 16 papers together, the first appearing nearly 20 years
ago, in 2001. This collaboration has continued, I am glad to
say, to the present day. As I write, a joint paper (again on amor-
phous silicon!) is under consideration for publication.

It is a very great shame that, due to the Covid pandemic, it was
not possible for a group of his many friends, co-workers and col-
laborators to gather together in May 2020, as planned, to mark
his 60th birthday, and to honour his very many scientific achieve-
ments at a Festschrift meeting in Athens, Ohio. However, [ am
very pleased to be able to contribute this brief encomium, as well
as a scientific paper, to his Festschrift Special Issue to be pub-
lished by physica status solidi.

Happy birthday, Dave!
Stephen Elliott

© 2021 Wiley-VCH GmbH
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CO, Conversion on Ligand-Protected Au,s Nanoparticle:
The Role of Structural Inhomogeneity in the Promotion of

the Electrocatalytic Process

Dominic R. Alfonso

Dedicated to Professor David A. Drabold on the occasion of his 60th birthday

The possibility of direct integration with renewable electric sources adds more
potential to the electrochemical method as a promising route for CO, conversion.
Previous experimental breakthrough reveals that Au,s5(SR);s~ nanoclusters
having 25 gold atoms and 18 protecting thiolate ligands can be utilized as
catalysts for CO, electroreduction to CO. The reason for its observed activity
toward CO, conversion is of fundamental importance that needs to be explained.
Herein, the progress made in the first-principles mechanistic studies of the
reduction process is described. Contrary to long-standing assumptions, the fully
ligand protected version is not the active catalyst because of the weak adsorption
of the relevant intermediates. Instead, the calculations based on computational
hydrogen electrode method reveal that the reduction process is facilitated by a

The reduction of the CO, supplied in the
cathode is facilitated by the transfer of pro-
ton and electron pairs from the electrolyte.
If the cell is coupled with electricity gener-
ated from renewable sources such as wind,
geothermal, solar, or hydroelectric, the
electrochemical reactions can be realized
in a carbon-neutral manner.'*"?

The efficiency of this technology, how-
ever, is challenged at the key stages of the
device operation. In particular, a catalytic
material is required to enhance the selectiv-
ity in the cathode where CO, is reduced, for

example, to high value product CO

thermodynamically stable yet structurally inhomogeneous active site. This

reaction center binds the intermediates in such a way that the process can occur

CO, + 2H* + 2e~ = CO + H,0 (1)

at low overpotentials. The results point to the role of inhomogeneity in the

surface region for this class of materials as a critical factor promoting the CO,

conversion process under electrochemical environment.

1. Introduction

Decreasing atmospheric CO, concentration via electrochemical
reduction of the greenhouse gas under ambient temperature
and pressure has gained considerable attention. Compared to
geological sequestration, this artificial photosynthesis which
mimics the process in green plants can also potentially convert
CO; gas into CO, formic acid, methane, ethylene, or methanol
providing sustainable source of feedstocks for the chemical and
fuel sectors.!"™ The typical device consists of three fundamental
components (Figure 1), namely, the cathode and anode electro-
des plus the electrolytes. Water is supplied into the anode
compartment where the molecules are oxidized into individual
ions that are subsequently incorporated into the electrolyte.

Dr. D. R. Alfonso

National Energy Technology Laboratory
US Department of Energy

Pittsburgh, Pennsylvania 15236, USA
E-mail: alfonso@netl.doe.gov

The ORCID identification number(s) for the author(s) of this article
can be found under https://doi.org/10.1002/pssb.202000387.
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Though the two-electron pathway has a
relatively low redox potential of about
—0.10 V versus the standard hydrogen elec-
tron (SHE) potential, the kinetics of the
CO;, reduction reaction (CO,RR) is contam-
inated by the simultaneous hydrogen evolution reaction (HER)
occurring in the aqueous electrolytes

2H' 4 2e~ = H, 2)

To further nudge this conversion technology into practice, it
is desirable to identify a catalytic cathode material that would
yield significant improvements in terms of product selectivity,
catalytic stability, and current density without compromising
energetic efficiencies.'*! The utilization of gold for CO,RR
began from the early experiments by Hori and co-workers
where bulk gold metal electrodes were systematically investi-
gated.!”'* Tt was found that Au electrodes have high selectivity
for CO production and can successfully reduce CO, with
varying ratio of CO and H, product mixtures depending on
the applied voltage. By tailoring physical structures to maximize
surface area and undercoordinated binding sites, subsequent
studies show that the performance can be improved achieving
overpotentials below —0.30 V (for brevity, all applied potential
indicated from hereon are relative to SHE) at a current density
above 0.2 mA cm 211>

Synthesis of gold clusters protected by thiolate ligands is a
strategy that has been used to identify electrocatalysts effective
for CO,RR. These atomically precise systems which contain

© 2020 Wiley-VCH GmbH
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Figure 1. Operating stages of CO, reduction cell: 1) H,O splitting at the
anode resulting into the incorporation of proton into the eletrolyte accom-
panied by the tranfer of charge from from the anode to the cathode; 2) pro-
ton migration into the electrolyte; and 3) CO, reduction at the cathode.

10-100 metal atoms in the underlying inorganic core are often
called nanoclusters to differentiate them from conventional Au
nanoparticles."* 2% The selective bonds formed by the ligand sta-
bilizers with the surface atoms impart structural robustness and
advances in synthetic methods have made it possible to achieve
materials with molecular purity.?*?*! Since their size spans the
ultrasmall regime (<3 m in diameter), intrinsically unique and
size-specific behavior were observed that are different from either
atomically dispersed gold species or their traditional nanoparticle
counterparts. For example, they exhibit molecular-like electronic
structures since the energy levels become quantized.***”) This
allows the studies of quantum confinement effects in the regime
that spans the molecule-bulk transition region.

Moreover, these nanoclusters are more chemically active
unlike their bulk gold counterpart. For example, they are found
to be active in the oxidation of styrene, CO, and sulfur-containing
compounds.?®Y In particular, they have emerged as a promis-
ing catalyst for CO, mitigation under mild conditions. In 2012,
Kauffman and co-workers reported selective CO, reduction to
CO at an onset potential of —0.193 V*”! which makes the conver-
sion process energetically efficient. The reduction involves the
use of negatively charged ligand protected Au,s(SC,H4Ph)qg™
nanocluster which catalyzed the two-electron conversion of
CO, to CO in aqueous solution. The process on this nanocluster
consisting of an icosahedral Au;; core surrounded by six
[-S—Au-S—-Au-S] oligomers was observed to be at near 100%
Faradaic efficiency at —1.0 V7%, a rate significantly higher
than bulk Au.l"”! Proof of concept studies using commercially
available renewable energy resources yields stable operation
and turn over reaction numbers during multiday experiments.**!
Nanocluster stability was established as a majority of the materi-
als retain size and morphology after long-term electrocatalysis
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experiments. A follow-up study in 2014 by Kauffman et al
revealed that the charged state and the electrochemical catalytic
activity are strongly correlated®®*”! in that the neutral and cat-
ionic versions led to the reduction of the reactivity.

Cu-based materials have been widely investigated for
CO, reduction but the main product at low overpotentials is
either hydrocarbon or alcohol and not CO. Unlike the ligand
protected Au,s nanocluster, a higher voltage is required for
CO production with a reported value of ~—1V for the bulk ver-
sion.*®! Even a Cu nanostructured counterpart retains this fea-
ture, an example of which is the ligand protected Cu;,HyoL,
(L = dithiophosphate).?! The reported dominant product in this
case is HCOOH at —0.3 to —0.4 V with a Faradaic efficiency of
83-89%, whereas H, evolution is the dominant process for
> —0.5 V. This trend is also confirmed by their complementary
density functional theory (DFT) calculations.

Theoretical studies of catalytically relevant phenomena under
electrochemical environment have advanced enormously in the
last decade due to 1) the use of a periodic representation of
the electrode surface, 2) advances in algorithms that describe
the electrode potential effects on the elementary reaction free
energies and activation barriers, and 3) the development of sol-
vation models to realistically account for the influence of the elec-
trolytes.l**~*! The overall computational framework is to a large
extent exploits the thermochemical relationships to correlate the
chemical potential of electrons, ions, or electron—ion pairs in
terms of neutral species which can be quantified readily through
the first-principles calculations. The direct use of standard DFT
for nonelectrochemical catalytic reactions imparts predictive
quality to the simulation. With well-defined and practical models
for the nanoclusters, hard to measure reaction mechanisms
under realistic conditions and relevant observables such as the
limiting potential, structures, and bonding of intermediate spe-
cies can be obtained.

The establishment of the relationship between atomic level
physical and chemical properties of the catalyst with observed
chemical behavior is arguably the primary driver for heteroge-
neous catalytic research. Toward this goal, we describe in this
account our theoretical efforts to achieve a fundamental under-
standing of CO,RR in ligand protected Au,s nanocluster, to put
the subject in context, to indicate what is known and what
remains to be done. An essential element of computational catal-
ysis is the identification of the nature of the active sites. In this
article, we show how the atomic disorder at the surface bound-
aries can be correlated to the observed electrochemical catalytic
activity. We also show here how the predicted atomic level
insights can aid in the understanding of the observed activity
Auys nanocluster with different charge states.

2. Aspects of Theoretical Modeling

2.1. Mechanism Overview

We adopted the following reaction mechanism scheme to iden-
tify the fundamental aspects of CO, conversion and the compet-
ing H, production. For CO, reduction, the 2e~ CO,RR
mechanism was assumed, i.e., the following three-step mecha-
nism represented by!*"*”!

© 2020 Wiley-VCH GmbH
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CO, + H*(yq) +€ +* — *COOH 3)
*COOH + H* (g + e~ — *CO 4+ H,0 (4)
*CO — CO+* (5)

It is essential to consider the competing HER reaction against
CO,RR to properly evaluate catalyst, because the HER reaction
can significantly impede the CO,RR activity of the desired reac-
tion. The 2e™ pathway producing H, is represented by!'>*®!
H+(

ag t€ +"—"H (6)

*H+ H+(aq) +em —*+ HZ (7)

The lone “*” represents the active site in the nanoclusters. The
symbols *COOH, *CO, and *H refer to the nanocluster with
adsorbed intermediates. For CO,RR, the mechanism involves
two reduction states (Equation 3 and 4) each of which results
to the addition of proton and electron pair. COOH first forms
on the active site and it then undergoes a reduction reaction
to form *CO and H,0. In the last step (Equation 5), CO is
released from the cluster. For HER, *H first forms on the active
site (Equation 6) followed by subsequent reduction reaction to
yield the release of Hy, (Equation 7).

HCOOH formation is not considered since the Au,s nanoclus-
ter considered here is selective for CO. HCOOH formation is
further ruled out due to the absence of methanol product. It
should be noted that HCOOH is one of the precursor species
for the alcohol formation.**!

2.2. Density Functional Theory

Electronic structure calculations were performed within the
framework of DFT as implemented in the Vienna ab initio sim-
ulation package (VASP), a plane wave psuedopotential code.*”
Within the generalized gradient approximation (GGA), the
formulation of Perdew, Burke, and Enzerhof (PBE) was used
to calculate the exchange-correlation energy.*” The projector-
augmented wave (PAW) method was used for core—valence
treatment.”? The Kohn-Sham one-electron valence eigenstates
were expanded in terms of plane-wave basis sets with a cutoff
energy of 600eV. The ionic and electronic convergence limit
was set to 0.03eVA™" and 1 x 107> eV, respectively, whereas
the Methfessel-Paxton schemel®®! was utilized having a smear-
ing width of 0.1eV. A 3D periodic cubic box with dimensions
of 30 A was inserted in the simulation models of the nanocluster
to exclude periodic interaction between them. The sampling of
the Brillouin zone was conducted with a I-point k-point mesh.

2.3. Computational Hydrogen Electrode Scheme

Solvent corrections were taken into account using the Poisson—
Boltzmann implicit solvent model implemented in VASP by
Matthew and Hennig.”* The background dielectric constant
of water is &, =80 with a cutoff charge density of 0.0025 A~3.
The cavitation energies were evaluated using a surface tension
parameter of 0.525meVA . Free energy corrections for
adsorbed species were applied assuming harmonic degrees of
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freedom and those for gaseous species were quantified in the
ideal gas limit. The free energy for liquid species was evaluated
by applying free energy corrections to their room temperature
solvated state. The voltage-dependent electrochemical free
energy pathways were constructed from the computational
hydrogen electrode (CHE) approach.*” This framework takes
advantage of the equivalence of the free energies of the proton—
electron pair (Gy+ e G+e-) and hydrogen gas (3 Gh,,) at 0V
to rigorously evaluate the chemical potential of the electrode/
electrolyte species. The relationship allows equating their
free energies and applying a linear shift in potential by —eU
where U is on the SHE scale. Based on this framework, the rela-
tive free energy of a general elementary reduction reaction,
A*+H" o +e — AH*, is AG(U) = Gap, — Gas —%GHz(g) +
eU where Guyy., Gas, G, and e are the free energy of the prod-

uct, free energy of the reactant, free energy of gas phase H,, and
the elementary positive charge.

The limiting potentials for H, evolution U;(H,) and CO,
reduction Uy (CO,)are defined as the values that make all indi-
vidual voltage-dependent or electrochemical steps (Equation 3,4
and 6,7 for CO,RR and HER, respectively) become exothermic,
AG <0eV.P>* Thus, Uy (CO,) and U;(H,) are numerically

equal to *{w} and ,{M}Y respectively.

e

To not to be affected by the HER, the limiting potential of this
process should be as negative as possible compared to CO,RR.
The descriptor which represents the difference in the limiting
potentials, U; (CO,) — UL (H;), can then be used to ascertain
the trend in selectivity. That is, a positive value corresponds to
preference for CO, reduction and the more positive the magni-
tude becomes, the higher the selectivity for CO, reduction of over
H, evolution.

3. Carbon Dioxide Reduction on Au,s(SR)qs
3.1. Earlier DFT Modeling Efforts

Beginning in 2011, Kauffman et al. have studied the catalytic
potential of (Au),(SR),, nanoclusters to reduce CO, under elec-
trochemical environment. A key focus of the early efforts was on
Au,s(SR)1s? (9= —1, 0, —1)7*7) due to the availability of mature
methods which permit efficient synthesis of these nanoclusters
with molecular purity.***® The negatively charged cluster was
labeled as the captain of the great nanocluster ship due to its
reputation of being a well structurally characterized system.
This was made possible by the pioneering work of Tsukuda
et al. who reported the formula of the anionic species using elec-
trospray ionization mass spectrometry and subsequent investiga-
tions by Jin and Murray groups that ascertained among other
things the corresponding crystal structure.?>®"! A key structural
finding is that the nanocluster has three types of Au environ-
ment: central, shell site, and ligand sites (Figure 2). The central
and shell sites consist of icosahedral inner Au;s cluster plus
exterior shell of Auj,. This Au,s structure is then protected by
18 thiolate ligands stabilizer. Alternatively, one can view the
inner Au;s as enveloped by six Au,(SR); staple motifs where
R represents a typical phenylethyl group (CH,CH,CsHjs).
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Figure 2. Building blocks of Au,s(SR)1537 where R = CH,CH,CgHs. a) Icosahedral Auy; core; b) the six Au,(SR); staple motifs. ¢) Auys core enveloped
by the the six Au,(SR)3 structures. d) Au,s(SR)1s7 structure. Atom colors: Au core: light red; other Au: yellow; S: blue; and C portion of the ligand: gray.

H atoms are not shown for clarity.

From the experimental work of Kauffman et al., it was dem-
onstrated that Au,s(SR);s~ can successfully reduce CO, to CO
with product yield that is 7-700 times faster than that of conven-
tional Au nanoparticles and bulk Au electrodes. Under aqueous
condition, catalytic activity was observed to be as small as
—0.193 V achieving a nearly 100% Faraday efficiency at ~—1V.
A follow-up proof-of-concept studies provided a supporting
argument in favor of the viability of this process at a practical
level.® Using commercially available renewable energy
resource such as solar cell and battery, stable operation and turn
over numbers were both achieved during several days of experi-
ments. Moreover, the stability of the material was not compro-
mised as evidenced by the retention of cluster size and
morphology after long-term operation. Charge state plays a role
in that CO, reduction to CO is also mediated by the positively
charged and neutral species, Au,s(SR)1s™ and Au,s(SR)ys, albeit
on a lesser degree, i.e., the observed formation rate is lower than
the anionic species between —0.7 and —1.3 V. A particular chal-
lenge from the modeling standpoint is the identification of a
faithful representation of the nanocluster which at the same time
is practical for the first-principles modeling. An Au,s(SR)s?
model based on a typical experimentally utilized 18 atom phenyl
ethyl thiolate (-SCH,CH,C¢Hj) ligand stabilizer consists of 349
atoms. This plus the use of a periodic box sufficiently large to blot
out any unphysical effect due to image interaction would make
the calculations computationally prohibitive within a DFT plane-
wave basis set framework requiring an energy cutoff of about
600 eV to realistically model the electronic distribution. To rem-
edy this, we utilized a methyl thiolate (-SCH3) where the phenyl-
ethyl group is replaced by CHj, thereby reducing the model to a
relatively manageable 115 atoms size representation.l'”) The
resulting geometry optimization of Au,5(SCH3)15~ yielded struc-
tural parameters that compare very well with experiments
(Figure 3a). For studies that would involve adsorption of inter-
mediates, this approach is an upgrade compared to the previ-
ously used (-SH) ligand representation’®”! as such model can
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potentially overestimate the electronegativity of the hydrocarbon
portion of the real ligand.

Having attained a viable and more realistic atomic represen-
tation, we initially looked at the interaction of CO, with the intact
nanocluster to explain the observed catalytic activity. Since
adsorption is a precursor to catalysis, we posited that the
reduction can take place if the nanocluster is able to bind the
molecule. After extensive search of stable CO, adsorption was
undertaken, our calculations identified several adsorbate
configurations with binding energies up to about —0.2eV.
The most energetically favorable one features the oxygen end
of CO, having threefold interaction with adjacent sulfur atoms
of the methyl thiolate ligands (Figure 3b). The picture of a
weak CO, binding is consistent with predicted density of states
calculations which show no significant change in the electronic
properties of Au,s(SCHj);s~ with the adsorbate withdrawing
about 0.1 electrons from the cluster. A noted takeaway is that
the reactant CO, can bind on the nanocluster albeit weakly
and this baseline data can be used as a platform for further
investigations.

As a spot check, the van der Waals interaction was included
for this particular configuration as previous DFT work yielded
noticeable change in geometry coupled with an increase in
the energetic stability of ligand protected Au;g(SR)14,
Au,0(SR)16, and Au,4(SR)y0 (R = CHj3) clusters when this effect
was considered.l®”l With the use of DFT-D2 scheme®® which
incorporates long-range dispersion interaction to the PBE func-
tional, the resulting geometry of the adsorbed CO, is predicted to
be unchanged though we a found slight 0.05-0.13 A bond con-
traction of its O end with the first-neighbor S. A 0.11 eV atom ™"
increase in the stability of the whole CO,—nanocluster structure
is also observed. The CO, binding energy, however, is not sig-
nificantly impacted,—i.e., the predicted enhancement is only
~0.02 eV when the van der Waals contribution is accounted for.

Reactant binding energy was also used to explain the
observed charge state-dependent electrocatalytic CO,RR activity

© 2020 Wiley-VCH GmbH
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Figure 3. a) Bare Auys(SCH3)q5. b) CO, adsorbed on Auys(SCHs)qs. Atom colors: Au: yellow; S: blue; H: white; C: gray; and O: red.

Figure 4. a) Correlation between reactant binding energy and reaction turnover frequency (TOF) for CO, reduction to CO at —1V. Au,s ™, Auys®, and Auys™
refer to the anionic, neutral, and cationic version of Au,s(SCH3) . b) Stable CO, + H™ geometry on Au,s(SCH3)1s~. Atom colors: Au: yellow; S: blue;
H ligand: white; C: gray; O: red; and H adsorbate: purple. Adapted with permission.®” Copyright 2014, The Royal Society of Chemistry.

of the nanocluster. Experiments show a reaction rate trend
of Au,s(SR)1s™ > Aliz5(SR)1s > Atiys(SR)1s ™ in acidic media.*®
An extensive search of stable CO, and H" adsorption was under-
taken on the three nanoclusters. Inspection of the various ground
state structures shows that the geometry of the clusters remains
intact in the presence of the reactant (Figure 4b). The measured
turnover number at the optimum operating voltage of —1V is
shown in Figure 4a and a marked trend is seen between these
values and the DFT calculated energetics of coadsorbed CO, and
H*. Our results indicate that the magnitude of the binding
energy has a positive correlation with the activity. That is,
CO,RR is the most pronounced in Au,s(SR);s~ because it
performs better in terms of the stabilization of the CO, and
H™ reactants. From this conventional DFT calculations emerges
a simple picture to explain the observed activity in Au,s(SR)18™—
adsorption of the reactant is a critical step and CO,RR is pro-
moted by stabilization of the reactant.
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3.2. Computational Hydrogen Electrode Modeling: The Role of
Surface Heterogeneity

The aforementioned studies establish realistic atomic models
for the nanoclusters which are sufficiently practical at the DFT
level of calculations. Relevant calculational details such as the
magnitude of basis sets required for converged representation
of the charge distribution was identified. It predicts that
Auys(SR)187 is not completely inert with the binding of CO, plus
associated coreactant quantified and then correlated to reactivity.
Although reactant binding is a precursor to catalysis, merely
looking at such initial event offers a limited picture of the pro-
cess. Other aspects such as the subsequent chemical transforma-
tion including its energetics have to be addressed. To further our
understanding, it is then useful to look at the reaction profile,
specifically under electrochemical conditions imposed in
experiments.
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The widely used CHE method described in Section 2.3
provides a predictive and a practical way to ascertain reaction
energies. It takes advantage of the thermochemical relationship
between the proton—electron pair and gaseous H, coupled
with the incorporation of electrode potential effects via a linear
free energy relationship. In conjunction with periodic DFT
framework, high-fidelity representations of extended solid nature
of electrode surface can be generated allowing accurate consid-
eration of the electronic structure. We initially deployed this
approach on an electrocatalytic system involving NigSe-based
nanoclusters, successfully predicting its observed activity
towards H,O splitting.®*! Buoyed by this effort, we then utilized
it for CO,RR on Au,s(SR)qg™ to derive the energetics of the con-
version process.[*”)

The free energy profile for the reaction pathway based on
CO;RR steps outlined in Section 2.1 as well as the optimized
intermediate structures on the intact cluster is shown in
Figure 5. For an external potential of U=0YV, the protonation
of CO, to form COOH was predicted to be thermodynamically
uphill by ~2 eV, whereas the second one which involves the pro-
tonation and dissociation of COOH is exothermic. After surface
CO was formed, it can detach with a small barrier to form the gas
phase molecule. The most endothermic electrochemical step is
the COOH formation and the lower limit of the overpotential
is then approximated as 2.04 V—namely, the applied voltage
that causes the AG values of all electrochemical reactions
(Equation 3,4) to be <0 eV. This predicted magnitude of the over-
potential suggests that the reduction process is highly energy
activated on the intact nanocluster. Initiation of CO production
was experimentally observed at ~—0.1V with the Faraday

www.pss-b.com

efficiency reaching nearly 100% at —1V.'”! The calculations,
on the other hand, indicate that it would require at least
~—2V to drive the reaction forward which is about an order
of magnitude larger than the experimental values. A key take-
away is that the intact form of the nanocluster is inactive for
CO,RR unless very high overpotentials are applied.

This result may not be surprising at all in the light of previous
efforts showing similar inactivity of the intact nanocluster in the
context of thermal CO oxidation.”®! CO adsorption, the critical
precursor step for the process, was not detected by in situ
infra-red spectroscopy. Their complementary DFT calculations
confirm this picture as it predicts a weakly bound CO which
can desorb to the gas phase at the reaction temperatures. A sig-
nificant finding is that pronounced binding was only observed
when defect on the surface region had been introduced through
the partial removal of ligands. The presence of these undercoor-
dinated atoms was also invoked as responsible for the catalytic
activity for aldehyde hydrogenation and other oxidation reac-
tions.l**%”) The ligands appear to function as a double-edged
sword in that while they serve as a structural stabilizer, their pres-
ence can also negatively impact the reactivity due to site-blocking
effects. This would explain why intact nanocluster is inert since
this effect is maximal for this system. These results point to the
presence of dethiolated sites as reaction centers on which the
catalytic process can proceed.

The CO,RR on an open metal site generated from a single
dethiolation of the nanocluster was then reexamined. As shown
in Figure 6, the presence of the exposed metal site has a dramatic
impact on the free energy profile. In particular, the key interme-
diate COOH was significantly stabilized thereby reducing the

Figure 5. Adapted with permission.l®! Copyright 2016, The American Institute of Physics.
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Figure 6. Adapted with permission.!®® Copyright 2016, The American Institute of Physics.

endothermicity of the first electrochemical step. Though the
second one becomes thermodynamically uphill, it is not overly
energy activated with predicted reaction energy less than
0.1eV. The lower limit of the overpotential is predicted to be
—0.34V which is in much better agreement with the measured
value compared to the intact nanocluster. Reaction on a nonmetal
site was considered in a subsequent study by Austin et al.®®! In
this case, the hydrocarbon segment of a single ligand was
removed producing a defect consisting of an undercoordinated
S atom instead. This scenario was previously explored albeit on a
different model catalysts such as Ni-Fe-S cubanes®” and
MoS,.”?! Reduction of overpotential was predicted resulting
from the stabilization of the intermediates. To gain further
insight into the trend in selectivity, Austin et al. used the descrip-
tor described in Section 2.3 which represents the difference in
the limiting potentials, U; (CO,) — UL (H;), where the first and
second term refer to limiting potentials for CO, reduction and
H, evolution, respectively.

We simulated here the CO,RR and HER on the aforemen-
tioned S active site using our calculational methodology. This
permits direct comparison with the corresponding process on
the metal site using a consistent approach. Following previous
work,[°®! CH; from the dimeric stable motif of the ground state
intact nanocluster was removed to expose S and the resulting
AuysS(SCH3)q; structure was optimized. We begin our analysis
by looking at the free energy diagram shown in Figure 7 consist-
ing of both electrochemical SCH; and CHj events where each
pathway involves a one-electron reduction resulting into the
detachment of the ligand fragment and formation of a
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Figure 7. Free energy diagrams for Au and S sites generation on the
Auzs(SCH3)q57 (9 =—1, 0, 1). The dashed lines correspond to the previous
DFT work by Austin et al.[5®!

hydrogenated version. We predicted an endothermic and exo-
thermic AG for electrochemical formation of Au and S sites,
respectively. In agreement with previous work, the stripping
away of CHj; is more thermodynamically favorable and that
the stability of COOH, CO, and H intermediates is enhanced
on the S site. The formation of COOH intermediate still requires
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Figure 8. Difference in the limiting potentials of CO,RR and HER on
AuzsS(SCH3)q77 (9= —1, 0, 1). The ones denoted by asterisk represent
the values from the previous DFT calculations by Austin et al.l*®!

an increase in AG, whereas the endothermic electrochemical CO
production becomes the potential limiting step for the CO,RR
process. In agreement with previous work,'®® selective CO,RR
is more favored on the S site as evidenced by the positive
Uy (CO,) — UL(H,;) predicted value compared to the negative
value found on the metal site (Figure 8). Although the predicted
trends in Uy (CO,) — U(H,) for AupsS(SCHs)i;~ and
Au,s5(SCHj3)q; are consistent with the previous DFT work of
Austin et al., it should be noted that the absolute values are
noticeably different. This could have been due to some variations
between the calculational details underlying these studies. Our
DFT calculations were conducted using plane-wave basis set
in combination with the PAW method for core-valence treat-
ment, whereas the previous one used mixed Gaussian and
plane-wave approaches plus the Goedecker, Teter, and Hutter
(GTH) pseudopotentials”® as implemented in the CP2K code.”"!
Additionally, solvent corrections were considered in our work
using a Poisson—Boltzmann implicit solvent model as mentioned
in Section 2.3.

As a final note, these calculations were extended here to the
g =0 and q =1 species using the CHE approach. In the previous
section, the observed performance of the different charge state
nanoclusters was simply explained on the basis of the trend
in the intermediate binding energies using a conventional
DFT method. The calculated AG for the electrochemical SCH;
and CH; removal from the intact nanocluster is shown in
Figure 7 and as in the g = —1 case, S site generation is the more
energetically favorable in both g=0 and q=1 species. The
CO,RR and HER were then assessed on this S site as it is the
more thermodynamically favored to form. In Figure 8, the calcu-
lated U (CO,) — UL (H,) is negative indicating that the g=0
species is less selective towards CO,RR in agreement with exper-
imental data. For the g = 1 case, our results show a more positive
Uy (CO;) — UL(H;) value compared to the g=—1 species.
Relying on this descriptor alone, our predictions indicate that
the g =1 species is more selective for CO,RR which is inconsis-
tent with experiments. To explain the experiments,
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complementary inspection of AG for the S generation shown
in Figure 8 was conducted. Comparison of AG values indicates
that the generation of S active site in g =1 case is the least ener-
getically favorable. This might have been the reason why it is
experimentally observed to be the least active among the charge
state species. These results suggest that the energetics of the
active site formation may have to be considered in the analysis
of performance trends as both the nature of the active sites and
their availability play a complementary role in tuning the
selectivity.

4, Conclusion

The activity of atomically precise ligand protected anionic Au,s
nanocluster towards CO,RR was shown to be sensitive to the
geometry of the surface region. Understanding how the structural
features affect specific electrochemical reactivity is a grand chal-
lenge particularly from the fundamental standpoint. The genera-
tion of a realistic and a computationally practical simulation
models is also indispensable in unraveling the detailed mecha-
nism of the nanocluster. We showed that the presence of atomic
heterogeneity in the form of defect resulting in either exposed S
or metal site is critical to its observed reactivity as it enhanced the
binding of the intermediates. DFT in combination with the SHE
method suggests that an exposed outermost Au stabilizes both
COOH and CO. Unless high overpotentials are applied, the intact
counterpart is relatively inert due to the pronounced decrease in
the free binding energies. We provided further theoretical confir-
mation that another mildly defective version which consists of an
exposed S site exhibits better selectivity for CO,RR. In contrast to
the Au site, it stabilizes COOH while destabilizing H yielding a
non-negative U (CO,) — Uy (H,). These results provide insights
into the structure—property relationship in that the thermodynam-
ics of the electrochemistry is influenced by the type of surface
heterogeneity.

It should be noted that the ultimate comparison of our work
with experiments awaits the evaluation of kinetic barriers.
Although the SHE method is a useful tool for generation of
trends and semiquantitative interpretation of experimental
observations, the predicted limiting potential has no direct cor-
respondence to the experimental Tafel plot—a key observable
that yields product current density versus electrode potential.
When our work was undertaken, development of framework
for evaluating electrochemical transition states from the first-
principles had been in its infancy. Tremendous progress over
the years has enabled the development of robust kinetic schemes
that incorporates potential dependent reaction barriers permit-
ting the prediction of simulated Tafel plots.***>72 Their appli-
cations to CO,RR on the surface of Cu-based bulks have been
reported. In-house software implementation of microkinetic
models for CO,RR and HER over a general catalytic surface is
underway in our group. This computational machinery incorpo-
rates specific reported algorithms to quantify barriers under elec-
trochemical conditions. This is anticipated to provide further
mechanistic insights of the electrochemical properties of Auy,s
nanoclusters, to generate kinetic information, and to validate
conclusions that have arisen from the purely thermodynamic
limiting potential model.
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Prospect and Status of Polyanionic Lithium Cobalt Silicates
as High Energy-Density and Safe Cathode Materials for

Lithium-lon Batteries
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Lithium cobalt silicate Li,CoSiO, (LCSO) is a promising but challenging high
energy-density cathode for lithium-ion battery. Herein, recent studies of
synthesis—structure—performance of LCSO are reported, in which carbon coating,
element doping, and nanostructure designs are incorporated in a two-step
synthesis starting with hydrothermal reaction. The initial performance is sig-
nificantly improved with respect to previous reports in literature with the charge
and discharge capacities now reaching 330 and 220 mAh g ', respectively. The
discharge voltage platform is compatible with the 4 V window of the nonaqueous
organic electrolytes and presents no structural-change-induced voltage drops.
The striking finding from the study of LCSO is the oxygen redox activity amid the
second lithium deintercalation process, in which peroxo formation dominates the
charge compensation to the high-voltage lithium capacity. First-principles
modeling reveals an intrinsic and general relation between oxygen redox and
cationic disorder in bulk compounds. Thus, LCSO is a new prototype of poly-
anionic materials with oxygen redox, which is the foundation of high-capacity
Li-rich cathodes. This review is also aimed to narrate the progresses of LCSO
within a broad domain of Li3PO,-based polyanionic structures that support the

signal processing. Mainstream microelec-
tronic devices use a 5V for external power
connection and a 3.3 V for internal circuits
and communication. This architecture
not only reduces the power consumption
but achieves the high-speed performance
in digital circuits. The state-of-the-art 4V
nonaqueous organic electrolytes with the
same 4V redox potential of the first-
generation cathode oxide LiCoO, provide
the desired electrochemical functionality
for electronic devices in both charging
and discharging, far out-performance the
other well-developed battery technologies
with low voltages, such as 2.0V lead—acid
battery and 1.55 V nickel-hydrogen battery.

The voltage is also the primary func-
tional factor of the battery for applications
to clean energy technologies. While the
new architecture for battery-driving

development of solid-state electrolytes for all solid-state batteries.

1. Introduction

Lithium-ion batteries (LIBs) play a pivotal role in the evolution of
mobile technology and are now the solely power source of smart-
phones that substantiate a proliferation of mobile e-commerce
via cellular networks. In mobile electronics, the voltage is the
more often used electrical quantity to carry the data, i.e., analog
or digital signals, in nowadays computation, data transfer, and
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vehicles is still at the early stage of develop-
ment from the vision that may finally inte-
grate electric vehicles (EVs) and green
power stations with cellular networks, the
4V electrochemistry is far more attractive to massive applications
as the assembling unit than is the 3 or 2 V candidate. Because the
high operating voltage, like a typical 350 V used in electric cars,
requires a massive battery packing to start and drive electrical
motors, a smaller amount of 4V batteries is not only more
cost-efficient in manufacture, but also more reliable in assem-
bling for series/parallel packing and thermal management,
whose quality is critical to the electrical durability.
Furthermore, on the massive scale, the safety of a single unit
is as critical as its electrochemical function to store and release
the electrical charge for EV. Cathode is the dominant component
of a battery to decide the upper voltage range and to ignite the
thermal runaway at high voltage and high-power application. The
theoretical capacity of LiCoO, is 278 mAh g™ ' but only 60% is
used in the commercialized batteries due to the charging cut-
off at 4.3 V. The cathode materials may release gaseous oxygen
at the voltage above 4.3V. The organic electrolytes will be
oxidized by the oxygen then easily catch fire in overcharging.
This is the major risk of first-generation LIBs to massive install-
ment in EVs. Energy density depends on the production of
voltage and capacity. Thus, the focus in the research of high

© 2021 Wiley-VCH GmbH
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capacity cathode is to solve the intrinsic conflict between high
voltage and safety in high energy-density electrochemistry.
The frontier of cathode research in the past decade has
focused on the boost of lithium capacity by anionic oxygen redox
discovered in Li-rich oxides.!"! Li-rich oxides and Li-excess rock
salt materials shown in Table 1 are often charged to above
4.2-44V to active the oxygen redox for high capacity.’™
These systems in general confront the same oxygen release prob-
lem as in LiCoO,. While presenting high initial discharge capac-
ity, Li-rich oxides suffer significant capacity and voltage plateau
decay during the charge—discharge cycle. LisCoO,4 and LigMnO,
materials with antifluorite structure showed high theoretical
capacity.®®! Their first charging capacity can reach more than
700 mAh g™!, but they have very low conductivity, low voltage
platform, low reversible capacity, and unstable structure.
Polyoxyanion compounds are a big family of oxygen-based
compounds that contain a distinct polyanionic species such as
CO5*7, SO,>~ PO,*", Si0,4*", etc. The polyoxyanion compounds
are emerging as a new generation of electrochemical materials for
all solid-state batteries (SSBs), which are made of high voltage
cathode and high conductive solid-state electrolytes. Among them,
the olivine phosphate LiFePO, (LFP) has been the most successful
polyanionic cathode for the application to EVs.”! Orthosilicates
Li,MSiO, (M = Fe, Mn, Co), cf. Table 1, are an attractive alterna-
tive to the olivine LFP as a new prototype of high capacity and
high safety polyoxyanionic cathode candidate."®? First, two lith-
ium ions per silicate formula theoretically point to twice capacity
of LFP. Second, silicates are made of polyanionic building units
of SiO,4, which has strong Si—O covalent bond as P—O covalent
bond in LFP. To our knowledge, no oxygen release has been
reported for silicates so far. Experimental progresses showed
nearly 300mAh g™ in nanostructured Li,FeSiO, (LFSO) and
Li,MnSiO, (LMSO) samples.”” However, both LFSO and
LMSO presented structural changes in the process of charging
and discharging, which lead to the decline of voltage platform
and seriously impair the reusable energy-density.'" Tt has been
showed that below 4V, the reversible capacity of LFSO was only
about 120mAh g™ *, far less than the theoretical one Li capacity,
~160 mAh g~ of silicates.™”! The electrochemical performance
of Li,CoSiO4 (LCSO) is much worse than those of LFSO and

Table 1. High capacity cathode candidates for high energy-density cathode
materials.

Cathode Structure  Theoretical capacity
[mAhg™')
Li-rich layered Li[Li,M; _,]O, a-NaFeO, >3001
oxides (M is a transition metal) structure

Li-excess rock salt Liy 2Mng 4Tio.4O2 Rock salt 39481
Li 2Mng 4Zr0.40- 3251
Li1 3Nbo 3Mno 40, 3830!
High lithium T™M LisFeO, Antifluorite >700!¢
oxides LigMnO, structure 1000
LisCoO4 1100
Polyanion cathode LFSO Li;PO, 33200
LMSO tetrahedral 333001
structure 12
LCSO 32502

Phys. Status Solidi B 2021, 258, 2000420

2000420 (2 of 15)

www.pss-b.com

LMSO. Previous works reported nearly zero cycling capacity
and realized only about ~110mAhg™' reversible capacity in
the first discharging, as shown in Table 2.**-**) However, one elec-
trochemical character catches our attention. Its discharge voltage
plateaus seem be around 4 V, which ideally matches the 4 V win-
dow of the commercial organic electrolytes and is also higher than
the 3.3V of LFP. If that plateaus are the true redox character of its
theoretical capacity, then, LCSO will have an edge on most of the
reported high-capacity Li-rich oxides that can only discharge
around 3V, not preferred by the mainstream electronic or EV
applications. Comparing with the well-developed phosphate sys-
tems, the extreme difficulty to realize a high initial charging
and discharging capacity, cf. Table 2, is the main technical bottle-
necks in the study of LCSO and the whole silicate systems. Thus,
our primary interest in LCSO is to understand or verify what elec-
trochemistry LCSO may offer, i.e., is it a true 4V, 300mAh g ™!
and safe cathode candidate?

Because of the bad performance, LCSO has become an unfa-
vorite candidate in the cathode research. There were very limited
studies in literature. That significantly limits the scope we can
cover in this review. Our principal objectives here are to provide
a concise understanding of the basic relation among synthesis,
structure, and electrochemistry we have learned from the study
of LCSO at NIMTE, CAS in recent years. This may benefit the
study of the broad family of polyoxyanion compounds beyond
LIBs. For example, phosphates and fluorophosphates have been
proposed as cathode candidates in sodium-ion batteries in recent
progresses.** Isostructural and multivalent anion substitution
combined with carbon coating show effectivity to improve rate
and cyclic stability for polyoxyanion compounds in general.
Therefore, as a parallel objective, we aim to inspire fundamental
thoughts on lithium-containing compounds (LCC) with
polyanionic structures in a broad domain of electrochemical
functionality. The knowledge we developed from silicates may find
inviting applications to other LLC systems, especially for multili-
thiated compounds. Will there be a principle to discern whether
the Li" is mobile in an LCC? Will it be functioned as an interca-
lating ion for the cathode or a conductive ion for solid-state
electrolytes?

Table 2. The first charge and discharge capacities and retained capacity at
the tenth cycle reported in literatures.'2’!

Polymorphs® Voltage Capacity [mAh g™ ] References
range First First The 10th
Charge Discharge
DP 3.0-46V 14 Li 0.46 Li No report [16]
DP 2.0-4.6V 180 30 Negligible  [17]
DP 2.0-4.6V 162 33 <30 8]
T 1.5-46V 200 107 Very poor  [19]
TP 2.0-4.7V 240 56 <25 [20]
TP 2.0-4.65V 167 112 101 [21]
P-LCSO 2.5-46V 270 144 96.2 [12]
Al-LCSO 2.5-46V 330.6 140 74.1 [22]
V-LCSO 1.5-46V 299.0 220.1 126.8 [23]

ADP —dual peak; TP —triple peak.
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2. Characteristics of Polyanionic Structures

2.1. Preparation and Characterization of Polymorphs with
Tetrahedral Structures

Recent rapid progresses in SSB have found on the horizon that
1) Ge-based ceramics, such as the base LIthium Super Ionic
CONductor (LISICON)  structure,”®  Li,ZnGeO,~3Li,GeO,
and the second generation LISICON,?®  1i,Ge0,~Li;VOy,,
showed promising ionic conductions in the range of 10 °-
107> S cm™%; 2) Silicates such as LFSO and LMSO showed dou-
bled Li capacity from the commercial cathode materials, LiCoO,
and LiFePO,. While these electrochemical systems look very dif-
ferent in their chemical structures, they all are LCC derivatives
from the same base tetrahedral structure of polyanionic Li3PO,
(LPO), and its sisters Li;VO, and Li3;As0,.? Thus, the study of
LCSO will provide insights on polyanionic LCCs as electrochem-
ical energy storage materials in general for SSB beyond conven-
tional LIBs.

Figure 1 shows how LCSO systems, including pure LCSO and
its modification, can be rationally designed from the parent struc-
ture, lithiophosphate Li;PO,4. Not only the materials processing
but also many fundamental properties of LCSO systems bear
resemblances to its parent system LPO, which has been deter-
mined occurring in two main structures, low temperature f
and high temperature y. The B phase is naturally occurring lith-
iophosphate and can be prepared by heating mixtures of corre-
sponding oxides or carbonates in air often under ~ 700 °C. The y
phase can often be obtained by quenching the p phase to ambient
from a high temperature below its melting point. Figure 1a
shows a rational replacement of the pair Li"P°" by a pair of
charge equivalent M2*X*" to derive new tetrahedral structures,
which fall in LISICON-type solid electrolytes and silicate catho-
des. The complexities in the LPO tree come from two

www.pss-b.com

phenomena. First, there are a variety of transitional phases
between the two main structures (p and y), giving rise to many
polymorphous phases. Second, all the materials in the family of
Li;PO, including derivatives, such as M,XO,4 and Li,XO,4, show
extensive mutual solubility, resulting in more complicated solid-
solution compositions. Polymorphism and solid solution make
the accurate characterization of as-synthesized samples and a
clear discerning of electrochemically active structural units
extremely challenging. The sequence of phase transformation,
polymorphism, and solid-solution is strongly depending on stoi-
chiometry of chemical components, the preparation tempera-
ture, and the cooling rate adopted for individual compounds.
On the positive side, these complexities provide an ample room
to rational design and optimize the functionalities of LCCs if the
materials principle can be worked out from the LPO tree.
Figure 1b shows an atomistic model of B-LisPO, with space
group Pmn2;, pulled from Crystallography Open Database
(COD, 9012 500). In B-Li;PO,, three Li* occupy on one 4b and
one 2a Wyckoff positions, and the P> occupies at 2a. The 2a site
is invariant under lattice a reflection: x——x, giving only two
equivalent occupants per unit cell, whereas the 4b site is a gen-
eral site, giving four equivalent occupants. p-Li3PO, consists of
only corner-sharing tetrahedra, in which all the tetrahedra point
toward the same orientation along the ¢ axis, cf. Figure 1b.
Figure 1c illustrates two schemes to replace Li"P>* by a pair of
Co”*Si*" while keeping the same space group Pmn2;. The first
replacement on two 2a sites results in a polymorph called SP
phase, a term used to recall the X-ray powder diffraction
(XRD) pattern, shown in Figure 1d, that presents only a single
strong peak (011) in the 26 range from 20° to 25°. The other two
peaks, (110) and (101), of p-Li3PO4 become ignorable weak after
cationic replacements. The second one gives a dual peak (DP)
phase, cf. the two eminent peaks at (110) and (101). The signifi-
cance in DP scheme is to allow Li* and Co®* mix equally on the

Figure 1. Schemes of a) polyanionic Li;PO, and derivatives, b) p-Li;PO4 model (COD), c) examples of LCSO rational design, d) simulated XRD using the

same B-LisPO, model (b) and with two cationic replacements shown in (c).
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4b sites. In other words, the space group Pmn2; is not a true
crystalline symmetry of the polymorph. All simulated XRDs
shown in Figure 1d use the same lattice parameters of
B-Li3POy. Thus, the distinct XRD patterns illustrate the character-
istics of cationic ordering in the derived polymorphs of LCSO.**!
The orthosilicate structures consist of slightly distorted close-
packed oxygen layers, cations occupy 50% of the tetrahedral sites
of the oxygen sub-lattice. Tetrahedral building blocks TO,,
(T = Li, Fe, Mn, Co, and Si), distinguish themselves from the octa-
hedral structures, e.g., the family of LiCoO,. Tracking the XRD
patterns provides a convenient discerning of the cationic ordering
that responses to the synthesis and electrochemical reaction.

The SP pattern is the main XRD characteristics of synthesized
p- and y-Li,MSiO, compounds (M = Mn, Fe).**! Different syn-
thesis can lead to a small change in the peak distribution in
B- and y-Li;MSiO4 compounds. The two 2a replacement set
up Li layers in the base structure for both § and y polymorphs,
which apparently open with high diffusive channels for lithium
ion to move. Billaud et al. reported lithium-rich defect clusters
in Li, ¢Fe,Si04 resulted in similar excellent lithium mobility
as in Li3ZnysGeO,4, LISICON-type solid electrolyte, which has
been attributed to “a mosaic of ordered substructures.”"”!
However, the SP ordering seemed not electrochemical stable.
The Li;MSiO, (M = Mn, Fe) often undergo polymorph transition
to DP pattern after first charging.

The DP pattern is the major XRD characteristics of low temper-
ature By-LCSO polymorph. However, its mix-Pmn2; only validates
in the context of cationic mixing disorder. The mix-Pmn2; poly-
morph is a 3D framework of MO, (M =Li, Co, Si): tetrahedral
chains of CoO4-LiO4 (mixing on 4b sites) and SiO,~LiO, (both
on 2a sites) distribute parallel to the a axis. This type of 3D struc-
ture contains no 1D lithium-ion channels, a characteristic of 2D
layered structures of SP pattern. The electrochemical stability of
the 3D framework is superior to 2D layered structures. The high
temperature p; and y phases present a triple peak (TP) pattern in
the same 26 range from 20° to 25°, similar to the original TP pat-
terns of - and y-Li3POy, cf. Figure 1d. Saracibar et al. argued that it
was pointless to use § and y to identify electrochemical function-
alities.*® In our work, we use DP/TP with corresponding space
groups to identify the structural characteristics of polymorphs.

The cationic replacement on 4b sites results in a 3D frame-
work in LCSO. y-Li;PO, with space group Pmnb (COD,
9012204 and 9012821) is built up by both corner and edge shar-
ing tetrahedra and with half of the tetrahedra pointing to opposite
orientations along the ¢ axis against the other half. This leads to
the twice length of axis b in y-Li;PO, with respect to f-Li;PO,. All
silicates inherit this basic difference between § and y phases. In
most y structures, the tetrahedra are arranged in groups of three
with the central tetrahedron pointing in the opposite direction to
the outer two, with which it shares edges. In the yy; structure, the
group of three edge-sharing tetrahedra consists of a Li-M-Li
sequence. This ordering is adopted by LISICON-type solid elec-
trolyte Li, ,,Zn;_,GeO,. The interstitial Li* (in the octahedral
sites and sharing two faces with the substituting Li*) gives rise
to the higher conductivity of the solid solution compared with
stoichiometric Li,ZnGeO,.

Both LISICON-type and high Li-concentrated silicates can be
expressed by the same composite formula (nLi,O + MO + P,0s/
Ge0,/Si0,). Unfortunately, the complete phase diagram or
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materials principle for the LPO family has not been developed,
yet. While the polymorphism and solid solution indeed challenge
the characterization of LPO and derivatives, they may also pres-
ent a unique advantage in the design of the interfaces between
electrolytes and cathodes. The high Li-ion transport impedance
across the interface of cathodes and solid electrolytes is the major
bottleneck in the practical application of all-SSBs. The high
mutual solubility among LPO and derivatives may help reduce
the huge Li mobile barriers if both cathode and solid electrolytes
are from the same or similar LPO structures, because of no het-
erojunction in between.

2.2. Literature Review of LCSO Synthesis and Performance

While the newly developed and established synthesis routes in
the LPO family may provide inspiring ideas for the synthesis
of LCSO, there are tremendous difficulties in development of
the high-quality LCSO. In the following, a brief review is given
for LCSO with problems reported in literature.

Gong et al. were the first group to synthesize the pure LCSO
and carried out the electrochemical testing.'®! They compared
the ethanol solution route to hydrothermal synthesis using
deionized water. The LCSO prepared by their solution route
was mixed with 20wt% carbon by the ball milling process.
Alternatively, LCSO was prepared in situ with graphite in the
hydrothermal reaction. The obtained LCSO comprised individual
particles around 2 pm with the best initial charge and discharge
capacities of 234 and 75 mAh g ', respectively.

Slightly later, Lyness et al. reported a comparative study of three
polymorphs, Biy, B1, and yo.l"”* They started with the hydrothermal
synthesis of fj; and heated to 700 and 1100°C and quench to
obtain f; and y,, respectively. They found that the pyrolysis of
the carbon precursors above 650 °C resulted in reduction of Co
metal and Li,SiOs. Only the p; polymorph could be coated with
carbon without reduction, which presented a discharge capacity
of 60mAhg " with no meaningful cycling. Later, their group
combined Rietveld refinement of XRD, neutron power diffraction,
and Li MAS NMR to find the polymorphs of LCSO were signifi-
cantly impacted by the Li/Co cationic mixing. The By (Pmn2;)
polymorph showed the highest cationic disorder.!"”"

He et al. reported the preparation of mesoporous LCSO
using carbon/silica (MCS) as a template."® By controlling the
molar ratio of LIOH:Si:Co = 8:1:1, they obtained very uniform
LCSO/C spheres in the size range of 300 — 400 nm, which con-
tained hollow or core—shell structures. Their samples were
incorporated ~2 wt% nanoscale carbon within LCSO aggregates.
But its discharge capacity was only at 33 mAhg™'. The disap-
pointed performance was attributed to the “internal reduction”
of LCSO by the carbon coating.

Devaraju et al. prepared the LCSO with supercritical fluid pro-
cess and observed the tetrahedral coordination by annular bright-
and dark-field electron microscopy.'” Their LCSO material
showed a high capacity of 107 mAh g™, but its discharging volt-
age platform crashed after two cycles, a structural change-
induced voltage drop often observed in LESO and LMSO. The
“soft discharging” in the low voltage range between 2.0 and
2.5V made up nearly one-third of their first discharge capacity.

Sol-gel technology has been often used in the preparation of
mixed oxide ceramic materials. It allows better mixing of the
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components at the molecular level, and hence yields more homo-
geneous ceramic composites. Thayumanasundaram et al. report
the synthesis of LCSO by a sol-gel method and incorporated func-
tionalized multiwalled carbon nanotubes as conductive additive in
the fabrication of the electrode.”” They estimated the diffusion
coefficient of lithium after the addition of MWCNTs in the range
from 1 x 10™"* to 8 x 10~"*cm? s~" using Randles—Sevcik equa-
tion. Their first discharge capacity was only 56 mAh g™, Le et al.
recently reported a sol-gel synthesis of f; polymorph with Pbn2;
space group using water-soluble silicon compounds.”!! Their
homogeneous nanocrystalline LCSO/C composites delivered an
initial discharge capacity of 112 mAh g ™.

2.3. Two-Step Synthesis and Characterization of LCSO

From previous studies, the complex interplay between carbon
coating and polymorph transition is the primary barrier to
improve the electrochemical performance of LCSO. Our group
develops a two-step scheme that provides consistent processing
of the primary nanoparticles and secondary aggregates, surface
mesoporous structures, and Co-impurity mitigation with carbon
coating for LCSO and doped system.!'>*'?! Figure 2 shows the
synthesis procedure.

Figure 2a shows the synthesis of raw LCSO materials by a
hydrothermal reaction in the following procedures.”'?

2LiOH + Si0, < Li,Si0; + H,0 1)
Co**|gg + 2(OH™ )|,y — Co(OH),| (2)
leSlO3 =+ CO(OH)Z‘S — LizCOSiO4|S =+ Hzo (3)

www.pss-b.com

In the typical route, nanosized SiO,-Cabosil M5 (Cabot Co.,
USA) and LiOH-H,0 (Aldrich, 98%) are mixed in the deionized
water and processed in an ultrasonic bath to prepare clean
Li,Si03 water solution. Second, CoCl,-6H,0O (Aldrich, 99%) is
added to ethylene glycol (EG) with stirring to make the Co solu-
tion. Then, the Li,SiO; is mixed with the Co solution. The result-
ing suspension is transferred to a Teflon-lined autoclave. The
remaining volume is topped off with deionized water. The sealed
autoclaves are heated at 150 °C for 72 h. The product is filtered
and dried at 120°C for 12 h in the vacuum oven to obtain raw
LCSO particles.

The second step is the pyrolysis of carbon sources on LCSO
particles. The dried raw LCSO sample is mixed with carbon pre-
cursors like sucrose. Our experience shows the molar ratio of
7:1 between raw LCSO and carbon source is good to start with
(the content of carbon is about 10 wt%). The powder is ball milled
for 12 h and calcined at 600 °C for 1 h under the Ar atmosphere
to obtain final carbon-coated sample LCSO/C. While the carbon
coating introduced here is an exsitu procedure, in situ carbon
coating can be adopted in the hydrothermal step by mixing
the LCSO precursor with carbon source. The in situ route may
further prevent contact and inhibit particle aggregation to obtain
a composite material with uniform carbon coating. Carbon sour-
ces can be selected from two categories. The first is organic
carbon sources, such as critic acid, cellulose, sucrose, and
poly-ethylene glycol (PEG). The other is inorganic carbon source,
such as carbon black.

The solving of SiO, in aqueous LiOH solution at procedure-1
of the hydrothermal step is a reversible reaction, depending on
the [OH ] concentration of the Li,SiO; solution, which can be

Figure 2. Two-step synthesis of LCSO system. a) Schematic paths of the hydrothermal synthesis of raw LCSO materials. b) Carbon coating LCSO/C. Dots
and big balls are used to schematically indicate raw LCSO primary particles and secondary aggregates, respectively, and black dot for carbon coating.
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easily monitored by the molar ratio a between LiOH and SiO,.
The volume ratio § between EG and H,O can be used to monitor
the viscosity of the mixture suspension, which controls the copre-
cipitation rate of the Li,SiO; and Co(OH), in the mixture.
Because the OH ™ base precipitates Co ions from the EG solvent
and the solid Li,SiO; is sedimented due to the reduced [OH ]
concentration. The two ratios (¢ and p) can be used
to regulate the morphology, particle size, and secondary aggre-
gation of raw LCSO materials. This wet process provides
atomistic-level mixing in the tiny uniform primary polymorphs
that aggregate to form low-dimensional nanodot, nanosheet, and
submicrometer spherical particles as well. Doping can be easily
incorporated in the wet process. Such prepared raw materials
contain rich porous structures on the grain boundary.*'?! All
these structural characters are not changed in the carbon
pyrolysis.

Figure 3 shows an original transmission electron microscope
(TEM) study of carbon-coated LCSO particles.*™™ Figure 3a
shows the particles are loosely stacked aggregates of primary
nanodots in the range of 20-50nm. High-resolution TEM
(Figure 3b) shows an amorphous carbon layer of less than
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5nm distributing on the surface of the particles. The nanodots
in Figure 3d,e are combined into belt-like nanomaterials. 2D
sheet-like LCSO/C material can be formed by uneven belt and
dots. The dot-like LCSO/C material can also be directly aggre-
gated into sphere-like LCSO/C materials, and the process of
aggregation is isotropic.*'® The energy dispersive X-ray spectros-
copy (EDS) mapping of sphere-like LCSO/C material (Figure 3e)
shows that the C, Si, Co, and O elements are evenly distributed,
which indicates that the material morphology has no obvious
effect on the element distribution. The typical percentage of car-
bon presenting in all the as-prepared coated samples is within
6wt% by infrared spectroscopy,”? which is consistent with
the target pyrolysis. Raman spectroscopy of the coated samples
displays two bands around 1352 and 1582 cm™" corresponding to
the typical D (sp’ type) and G (sp” type) bands of carbon. The
intensity ratio between D and G bands (Ip/Ig) falls in the range
of 1.4-1.5,2 which is often the optimized range for good elec-
trical conductivity of polyanionic cathodes, LFP/C, LFSO/C, and
LMSO/C nanocomposites. Brunauer—Emmett—Teller (BET)
analysis of the isothermal adsorption of N, on the surface of par-
ticles reveals the mixed type-II/IV curves and H-3 hysteresis,*'?!

Figure 3. Transmission electron microscopic of a) LCSO/C particles, b) high-resolution TEM of carbon layers, c) nanorod, d) nanostructure with
nanobelt, e) spherical secondary particles with EDS mapping of the Co, O, Si, and C elements. (Original®®'®),
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similar to that reported for LESO, which indicates the presence of
mesopores in the ranges of 2-50 nm in our samples. The pore
distribution diagram indicates the main pore is mesopores
between 20 and 25nm according to Barrett—Joyner—Halenda
mode.”'* Low-dimensional nanostructures contain much high
portion of nanopores under 5 nm with the BET specific surface
area at the level of ~90 m” g~ . The presence of the mesopores is
beneficial to increase the electrical conduction between the elec-
trolyte and the active material.>'?) All these are essential to the
electrochemical performance.

There are two significant changes in the carbon pyrolysis. One
is the heating induced polymorph transition, the other is the
carbon-induced Co reduction. Figure 4a shows the comparison
of the XRD of raw LCSO from hydrothermal process to that of
carbon coated spherical samples. The raw LCSO presents the DP
patterns of the mix-Pmn2; agreeing with Figure 1d. In other
words, there is a significant cation occupation disorder in the
as-synthesized pure LCSO sample. The calcination process in
the carbon-coating results in a portion of f;; polymorph transit-
ing to TP pr-polymorph with the space group Pbn2;. To verify if
the new polymorph is a TP pr-polymorph, instead of a SP pure
Pmn2;, as shown in Figure 1d. We heated the raw LCSO at
800 °C for 12 h. Figure 4b shows the original Rietveld refinement
of such heated sample (this sample contains a small Mn doping,
but no difference in TP pattern from nondoped heat-treated
LCSO). First, it shows clear crystalline characters of TP patterns.
Second, the ratio between the highest peak (011) and the lower
two, (110) and (101), is about 2:1. Furthermore, the pseudo-
orthorhombic group of (002) reflections is the second highest
peak group. This confirms the lattice framework of Co-based sil-
icates is a 3D frame structure (either DP or TP in XRD), different
from the 2D layered structure of LESO and LMSO (SP dominat-
ing in XRD).

Our first-principles calculations showed the total energy
difference between the mix-Pmn2; DP polymorph and the
Pbn2; TP polymorph is very small, only 2 meV, which explains
why the By; phase is converted to the f; phase around
700-800°C.*®1 Under higher temperature, the CoO, and
LiO4 of By; polymorph can easily slid to the more stable cat-
ionic ordering of B; polymorph, which presents the symbolic
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TP characteristic in the XRD shown in Figure 4b. Nakayama
et al. synthesized LCSO with a B; polymorph with Pbn2; by a
high-temperature solid reaction at 900 °C.>*) The reversible
second-order phase transition from Pbn2; to mix-Pmn2,
was confirmed by in situ XRD at high temperature, interpreted
as the order—disorder transition of Co and Li cationic occupa-
tions. In addition to thermal-induced polymorph transition,
Truong et al. observed that the volume expansion may
create the cation-exchange disorder that leads to formation
of different polymorphs in the supercritical synthesized P
polymorph.3!

Very interesting, through the systematic change of Al-doping
contents, we showed the Si-site doping can effectively inhibit the
formation of TP phase in the process of carbon coating and
obtain a high-purity DP phase.*! Our doping on Si sites with
P, Al, and V presents the same phenomena.l'>?>?* But doping
on Co site, for example, by Mn, does not have this effect, cf. the
TP in the small Mn-doped sample in Figure 4b.>*

There is a trade-off between stabilizing the polymorph at mix-
Pmn2; and Co reduction in the carbon coating. As shown in
Figure 4a, there is a visible Co impurity signal at 45° (26), agree-
ing with early reports. We found the TP phase can mitigate the
Co reduction in the carbon coating. Our recent study also found
some low-dimensional nanostructure can effectively inhibit the
formation of Co impurities in the process of carbon coating as
well.?13) Another interesting finding is to use high valence tran-
sition metal dopant like V to substitute the Co reduction by car-
bon coating.!**!

In summary, we observed that three factors may play impor-
tant roles in the carbon coating: nanostructure, polymorphs, and
element doping. The doping process brings confusing effects.
Compared with pure phase materials, the composites formed
after doping are more likely to generate Co or Co-related impu-
rities during the carbon coating process. That may be strongly
due to the vulnerability of Co*" in the DP phase. Because the
Si-site doping is more prone to Co reduction in the carbon-
coating process. It is speculated that the structural stability of
TP phase is better than that of DP phase from the point of miti-
gating the Co reduction. Thus, there is a room for further rational
design to optimize the synthesis.

Figure 4. a) The XRD of raw LCSO-dot and carbon-coated LCSO-dot, * Co reduction, b) GSAS Rietveld refinement of crystalline p-polymorph with the
space group Pbn2; (goodness of fit ~ 1.59, wR = 1.85%, no cationic mixing allowed). a) Reproduced with permission.?'? Copyright 2020, IOP Publishing

and b) original data.
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3. Electrochemistry of LCSO
3.1. Electrochemical Characters of LCSO

The modified LCSO materials by our two-step synthesis have
greatly improved the electrochemical performance. The initial
charge and discharge capacities increase to over 300 and
220mAh g™, respectively, competitive to other reported high
capacity Li-rich oxides and the commercial LiCoO, and its ter-
nary derivatives. The discharging voltage has been confirmed
around the 4V, matching to current electrolytes. No obvious
change or “soft discharging” in voltage platform was found in
the continuous cycles, proving its stable structural redox charac-
ter distinct from those in LFSO and LMSO. However, the LCSO
system suffers from large irreversible capacity loss and rapid
decay of capacity in the cycling. Our study indicates that its elec-
trochemical abnormalities root on the successive cationic and
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anionic redox amid the two delithiation processes. This section
will focus on the electrochemical characters and mechanisms
occurring in the initial electrochemical cycling of LCSO. Fully
identification and understanding of the electrochemical process
and underlying chemistry are critical to the further electrochem-
ical improvement of multilithiated polyanionic structures in gen-
eral and may inspire new rational designs of oxygen redox-based
high energy-density cathodes.

Figure 5 compiles the initial charging and discharging
profiles of LCSO systems reported in our recent publica-
tions 122223318351 spherical (with the secondary particle size
~900nm) and low-dimensional sheet-like LCSO/C material
can deliver charge and discharge capacities at 212/116 and
281/147 mAh g, respectively, between 2 and 4.6 V.*'¥ The
improved reversibility is largely attributed to the optimal ion
transport channel between the electrolyte and nanostructures
of the pure LCSO/C materials. The discharge capacity of

Figure 5. First cycle profile of a) LCSO/C-dot and b) LCSO/C-sheet between 2 and 4.6V, c) Li,CoSig 9P 104/C, d) Li;CoSip s6Alo.0404 between 2.5 and
4.6V, e) Li,CoSigoV104/C, f) Li,Cor_Mn,SiO,/C between 1.5 and 4.6V. a,b) Reproduced with permission.'? Copyright 2020, IOP Publishing.
c,e) Reproduced with permission.'>?! Copyright 2020, Elsevier. d) Reproduced with permission.??! Copyright 2020, the Royal Society of Chemistry.

f) Original.P**!
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147 mAh g~ is the highest reversible capacity reported for pure
LCSO in the same electrochemical window. Figure 5a,b shows
the clear evidence on the 4V discharge voltage plateaus of
LCSO, a majority of reusable discharge capacity is realized at
above 2.5V that is often the discharge voltage cut-off installed
in commercial LiCoO, and its derived ternary cathodes. But
the irreversible capacity loss is big with the Coulomb efficient
only at 52-55%.

In our recent work, we pointed out that the polyhedral connec-
tion is the main structural character that impacts the bulk elec-
trical conductivity.® Silicates, like SiO,, are typical insulators.
Conductive carbon coating is an effective and simple strategy
to improve the electrical conductivity of LCSO. But coating
can only improve the conductivity of silicate materials with
the outside, whereas ionic doping is aimed to improve the bulk’s
electronic conduction and ionic diffusion in the internal struc-
ture. The ion doping can be an effective way to improve the elec-
trochemical performance regarding the structural stability, rate
performance, and cycle stability. Therefore, our first attempt is
to dope on the Si sites to inhibit the strong insulation of
Si04"™ network. Our first doping used phosphoric acid as a phos-
phorus source to successfully synthesize the Li,CoSig 9P 104/C
sample, which showed performance better than LCSO/C with
the charge and discharge capacities at 270 and 144 mAhg™'
between 2.5 and 4.6V, respectively.'? The electrochemical
improvement was attributed to the electric field modification
of PO, to the SiO,* network. In addition, we found that
using only a small amount of Al doping can achieve similar
higher electrochemical reversibility at Li,Co0Sipo6Alg04O4 at
331 and 140mAhg " for the charge and discharge capacity,
respectively.”” The underlying mechanism is attributed to the
mixture polymorphs of p;; and p; phases.

Doping with transition metals will be different from
nonmetal P and Al, because they may also make the charge
compensation to Li capacity and activate at different redox
potentials. From this hypothesis, Li,CoSig9V(104/C was
designed and successfully synthesized.”?) It delivers a much
higher discharge capacity at 220.1 mAhg ' in the extended
voltage range between 1.5 and 4.6 V. However, as shown in
Figure 5e, the discharge slope changes from 3 to 1.5V, contrib-
uting nearly half the reversible capacity. This indicates the redox
potentials can be rationally designed by other active redox
agents, especially being useful for Co-site doping, which may
not only increase the usable capacity discharging above 3V
but also reduce the expensive Co for the massive applications.
Figure 5f shows an original result with Li,Co; ,Mn,SiO,/C, in
which a small amount (mole ratio x < 10%) of Mn was success-
fully doped on the Co sites.>! Its discharge profile essentially
reproduces that of pure LCSO but with a higher discharge
capacity at 179 mAh g~ '. The reusable capacity above 3.0V is
higher than that of Li,CoSig¢V.104/C.

The large irreversible capacity loss is a drawback of the LCSO
systems. The intrinsically low electrical conductivity is the physi-
cal roots to the bad rate performance. We refer the interesting
readers to our reports on the cycling and rate performance of
pure LCSO and V-doped LCSO.?'*?*! Here, we use the depen-
dence of charge and discharge capacities on the cathode loadings
to illustrate the effects of the electrical conductivity on the revers-
ible capacity. Figure 6 (original) shows the discharge capacity can
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Figure 6. Reversible capacity versus active materials mass of electrodes
for LCSO and Li,Coy_,Mn,SiO,.

vary about 30 mAh g* between low and high electrode loadings,
which is almost twice of the range, 16 mAh g™ ' in layered ternary
oxide Li(NiCoMny);;30,.°%

3.2. Redox Mechanism

Anionic redox due to the oxidization of lattice oxygen ions is a
promising chemistry to boost capacity of cathode materials
beyond conventional cationic redox-based LIBs, which has only
been reported for Li-rich oxide compounds before.*”) These mate-
rials can deliver reversible capacities higher than 220 mAh g’l,
largely from the cumulative cationic and anionic redox contribu-
tions to multilithium reactivity. In the pioneer 2013 work, Sathiya
et al. attributed the extra Li capacity of Li,Rujs,4S14,40;3 to be com-
pensated by an intermediate peroxo-like O,°~ dimer with unreal-
istic O—O bond length at ~2.4 A amid anionic redox.!") However,
since then, the study of oxygen redox in the oxide cathodes
remains struggling in understanding what oxidized oxygen
species determine the charge compensation and oxygen redox
potentials.

Polyanionic structures like LCSO have not been expected as a
candidate with oxygen redox. Because they do not comply in
general with the octahedral d° configurations and the directional
ligand bonding conformations, the essence of the widely
accepted theory for the anionic redox in Li-rich oxides.*® It
has been widely accepted that oxygen oxidation arises from elec-
tron depletion of the nonbonding O-p states, which have often
called as “electron hole” and “oxygen hole” in literature. Note,
to avoid misunderstanding the term “hole” with either a more
perceived concept for electronic states in semiconductors, or oxy-
gen ionic vacancy in the structures, here we use “electron deple-
tion” to describe the character of the electronic contribution from
the lattice oxygen ions to the charge compensation to Li capacity.
The further oxidation of lattice oxygen ions will destabilize the
local coordination of oxygen ions, especially invokes TM ion
migration, which is believed the origin of voltage hysteresis
and capacity fading. The electron-depleted oxygen ions, analogue
to free radicals if unconfined, are highly chemically reactive to
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spontaneously dimerize to form peroxo and superoxo moieties.
Then, the over-oxidized oxygen ions lead to oxygen release.?**’!
Because almost all high capacity Li-rich oxides have reported oxy-
gen release in the deeply charged states, it has been wrongly
assumed the equivalence between peroxo formation and oxygen
release in literature.*”!

There is a significant difference in oxygen dimerization
between on surface and in bulk. The latter is confined within
the bulk lattice. Figure 7a presents a concise argument in terms
of the diatomic molecular orbital diagram on the oxygen oxida-
tion states from the lattice oxygen ions 0>~ to molecular dioxy-
gen O,. The peroxo formation will consume a full electron per
lattice oxygen ion. When the peroxo is oxidized to superoxo, no
bonds need to break but the O—O bond shrinks. When the super-
oxo is further oxidized to molecule oxygen, the cleavage of the
bond between the dimer and the binding cations should invoke
additional charge transfer and bonding orbital energy for the
occurring of degassing, cf. the binding mode of delithiated
LCSO model shown in Figure 7b. It is also obvious from the
orbital diagram in Figure 7a that the pure electron depletion
is unlikely to offer a meaningful charge compensation to Li
capacity. In bulk materials, however, one should expect the
important competition in the oxygen coordination amid the
dimerization. For instance, the highest occupied 0,2~ -1* molec-
ular orbitals may be competing with open TM-d orbitals for the
oxidation and local coordination to charge compensation in the
process of delithiation."*" Thus, one should identify consistent
spectroscopies showing both electronic and vibrational character-
istics if the O—O dimers truly confined in the bulk, not just
one of them. That should be the determining factor to not only

Figure 7. a) Diatomic molecular orbital diagrams for lattice oxygen ions,
peroxo group, superoxo group, and molecular dioxygen; b) a first-princi-
ples CoSiO, model containing a peroxo group with the bond length 1.45 A.
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the dimer formation but also its lifetime to oxygen release.
Unfortunately, extensive Raman spectroscopy, synchrotron
X-ray absorption spectroscopy (XAS), resonant inelastic X-ray
scattering (RIXS), X-ray photoelectron spectroscopy (XPS), and
electron paramagnetic resonance (EPR) have so far only identi-
fied electronic characteristics associated with either electron-
depleted lattice oxygen or gaseous dioxygen, i.e., the two extreme
states of oxidized oxygen species in oxygen chemistry. The key
transition from electron-depleted lattice ions to dioxygen,
i.e., the intermedium peroxo/superoxo O—O dimer confined
in charged cathode, has not yet identified in previous spectro-
scopic study of oxygen redox.

In our recent work, we combine analytic characterizations
and first-principles simulations to demonstrate the complete
evolution of charge compensation amid cumulative cationic
and anionic redox in solid-solution  polyoxyanionic
Li;C00,0375MNg 06255104 (Mn-LCSO).BY In this work, Mn-LCSO
composite presents clearly two stages of charge compensations:
the first one is mainly cationic oxidation with a small portion of
electron-depletion at oxygen ions, and the successive one is
mainly anionic oxidation. Figure 8 shows unambiguously con-
current electronic (XAS) and vibrational (Raman) spectroscopies
of peroxo formation amid the second Li* extraction around
LiC0g.9375M1n0, 06255104.5% During the charging, the intensity
of the v-sym and v-asym vibrational bands increases significantly
along with the peroxo dimer (dimer oxygen, DO) signature; in
the discharging, the intensity of v-sym and v-asym decreases
in the same trend as the DO peak evolution. The first-principles
simulated X-ray absorption near edge structure (XANES) con-
firms the signature pre-edge peak of peroxo species, agreeing
well with the exsitu synchrotron XAS.

The new finding of anionic redox mechanism in LCSO is
completely different from the popular assumption of two-
electron redox only of the transition-metal redox couples of
Fe’*/** and Mn**/** in LFSO, LMSO, and LCSO as well.l*'*?]
In previous density functional theory investigations, the poor
electrochemical performance of Li,MSiO, materials has been
associated in general to the instability of most M** and M** ions
in the tetrahedral environment, MO, structures are prompt to
transform into other forms consisting in octahedral MOg units.
However, the evidence of peroxo in delithiated LCSO shows the
basic difference between cationic redox and anionic redox in the
polyanionic structures. Here, we provide a complementary com-
parison between cationic redox and anionic redox in LCSO.

The lattice evolution of Mn-LCSO during the first charging
and discharging cycle reveals two distinct orthorhombic phases:
called as Orth-1 and Orth-2.%% Both phases present the charac-
teristic solid-solution reaction in their respective delithiation
ranges. The Orth-1 runs from 0 to 1.1 Li* extraction, whereas
the Orth-2 covers from 0.8 to 1.7 Li extraction, cf. Table 3.
Between 0.8 and 1.3 delithiation is a coexist two phases. The lat-
tice change from Orth-1 to Orth-2 is a stepwise jump in a and b
axes, but almost no change for ¢ axis. The expansion of 4, ~ 3.2%,
is almost compensated by the contraction of b, &~ 3.0%, thus the
net volume change is almost unchanged from Orth-1 to Orth-2.
Table 2 shows that the conventional cationic redox models would
predict 16.89% and 36.07% volume expansions for DP and TP
models, respectively, whereas our testing TP models containing
the peroxo will reduce only 5.21%, much smaller with respect to
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Figure 8. Ex situ spectroscopic signatures of oxygen redox in Mn-LCSO. a) Evolution of synchrotron O K-edge XANES in charging (C-0 to C-4 for charge
capacity of 0, 80, 160, 240, and end of charge 273 mAh g™ '), and discharging (D-1 and D-2 for discharge capacity of 10 and 160 mAh g~ ', respectively);
b) Evolution of Raman spectra at the same charging and discharging states. LO and DO indicate the lattice oxygen and the peroxo dimer signals. v-sym
and v-asym vibrational bands are assigned to the O—O dimer stretching modes. Reproduced under the terms of a Creative Commons Attribution
4.0 (CC-BY) License.P?! Copyright 2021, The Authors, published by Wiley-VCH.

Table 3. Calculated crystal structure parameters, including lattice volume and changes. The model of Lip sCoSiO, containing the 0,%-dimer is labeled as

TP-O,, all others no dimer.

LCSO LiCoSiO, CoSiOy4 Lio.sCoSiOy4 Orth-1 (ex)P*? Orth-2 (ex)B?
Dp“3 TPl pp#3 TP pp3 TP TP-0,B% 0-1.1 Li* 0.8-1.7 Li*
a [A] 6.312 6.31 6.757 6.37 7.155 8.43 6.31 6.289 6.49
b A 5.393 10.78 5.133 10.76 5.278 10.18 10.72 10.787 10.463
c[A] 4.999 5.00 5.035 5.03 5.268 5.40 5.09 4.956 5.01
QA fu 85.095 85.03 87.302 86.19 99.464 115.7 89.46 83.999 85.051
AQ [%] 2.59% 1.36% 16.89% 36.07% 5.21% 1.3%

1.3% experimental change. The large deviation of cationic redox
model is due to the assumed Co’*/*" redox pair, which has been
overtaken by the peroxo formation. Within the conventional cat-
ionic redox mechanism, the biggest lattice expansion is 13.36%
along the a axis, which is perpendicular to a reflection mirror
linking two Wyckoft 4b sites in the DP polymorph. Cationic tet-
rahedra are uniformly arranged along the same direction and
share corners. The tetrahedral volume of CoO, contracts by about
18.90% from LCSO to LiCoSiO4 and by a total of 28.17% from
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LCSO to CoSiOy. Thus, lattice changes largely depend on the
relaxation of the tetrahedral connections and reorganized by per-
oxo formation. The significant improvement of initial perfor-
mance is attributed to the inherent cationic disorder that
promotes the peroxo formation validated by the first-principles
models.*”!

The first-principles calculations found both DP and TP poly-
morphs are Mott insulators within the first Li" extraction. The
nature of insulating gaps strongly depends on the oxidation
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states of Co ions. At LiCoSiO,, there is a swapping of the inter-
action between 3d(Co)-2p(O) orbitals, which changes the insulat-
ing gap from Mott-Hubbard-type to charge-transfer-type, a
similar phenomenon has been observed in other polyanionic
structure.' This swapping is an evident proof of the band struc-
ture change by lithium intercalation/extraction, which is differ-
ent from simple energy-level shift in rigid-band model or redox
couple pinning. The swapping of near-gap states correlates with
the contraction of the oxidized CoO, units, resulting in the
cationic electrostatic field polarization. The coexistence of both
lattice distortion and bandgap opening/increases indicates the
occurring of Peierls distortions in LiCoSiO,4, whose major edge
states are nonbonding states of oxygen ions, pointing to the elec-
tron depletion in anionic oxidation of oxygen. Similar band edge
states have been identified in the model of Li,CoV;5Si;/504 with
V doping at Si sites.”?! An oxygen dimer structure has been con-
structed for the V-doping models. The orbital order in the edge
states near the Fermi level were examined. By comparing the
local density of states of Li,_,CoVy/sSi;s04 (x=0,1/8,1,1.5,2),
it is found that V doping may change the activity of O dimer
and inhibit the oxidation—reduction of Co and O in the early stage
of delithiation.!”®! This may account for the critical difference in
the discharging slope shown in Figure 5e,f.

3.3. Modeling Lithium-lon Transport

As shown in Figure 6, the major challenge of LCSO is to improve
the low electrical conductivity, which includes electronic conduc-
tion and Li-ion diffusion. However, electronic conduction and
ionic diffusion are difficult to separate from each other in terms
of the electrochemical functionality for either cathode or solid
electrolytes. There is no established theory to address the inter-
play between electronic transport and ionic mobility in general.
Both cathode and solid electrolytes are ionic conductors. They
differ mainly in the electronic conduction. Cathode must have
good electronic conduction while electrolytes should be elec-
tronic insulators. The electrochemical impedance spectroscopy
(EIS) study found that the radius of semicircles in the Nyquist
plot, corresponding to interface resistance, of the charged
Li,CoSig.96Alp 0404 sample increases ten times of that before
charging.”” That indicates the charged structure has very poor
electrical conductivity. This phenomenon is completely different
from in layered oxide cathodes, which often become more conduc-
tive after the initial charging.*® While this helps interpret the large
irreversible capacity loss, its physical original is very puzzling.
One possibility may be due to the fall-off of the carbon layer
after the lithium-ion deintercalation, and the decrease in the crys-
tallinity of the charged phase causes the disorder of the lithium-
ion diffusion channel. However, the observed 1.3% volume
change (Table 3) does not support this fall-off hypothesis,
because the typic volume expansion in LFP is at the same level,
while it has very stable carbon layers for high rate performance.
Bandgap generally impacts on the electronic conduction. All
our calculations predict doping generally gives a smaller gap,
which agrees with the improved performance. But it is a general
trend that delithiated structures have reduced gap as well.
Expanding lattices with shrinking tetrahedral units like CoO,
would indicate a large space for lithium ion moving, which

Phys. Status Solidi B 2021, 258, 2000420

2000420 (12 of 15)

www.pss-b.com

should favor a better rate capability and easy reintercalation.
But both are against the EIS results. Considering the similarity
between LCSO with its sister structures like LISICON electro-
lytes, they may have similar Li-ion diffusive mechanisms, in
which interstitial Li ions may lower the energy required to move
from site to site. However, the peroxo formation in the delithi-
ated phase may make the interstitial positions become difficult to
accessible by mobile Li*. The charge transfer between mobile Li*
and oxidized oxygen may alternate both electronic hopping and
Li™ motion.

To alleviate the grand challenging in modeling lithium-ion
transporting in LCSO systems, especially for the oxidized struc-
tures with peroxo, we tested a strategy to evaluate the electric field
of polyanionic building blocks and use the lattice electrostatic
energy to approximate the energy landscape along the ionic dif-
fusion paths.

Here, we first use the P-doping models to illustrate the feature
of electric field change in delithiation. We constructed an atomic
model of P-substituted Siin LCSO using superstructure. Because
P has one electron less than Si, the first-principles calculation of
p-doped system with negative electric state is carried out.'**!
This is equivalent to model a solid solution Lij_,Si;;—xP.O4,
ie., (1 —x)LiySiO4 + xLi3PO4. When the substitution of some
Si** by P°" in the lattice, the neutral charge results in the addi-
tion of interstitial Li ions, which may diffuse much more easily.
As a good approximation, this effect can be viewed as a micro-
electrical field on the lattice.

By comparing the models of Li;;CoSiO; and
Li; ,CoSiy/sP1,804 in the 75% delithiated phase which is the piv-
oting phase to high capacity. We found that in the undoped
model, Li* has a symmetrical stepwise distribution, and the tet-
rahedron forms an orderly layer of space charge, indicating the
high-stress network with Peierls distortion. That is not conduc-
tive channels to ion diffusion and electron conduction.'” The
P-doped model presents a significant redistribution of Li* and
CoO, groups around the P site, which behaviors as repulsive pos-
itive charge centers, suppressing the asymmetric stress from
Peierls distortion. However, this model utilized the conventional
Co redox at 75% delithiated phase, which is not the oxidized
structure of the polymorph. Oxygen dimerization is essentially
a kind of electron-ion coupled relaxation as does the Peierls
distortion. Thus, they are competitive during the delithiation pro-
cess, which may the key microfactor restricting the reversibility
of both cationic and anionic redox. This modeling shows the
importance of the electric field to modify the cationic distribution
that may be a controlling factor to Li mobility.

We introduced an approximate scheme to evaluate the Li-ion
diffusive path and compared the electric filed model with first-
principles total energy calculation.”? Li migration behavior
around Si and V were compared in V-doping model. The path
along two corner-sharing tetrahedral sites through an octahedral
interstitial site is shown in Figure 9a. The first-principles migra-
tion energy barriers are 0.48 and 0.28 eV for LCSO and V-LCSO,
respectively, shown in Figure 9b. According to the standard
Arrhenius relation, V doping increases the ionic transport by
three orders of magnitude.”® The migration energy barrier of
V-LCSO is also lower than that of 0.39 €V in the edge-sharing
hexagonal close-packed/face-centered cubic (hcp/fcc) tetrahedral
solid electrolyte reported by Wang et al.[*¥
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Figure 9. a) The Li-ion migration path along y direction in crystal model of Li;CoV;1¢Si15/1604; b) first-principles (LCSO-E, V-LCSO-E) and Madelung
energy (LCSO-|Ec|, V-LCSO-|E|) calculations of migration energy along the diffusive path for undoped and V-doped models. Reproduced with

permission.?*! Copyright 2020, Elsevier.

We use Madelung matrix method to calculate the lattice
electrostatic energy to approximate the migration energy and
compare with first-principles results. Madelung matrix method
uses the point charge approximation to calculate electrostatic
interaction between neutral polyhedron units (NPUs).*) Each
matrix element Mj; is solely determined by the geometric com-
bination of NPUs, i.e., the TO, groups (T = Co, Si). The results of
M;; of CoO, and SiO, tetrahedra are shown in Table 4. Mg;_g; of
SiO, changes less than 1% while that of CoO, increases by nearly
119%. This means that the onsite electrostatic interaction at CoO,
increases with Co oxidation, in accordance with the reduced
Co—O bond length. SiO4 remains almost unchanged, pointing
to strong covalent bonding between Si and O over all delithiation
states. The effective electrostatic attractions between corner shar-
ing CoO,4 and SiO, become stronger with increased delithiation,
whereas for the other nonsharing CoO, and SiO,, the electro-
static interactions are close to zero over the course of the whole
cycle. This indicates that electrostatic interactions between CoO,
and SiO, groups are the main factor accounting for lattice
changes in delithiation. This confirms what we have showed
in the P-doping models. The microelectric field plays the impor-
tant role on the lattice distortion. The Madelung energies, along

Table 4. CoO, and SiO, tetrahedral units and the Madelung matrix
elements. Madelung matrix element Mj are in units of A", Positive
M; means repulsion while negative attraction.”””!

mix-Pmn2, LCSO LiCoSiO,4 CoSiOy4
Intra-CoOy4 —0.780 —0.828 —0.864
Intra-SiO, —0.933 —0.938 —0.940
Mcosi —0.173 —0.183 —0.199
Mcosi —0.168 —0.177 —0.194
Mcoco —0.001 —0.004 0.004

Msi—s; —0.001 0.001 0.002
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the same Li migration path, are shown in Figure 8b. It is very
clear that the approximate energy curve along the migration path
substantially agrees with that by density-functional theory. The
Madelung energy barrier of V-LCSO is much lower than that
of LCSO, indicating that electrostatic interaction plays the main
role in Li ionic migration and may offer a fast and high through-
put alternative to otherwise accurate but time-consuming first-
principles calculations.

4, Conclusion

Safety and energy-density are two key properties of cathode mate-
rials that need to be improved significantly for success of next-
generation LIB to EVs and smart grid power systems. The high
safe LiFePO, motivates the early study of silicates, Li,MSiO,,[*®!
(M = Fe, Mn, Co), but now they confront extreme functional dif-
ficulties to move forward. Lithium cobalt silicate LCSO is a
unique 3D framework cathode material with a high theoretical
capacity above 300 mAh g™ and a high voltage plateau around
4.0 V, which make it among the few candidates having theoretical
energy density above 1200 Whkg™'. Thus, LCSO presents high
potential as a high safe, energy-density cathode material compat-
ible with the full working voltage window of the 4V organic
electrolytes.

This review summarizes the modification strategy to improve
the electrochemical performance of LCSO, mainly by two disci-
plines: surface coating and element doping. Carbon coating
shows effects to reduce the agglomeration of particles, shorten
the lithium-ion diffusion path, suppress side reactions on the
electrode surface, and thereby reduce the charge transfer resis-
tance. Element doping can be implemented in LCSO on Li, Co,
Si, and O sites. We show doping on different sites can have dif-
ferent effects. For example, heterovalent ion doping can lead to
the formation of lattice vacancies or lithium-ion vacancies, which
exerts on modification of the microelectric field of the polymorphs.
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The most important perspective with LCSO is its two lithium
ions in the process of charging and discharging, which is the
first confirmed cationic and anionic redox systems among
polyanionic structures. This provides a prototype to explore fun-
damental issues in the oxygen redox. The stable anionic redox
mechanism may account for electrochemical abnormalities in
performance. The poor conductivity of LCSO may originally
roots on the strong insulation of polyanion Si0,*". Si-site doping
can weaken the O—Si—O bridge bonds thereby -effectively
improving conductivity. The oxidation states of oxidized oxygen
species participating in the oxygen redox reaction may alter the
electronic conductivity and Li mobility, which have not been able
to study earlier.

To take advantage of SSBs, only a part of oxygen chemistry,
O°"|s ¢+ O3]y, in fuel cells/metal-air batteries is needed to incor-
porate in the intercalation host for metal-ion batteries such as
LIBs or sodium-ion batteries. Peroxo confined in the bulk of
LCSO brings in a new strategy to realize high capacity without
oxygen release. The deep understanding of the redox mechanism
in LCSO may inspire new designs of high-Li silicates as a new
prototype of multilithiated compound cathodes. For example, in
a loose context, LCSO can be expressed as a special case of com-
posites (nLi,O + CoO + SiO,) at n=1. The high n, >1, of the
ratio of Li,O versus SiO,, indicates a high Li concentration, or
a high theoretical Li capacity per silicate formula.®!! Both
ngSlOG (4L120Jr SIOZ) and LIGSIOS (3L120+ SIOZ) have been
reported as CO, capture materials. Can the insights from
improving LCSO help rationally convert LigSiOg or LigSiOs as
a triple or even quadruple Li-capacity cathode? This perspective
may accelerate the integration of oxygen chemistry with cationic
redox in intercalation materials, offering an opportunity to sig-
nificantly expand the scope of cumulative anionic and cationic
redox for high energy-density cathodes in general.
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Integrated Si photonics has the potential to revolutionize the processing of
information between different integrated chips, as well as within a single chip
itself. By performing at least a part of the task with photons rather than electrons,
new opportunities for broad-band low-power communication and computing are
created. Herein, the theoretical description of the linear electro-optic (EO), or
Pockels, effect and a newly elucidated design rule for materials evaluation is
summarized. Possible applications of Si-integrated optical elements based on
perovskite oxides and their heterostructures are also discussed. In particular, the
Pockels effect in BaTiO; films grown on Si and intersubband transitions in

Si-integrated perovskite quantum wells (QWs) is described.

1. Introduction

Transition metal oxide (TMO) thin films and their heterostruc-
tures are astoundingly rich physical systems. The striking vari-
ety of emergent phenomena arising from the correlated physics
of d-electrons in these materials has long piqued the interest
of scientists and engineers working to develop integrated devi-
ces with advanced functionalities.") While many researchers
have endeavored to integrate complex TMO films into oxide
electronics,> photonics has emerged as another area in which
the properties of TMO thin films can be exploited for a variety of
technological applications, ranging from high-speed trans-
ceivers and sensors to quantum computing.w’”] In this article,
we focus primarily on two distinct phenomena being exploited
in TMO thin films for utilization in advanced photonic technol-
ogies: the linear electro-optic (EO), or Pockels, effect and
extreme electronic confinement in TMO quantum wells
(QWSs). The Pockels effect is the change in refractive index
of a material induced by the application of a low-frequency
or static electric field. This effect is found natively in many
TMO materials, including lead zirconate titanate (PZT,
PbZr,Ti; ,Os), lithium mniobate (LN, LiNbO;), and most
strongly barium titanate (BTO, BaTiOs). Extreme electronic
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confinement can be produced artificially
in TMO QWs via appropriate materials
selection and band engineering. More
importantly, these materials systems can
now have a real technological impact
due to a recently developed process that
allows them to be integrated easily on Si
and other semiconductors.!'”

In this article, we will briefly review the
epitaxial integration of oxides on semicon-
ductors, as well as the basics of the Pockels
effect, as the reader may not be familiar
with the subject. We will then review our
recent work on exploiting the Pockels effect
in semiconductor-integrated BaTiO; and
on room-temperature intersubband transitions in LaAlO;/
S1TiO; QWs.

2. Epitaxial Integration of Oxides on
Semiconductors

The modern era of integration of complex oxides, particularly
perovskites, began with a stunning discovery by McKee and
co-workers that SrTiO; (STO) can be epitaxially grown on Si
by molecular beam epitaxy (MBE) using a very thin SrO
buffer.'*! This was soon followed by integration of BaTiO; on
Ge." Initial interest in the epitaxial integration of oxides on
Si was in using the high dielectric constant (high-k) of some per-
ovskites to circumvent the gate leakage current problem in highly
scaled silicon field-effect transistors (FETs) caused by the
extremely low thickness of SiO, in the gate capacitor as dictated
by scaling laws.["* It was soon realized that STO-buffered Si is
also a very convenient platform for further integration of other
oxides on Si (001).") Subsequently, many other oxides were suc-
cessfully integrated on almost all common semiconductors.™™?

Further work using MBE has shown that it is possible to directly
integrate BTO on Si using a previously deposited STO tem-
plate,'””*! and to be able to do so while maintaining strong
EO response.” As we have mentioned, BTO has a very large
Pockels response in its bulk form, and thus is very appealing
for integration with Si for photonics applications. It is therefore
important to understand how BTO grows on Si because the
strength of the Pockels effect has to do with both crystalline quality
and how the polarization domains in the crystal orient themselves.
The work of Dubourdieu et al. and Vaithyanathan et al. showed
that when grown on Si via MBE, BTO tends to initially grow in
the tetragonal P4mm phase with its long axis in the out-of-plane
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direction and with out-of-plane polarization (perpendicular to the
substrate surface) due to compressive strain.’”*®! However, as
film thickness increases, the polarization of BTO tends to fall
in-plane (parallel to the substrate surface) due to electrical bound-
ary conditions. The tetragonal long axis falls in-plane, as well. Hsu
et al. showed that by modifying the thickness of the STO buffer
layer, it is possible to control the crystalline orientation of BTO
films.!**) It was also seen that for thin films down to 25 nm, a small
portion of BTO films will be in plane near the surface of the film
even though the films are still experiencing considerable compres-
sive strain, indicating a complex domain distribution.”” Such a
domain distribution can be modeled computationally for a thin
BTO film using phase field modeling, as shown in Figure 1.*"
The bottom of the film is assumed to be grounded while for
the top surface an open-circuit boundary condition is used. The
bulk of the film is composed of ¢-axis oriented domains of opposite
polarization, while the surface region is a single a-axis domain.
The Pockels effect measured for such MBE-grown BTO on Si
has been shown to produce the largest thin film Pockels response
measured, at ~923 pm V~1®

Pulsed laser deposition (PLD) is another widely used tech-
nique to deposit BTO on various substrates including Si.
Optical properties of PLD thin films have been explored by
Kim and Kwok.[?? Appleby and co-workers investigated the grain
size control of the phase transition in PLD-grown BTO.”** They
have shown that for a thin film BTO grown in a columnar struc-
ture, the tetragonal phase is stabilized, which results in an
increase in the remnant polarization. Aibud et al. focused on
the link between the structural and electrical properties of
BTO thin films grown on SrRuOs-buffered (001) STO sub-
strates.”! They used PLD in the 1-200 mTorr range. With the
help of ab initio calculations, they explored the effects of Ba
and Ti vacancies on the BTO lattice parameters. They also
reported an increase in the dielectric constant in the
high-pressure region. They interpreted the effect using the vicin-
ity of the phase boundary between the out-of-plane and in-plane

Figure 1. Results of the phase field simulation for a thin BTO film. Periodic
boundary conditions are used along the [100] and [010] directions.
Along the [001] directions, the electrically open-circuit boundary condition
is used for the top surface and the bottom surface is grounded. A —0.76%
compressive in-plane strain is applied across the whole simulation cell.
The red and blue areas represent the c-domains, where red is (0,0,P)
and blue (0,0,-P) polarization, respectively, as indicated by the white
arrows. The green areas represent the non-c-domain regions that are
180° domain walls separating the red and blue domains, while at
the top surface they are a-domains, with (P,0,0), (-P,0,0), (0,P,0), and
(0,—P,0) polarization.
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orientations of the tetragonal BTO films. Niu and co-workers also
recently reported the epitaxial growth of BTO films on Si (001)
that was buffered by a 5 nm-thick SrTiO; layer using PLD.*!
A ferroelectric BTO layer was demonstrated and C—V measure-
ments indicated a memory window of 0.75V, which opens
the possibility of using Si-integrated BTO in nonvolatile
memory applications. Generally, the memory window is the dif-
ference of threshold voltage values between the programmed and
erased states, and the threshold voltage is the gate voltage corre-
sponding to some set value of the drain current, say 10~ A-W/L,
where the W and L are the width and length of the channel,
respectively.

Atomic layer deposition (ALD) is another promising tech-
nique to grow epitaxial oxides. The more complicated ALD super-
cycle in ternary oxides requires additional considerations over the
growth of binary oxides.*®! Generally, the deposition of a ternary
oxide involves the intermixing of binary oxide cycles. Epitaxial
BTO thin films have been grown by ALD on STO-buffered Si
(001) at 225 °C followed by a postdeposition annealing. X-ray dif-
fraction confirmed compressive strain in BTO films after the low-
temperature growth for films as thick as 66 nm, with the BTO
c-axis oriented in the out-of-plane direction. Following the post-
deposition annealing above 650 °C, piezoresponse force micros-
copy (PFM) was used to verify the ferroelectric switching
behavior of the ALD-grown films. Electrical and EO measure-
ments confirm the BTO film ferroelectric behavior in out-of-
plane and in-plane directions, respectively.”**!

Recently, Edmondson et al. explored the chemical solution
deposition (CSD; commonly referred to as sol-gel deposition)
of BTO on Si (001).””! Commonly used in the production of
BTO capacitors, this process offers a method for rapid, large-
scale deposition without the need for specialized equipment
on an appropriate substrate. The epitaxial BTO thin films were
deposited on thin STO template layers on Si (001) from an
alkoxide-based chemical solution under atmospheric conditions.
These films yielded an effective Pockels coefficient of
27+4pm V"' for an ~85nm film. This technique possibly
offers a very inexpensive route to produce EO-active BTO films.

In applications where high-quality, thick films are necessary,
high growth rates are needed for enhanced throughput. Many
chemical vapor deposition (CVD) processes allow growing thin
films at high rates, but epitaxial BTO film formation typically
requires high substrate temperatures. Reinke et al. have demon-
strated that high vacuum CVD is capable of growing epitaxial
BTO films on MgO, STO, and STO-buffered silicon substrates
at process temperatures of 400°C and growth rates of up to
100nm per hour without the need of an additional annealing
step; this is the lowest substrate temperature reported for a
CVD process.” The process needs optimization, but the initial
report is very encouraging. Transmission electron microscopy
(TEM) images of their films are shown in Figure 2. Figure 2a
shows the interface between silicon and BTO; the usual amor-
phous silicon oxide interlayer layer is clearly seen between the
crystalline STO buffer and BTO. The sample was oriented along
the silicon [110] zone axis and the epitaxial relationship between
the perovskite layers is visible. Aberration-corrected (AC) images
show multiple defects both in the STO buffer layer and in the
BTO film. For example, in Figure 2d, a low-angle grain boundary
in BTO can be seen.
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Figure 2. a) Aberration-corrected, high-resolution TEM and b-e) aberration-corrected, high-resolution scanning TEM (STEM) analysis of the deposited

BTO films. Reproduced with permission.?®! Copyright 2017, Wiley-VCH.

3. EO Effect

The linear EO, or Pockels, effect describes how the refractive
index of a crystal changes under the influence of an applied elec-
tric field. It is traditional to introduce it in the context of
a change in the coefficients that define the optical indicatrix
(the indices of refraction) as follows*”!

A(%) =A(ey) ' =) _ryE, )
14

y

Here, n; and ¢; are components of the refractive index and
dielectric tensor, respectively; ry;, is the Pockels tensor compo-
nent, and E, is the component of the applied field. The name
is somewhat unfortunate because it is actually the first nonlinear
optical effect. Note that because this effect is linear in the applied
field, it is only nonzero in noncentrosymmetric crystals. It can
also be written as the first-order change to the dielectric tensor
induced by an applied electric field EVDO]

dé‘ij = — Z rijyeiiejjdEy(w) (2)
k

In piezoelectric crystals such as BTO, the lattice response to
the electric field can, in turn, affect the index of refraction.
Therefore, we expand the full differential of the dielectric tensor
into purely electronic, ionic, and piezoelectric contributions
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Rog E=0

dE,

{deij(R, o, E)

O¢;i(Ro, 1o, E)]
E=0

Here, E, is the electric field component in direction y, R rep-
resents the ionic coordinates, ,, is the (u,1) element of the strain
tensor describing the distortion due to the electric field, the
naught refers to values at equilibrium, )(Ejl) is the electronic sus-
ceptibility, and 7, is the displacement of atom « in the a direc-
tion. The superscript E, denotes a derivative being taken with
respect to that variable.

The first term on the right-hand side (RHS) of Equation (3)
represents the purely electronic contribution, which comes from
the interaction of the electric field with the valence electrons,
assuming the ions to be clamped at their equilibrium positions.
It is related to the second-harmonic generation (SHG) effect. The
electronic contribution can be written in terms of ¥, which is a
third derivative of the electric enthalpy with respect to the electric
field.*" In perovskites, this term tends to be relatively small.?%33!

The second term on the RHS of Equation (3) is the ionic
response of the crystal and describes the effect of the movement
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of the ions, assuming the lattice is held fixed. The derivative of
the electronic susceptibility (in the brackets) with respect to the
ionic displacement can be expanded in terms of the phonon
eigendisplacements and then written in terms of the Raman sus-
ceptibility.®" It is useful to express the derivative of the ionic dis-
placement with respect to the electric field in terms of the mode
polarity, a product of the Born effective charge, and the phonon
eigendisplacements.®" Then, the ionic contribution becomes a
sum over the mode-dependent product of the mode polarity, the
Raman susceptibility, the inverse square of the phonon frequen-
cies, and constants of the crystal. The ionic term typically dom-
inates the Pockels response in perovskites, including unstrained
and strained BTO,?*3% strained STO,?? and strained PbTiO;
(PTO).B¢

The last term on the right represents the converse piezoelec-
tric effect. If the frequency of the applied electric field is too high,
the crystal will be “clamped,” and the lattice vectors will not
change. When the frequency of the applied field is low enough
(below 10* Hz) to trigger the converse piezoelectric effect, the
full (“unclamped”) response needs to be computed. The piezo-
electric response can be written in terms of the piezoelectric
strain coefficients d,,, and elasto-optic coefficients pijﬂy.p Yn
some situations, this term can be the dominant contribution
to the Pockels tensor,®! but typically its magnitude is ~10%
the ionic contribution.?*3*3¢37]

Altogether, the unclamped Pockels tensor (for a low-frequency
external field), in the principal axes of the crystal, is given by

o -8 0
gy 22t
nin;

b e S (8
B 2.2 2 ijuv “ruy

- Qonin £ wp L oy

where n is the index of refraction, y? is the nonlinear suscepti-

bility, €, is the volume of the unit cell (u.c), a{j‘ =

V0 Y s Um(KP) X a}(;” /0t is the Raman susceptibility,
Py = Doxp Zr5bm(kP) is the mode polarity, u,, is the eigendis-
placement of mode m, and w,, is the frequency of phonon mode
m. The first two terms of Equation (4) are the clamped Pockels
tensor, commonly denoted r’i}y.

From the aforementioned expressions, it is clear that distor-
tions in the ionic positions can heavily impact the response.
Thus, strain can have a profound effect on the crystal lattice
and is known to modify properties of epitaxial films.
Fredrickson et al. showed that in strained epitaxial BTO films,
for both out-of-plane and in-plane polarization, the Pockels effect
is enhanced under strain due to the divergence of the dielectric
susceptibility.**! The divergence is caused by strain-induced soft
modes and manifests by an extinguishing of polarization in cer-
tain directions under strain. The first-principles calculations sug-
gest very large EO effects can be obtained via controlling the
lattice mismatch to the substrate, a previously unexplored route
of tuning the EO effect in active elements of Si nanophotonics.
This was further explored by Hamze and Dembkov, who used
density functional theory to study the Pockels effect in epitaxially
strained STO.?? They calculated the electro-optical response of
STO under biaxial strain ranging from —2.0% to 2.0% relative to
the theoretically optimized lattice constant. Under 1.0% tensile
strain, the Pockels tensor components increase dramatically,
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with the largest components reaching maximum values of
111 = 222 = 505.64 pm V7l Under 1.2% compressive strain,
the Pockels tensor exhibited a similarly large peak with a maxi-
mum value of r333 = 236.55 pm V™', These peaks in the electro-
optical response originate from the softening of the phonon
modes associated with ferroelectric phase transitions that result
in the loss of inversion symmetry. This suggests that under the
right circumstances, STO can yield a very large electro-optical
response, comparable with that of BTO, which has one of the
largest known responses. Similar strain-induced increases in
the Pockels response have also been discussed for PTO.B¢!
The enhancements in the Pockels responses exhibited by
BTO, STO, and PTO all occur at strains at which the phonons
go soft. As soft phonons are often present in materials with large
thermal expansions, the thermal expansion coefficient could
potentially be a proxy for having a large Pockels response.
Hamze et al. investigated this line of thinking by studying
LiB;Os (LBO), a noncentrosymmetric crystal with a thermal
expansion coefficient an order of magnitude larger than that
of BTO, and the related crystal CsB;Os (CBO).** The predicted
Pockels response in LBO, however, was extremely small
(<5pm V' for all components). By investigating the terms in
the ionic response (see the second term in Equation (4)), they
showed the high phonon frequencies diminished the response
in LBO. To circumvent this problem, they replaced Li with
heavier Cs, knowing the larger mass would soften the phonon
frequencies. This improvement, however, was counteracted by
CBO’s small Raman susceptibilities, leading again to a sup-
pressed EO response. This suggested that the Raman suscepti-
bility had an underestimated importance in strong Pockels
materials. To verify this, Hamze et al. compared their results
with those computed for biaxially strained STO at two different
strains, —1.0% strain and the critical —1.2% strain at which the
Pockels tensor exhibited its greatest enhancement.*?23 The
frequency of the softest phonon mode in STO drops from 47
to 18.3cm™! from —1.0% strain to —1.2% strain. In Figure 3,
we plot the Raman susceptibilities and the mode polarities of
the optical phonon modes of STO at these two strains. We
see that the mode polarities are essentially strain independent,
while the Raman susceptibility of the softest mode (and several
others) increases by an order of magnitude. The increase in
the Pockels response of strained STO is thus not solely due to
the softening ferroelectric phonon mode—it also required the
order-of-magnitude increase in the Raman susceptibility. This
highlights the importance of the Raman susceptibility in strong
Pockels materials: even if soft phonons are present, if the Raman
susceptibility is small, the Pockels response will be small. This
is precisely what was seen in CBO. In LBO, on the contrary,
the Raman susceptibility was decently large, but the phonon fre-
quencies were too high. Thus, it is the combination of a large
Raman susceptibility and soft phonons that leads to strong
Pockels materials. The mode polarities are bounded by the mag-
nitude of the Born effective charges, so they cannot induce the
large responses observed in BTO and other perovskites.
Finally, to better understand what is needed to have a large
Raman susceptibility, Hamze et al. studied a tight-binding model
of a two-atom, 1D crystal and computed the derivative of the elec-
tronic susceptibility with respect to atomic displacements—
the key component of the Raman susceptibility, as the mode
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Figure 3. Raman susceptibilities of strained STO at a) —1.0% strain and c) —1.2% strain, and the mode polarities at b) —1.0% strain and d) —1.2% strain.
The mode polarities are essentially strain independent, while the Raman susceptibilities increase by an order of magnitude from —1.0% strain to —1.2%

strain. Reproduced with permission.’*! Copyright 2020, Springer Nature.

eigendisplacements are normalized.?? In this model, they found
a 2% change in bond length led to an ~20% change in the elec-
tronic susceptibility. The electronic susceptibility in tight-binding
is dominated by the inverse cube of the bandgap. Therefore,
the change in the gap with respect to atomic displacements will
dominate the Raman susceptibility. This is precisely the deforma-
tion potential, a commonly used proxy for the strength of the
electron—phonon coupling. Hamze et al. computed the deforma-
tion potentials for LBO, CBO, and STO and found that LBO and
STO had large deformation potentials,**** while CBO had a neg-
ligible deformation potential, exactly in line with the predicted
Raman susceptibilities. This suggests that materials with soft pho-
nons and large electron—phonon couplings (and therefore, large
Raman susceptibilities) will be strong Pockels materials.

One can imagine a device in which electrically controlled
strain can modify the optical properties of a BTO film via the
Pockels effect. Indeed, Cho et al. studied the nonlinear
optical response in a strained BTO film using piezoelectric
Pb(Mg;3Nb,/3)05-PbTiO; (PMN-PT) (001) as a variable strain
substrate and La-doped STO as a conductive buffer layer.*®
The rotation-anisotropic second-harmonic intensity profile shows
hysteretic modulation corresponding to strain variation from the
inverse piezoelectric response of the substrate. As shown in
Figure 4, an enhancement of 15% is observed at 1.2kVcm ™,
while a control sample shows negligible change as a function
of piezovoltage. Reflection high-energy electron diffraction,
X-ray photoelectron spectroscopy, and high-resolution scanning
transmission electron microscopy reveal the epitaxial interface.
X-ray diffraction and PFM confirm tetragonal distortion and
ferroelectricity of the BTO overlayer. Their results suggested a
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promising route to enhance the performance of nonlinear optical
oxides for the development of novel nanooptomechanical devices.

Retention is another important characteristic of a working
EO device. Ponath et al. investigated polarization retention in
10-19 nm-thick ferroelectric BTO grown on Ge (001) by
MBE.P?*% The out-of-plane direction and reversibility of the elec-
tric polarization were confirmed using PFM. After reverse-poling
selected regions of the BTO films to a value P with a biased
atomic force microscope (AFM) tip, relaxation of their net polar-
ization was monitored for as long as several weeks using optical
SHG microscopy. As shown in Figure 5, all films retained
reversed polarization throughout the observation period. Thick
BTO films (10 nm) relaxed monotonically to a saturation value
0.9P after 27 days, while 19 nm films relaxed to 0.75P after 24 h.

While BTO films have shown great promise in a variety of
novel device concepts, perhaps nowhere is this promise closer
to technological relevance than in BTO-based waveguide devices.
Recent work has demonstrated bulk-like Pockels coefficients in
BTO thin films heterogeneously integrated onto thermally
oxidized silicon substrates and patterned with Si and SiN strip
waveguides.®'") Such BTO-based hybrid waveguide devices have
been utilized for a variety of technological demonstrations,
including high-speed EO modulation at room temperature
and cryogenic temperatures,*!! electro-optical memory applica-
tions for use in neuromorphic computing hardware,*! and ultra-
low power EO tuning.'” The strong Pockels effect in BTO thin
films can be used to finely and precisely tune the effective index
of such waveguide devices while consuming only picowatts of
static power, suggesting near-term uses for such devices in ther-
mal compensation and tunable filtering in photonic integrated

© 2021 Wiley-VCH GmbH


http://www.advancedsciencenews.com
http://www.pss-b.com

ADVANCED
SCIENCE NEWS

www.advancedsciencenews.com

www.pss-b.com

Figure 4. a) Rotational anisotropy SHG (RASHG) pattern on the control sample and the heterostructure without external voltage applied on the PMN-PT
substrate. Open circles are experimental data and solid lines are fits from Equation (1); b) SHG intensity change at different voltages. Black (red) circles
indicate SHG intensities on the control (heterostructure) sample. c,d) RASHG at 0 and +60V on the control sample and the heterostructure sample,
respectively. ) Schematic of RASHG measurement with in situ voltage control. Reproduced with permission.?# Copyright 2018, American Institute of

Physics.

Figure 5. Time evolution of SHG micrographs on a) 10, b) 14, and
c) 19 nm BTO samples. Numbers on the top and inside the micrographs
indicate time elapsed after poling. The scale bar is 10 nm. Reproduced with
permission.[*”) Copyright 2018, American Institute of Physics.

circuits (Figure 6)."” Given the extraordinary Pockels response
of BTO and the progress that has already been made developing
BTO-based photonic integrated circuits, many additional break-
throughs in BTO-based photonics technologies should be
expected over the coming decade.
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4. Quantum Confinement

While advanced thin film deposition techniques such as PLD and
MBE have enabled the fabrication of many types of high-quality
TMO thin films, these techniques’ power perhaps resides in their
ability to facilitate the engineering of artificial material systems
via the layering of multiple distinct materials. Such engineered
materials often display emergent phenomena not shared by their
parent compounds, such as 2D superconductivity at the interface
of band insulators,**~** magnetism at the interface between two
nonmagnetic compounds,*>******”) and many other types of
electronic reconstruction.”**#! Such emergence is fascinating
in its own right, but the compatibility of TMO thin films with the
ubiquitous industrial semiconductors Si and Ge also suggests
the utilization of such heterostructures in technologies such
as integrated electronics and photonics.”**>7!

Although it is challenging to purposefully engineer thin film
heterostructures to display such emergent interfacial properties,
TMO thin films also allow for highly predictable band engineer-
ing and can be utilized to enable quantum confinement via
QWs.P#%9I A QW is an engineered thin film structure consisting
of two (or more) distinct materials layered periodically. The con-
duction band (CB) offset between these materials provides quan-
tum confinement of electrons along one direction z, while the
valence band offset confines holes. By combining extremely large
and highly controllable band offsets with the plethora of corre-
lated phenomena found in TMO QW heterostructures, one could
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Figure 6. a) Schematic cross section and b) simulated fundamental TE mode in hybrid BTO-SiN waveguide devices. The overlap of the optical mode with
the Pockels-active BTO film allows electric field tuning of the waveguide effective index, as required for many active photonics devices including switches
and modulators. c) False color optical micrograph of active racetrack resonator fabricated from SiN-loaded BTO. The green lines represent the SiN
waveguides, blue areas indicate exposed SiO, cladding, and gold areas show metal electrodes. d) Demonstration of thermal compensation in active
BTO racetrack resonator device. The room-temperature resonance position (blue, solid line) is thermally red-shifted (red, solid line) and subsequently
returned to its room-temperature position via electrostatic tuning (green, dashed line). e) Resonance shift and tuning power as a function of temperature.
Over 20°C of thermal drift can be compensated with less than 1 nW of static power consumption. Reproduced with permission. Reproduced with

permission." Copyright 2019, American Chemical Society.

imagine the design and fabrication of Si-compatible QW devices
with advanced functionalities.

In the effective mass approximation, if the size of the quan-
tum confinement is much larger than the atomic size of the QW
crystal, the QW eigenvalue problem can be simplified as

(- v+ U2 o) = ) )

2m*

where F,(r) is the so-called envelope function. The eigenenergy
can be written as

n? )
E=E +5 k) 6)
indicating that the energy is quantized along the direction of con-
finement (z) and can be approximated as a free electron with
effective mass m* in the orthogonal in-plane direction.

If we dope the QW to be n-type, the doped electrons can begin
to populate the quantized levels in the CB. With an external
pump photon source, these electrons can then absorb photons
and be excited to higher quantized levels or emit photons and
fall back to lower states, which are the so-called intersubband
transitions. By engineering the quantum confinement via con-
trolling the width of the QW, the depth of the CB offset, and
other material properties, we can tune the quantized energy
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levels and control the intersubband transitions to optimize the
QW optical properties. The aforementioned Schrédinger equa-
tion plus the electrostatic Poisson equation describing these
doped electrons form the Schrédinger—Poisson system,*” where
the electrostatic potential can influence U(z) in the Schrédinger
equation, thus altering the wave functions used to build the
charge density. Figure 7 shows an example of a self-consistent

Figure 7. Sample LAO/STO QW solution of the Schrédinger—Poisson
equation. This QW holds five bound states. The doping density is
8.33 x 10" cm 2, resulting in the position of the Fermi energy indicated
by the solid red line. The blue solid line represents occupied ground level
and other dashed colored lines represent unoccupied excited levels. Blue
arrows represent different intersubband transitions from the ground level.
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solution of the Schrédinger—Poisson system for a LAO/STO QW,
with the intersubband transitions indicated by blue arrows.

In addition to the Pockels effect, QWs offer another avenue to
design and fabricate integrated photonic and EO devices. Optical
modulation of quantum-confined electrons in LAO/STO QWs has
been demonstrated at wavelengths around the critical telecom
Cband (1530-1565 nm).®"! The relatively high energy of these
intersubband transitions, as compared with those in conventional
GaAs-based QWs,[(’Z] is due to the extreme CB offset in the
LAO/STO system, a feature that is expected to be reproducible
in a wide array of oxide-based thin film heterostructures with

www.pss-b.com

appropriate band engineering.”® In addition to such free-space
demonstrations, simulation and modeling work has suggested
the potential for oxide-based QW' to find use in integrated devices
utilizing the quantum-confined Stark effect for modulation and
switching.”! This potential is strongly bolstered by recent work
demonstrating the fabrication of high-quality LAO/STO QWs of
arbitrary thickness, including their monolithic integration on Si
(001) substrates.***¥ The scanning tunneling microscopy
(STEM) image of such a structure grown by MBE on an LAO sub-
strate is shown in Figure 8. Heterostructures with three-, four-,
and five-u.c. thick wells, with up to 80 well/barrier periods, were

Figure 8. a) Schematic of the general design of our QW heterostructures. b) Large-field STEM image over the entire thickness of a six-u.c. well hetero-
structure, demonstrating clearly separated STO well and LAO barrier layers. A magnified view of a small region of the heterostructure is also presented,
showing an annular dark-field (ADF) image as well as corresponding La and Ti EELS spectra. Reproduced with permission.[”) Copyright 2018, American
Chemical Society.

Figure 9. a) Absorption spectra for three-, four-, and five-u.c. well samples. The circles are experimental data, while the solid lines are Gaussian fits to the
data. The calculation of the absorption coefficient in units of cm™" from the raw spectra is discussed in the Supporting Information of ref. [61]. Inset: a
zoom-in of the absorption peak in the three-u.c. well sample and a bi-Gaussian fit giving the peak energy at ~650 meV (see Supporting Information of
ref. [61]). b) Experimental geometry, indicating the two polarization states used for consecutive measurements. This approach is used to remove the
ambiguity as to the origin of any observed absorptions, as intersubband absorption is only stimulated when the optical electric field is perpendicular to the
plane of the wells (here, TM). ) Tight-binding calculations of the imaginary part of the dielectric function of STO QWs of three-, four-, and five-u.c. widths.
Reproduced with permission.[®" Copyright 2018, American Chemical Society.
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grown on LAO substrates. La serves as an electron donor
in STO when substituting for Sr. The authors demonstrated
room-temperature intersubband absorption on the order of
hundreds of meV, including absorption at energies near the crit-
ically important telecommunications wavelength of 1.55 um. In
Figure 9, we show the intersubband transitions measured by
Ortmann et al.l®" Experimental results are in excellent agree-
ment with theoretical predictions.®® Further fabrication
advancements, including integration of such epitaxial QWs onto
thermally oxidized silicon via direct deposition and the 3D inte-
gration of crystalline silicon and epitaxial oxides, promise to
bring a variety of oxide-based QW technologies, including infra-
red photodetectors, quantum cascade lasers, and EO modula-
tors, closer to reality.[*®%”]

5. Conclusions

Integration of ABOj; perovskite oxides on Si (001) ushered in a
new era of oxide-based optoelectronics. Unlike most semicon-
ductors, the complex structure of these oxides as well as the pres-
ence of the d-shell in some of the B-cations, e.g., Ti, give these
materials internal degrees of freedom that enable a wide range of
physical phenomena. Light can couple to these internal degrees
of freedom, which, in turn, can be controlled by external electric
and magnetic fields, strain, and temperature. Perovskite hetero-
structures also offer ample opportunities for band engineering
that is helped by a close lattice match among many materials
in this class, as well as their remarkable ability to sustain rela-
tively high levels of strain. This points to multiple opportunities
to build optical devices and sensors integrated on a conventional
Si platform with possible applications in nanophotonics, neuro-
morphic computing, and quantum computing.EO modulators
based on Si-integrated BTO have also been demonstrated. The
competing technology based on LiNDO; is still relatively new,
and as a Pockels material, BTO has significant advantages over
LiNbOjs. Therefore, this technology will likely find applications in
the next 5 years. The QW structures have a longer way to go, as
there is a much more established competition based on conven-
tional semiconductors.
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Photons, Orbital Angular Momentum, and Neutrons

Ronald L. Cappelletti* and John Vinson

Dedicated to Professor David A. Drabold on the occasion of his 60th birthday

A traveling wave or wave packet may possess orbital angular momentum (OAM)
in the form of a phase vortex about its propagation axis. These OAM states are a
general wave property and exist in single-particle wave packets, in a beam of
unstructured wave packets of particles or in a mixture. OAM states of photons
were first created almost 30 years ago. Recently work has been done to create
these states with massive particles: electrons and neutrons. OAM waves can be
generated by passing an unstructured wave through a vortex phase plate. This
technique is reliant on each particle adequately sampling the area of the vortex
plate. While laser sources provide sufficient transverse coherence, beams of
massive particles are more challenging. If incident wave packets do not inter-
rogate the discontinuity at the center of the vortex phase plate, the probability of
detecting a single particle having a unit of OAM about the packet center
decreases substantially and the expectation value of the OAM about that center
vanishes. Herein, using laser light, we restrict the transverse size of a beam to
either illuminate the discontinuity or not and consider the implications for

or propagation. Typically, an OAM state is
considered to carry angular momentum
associated with the azimuthal angle ¢
about the axis of propagation in the form
of ¢/ where for integer values of I the beam
has I# units of OAM in the direction of
propagation. Aided by the ease of generat-
ing coherent, monochromatic light, optical
studies constitute the bulk of experimental
realizations of OAM states. However,
because the OAM is, by construction, a
property of the wave function, there has
been great interest in also creating such
states with matter. This has led to demon-
stration of OAM behavior in electrons®™®!
and OAM-like behavior in neutron
beams,” but the interpretation of such
measurements in neutrons can be ambig-

producing OAM in individual neutrons.

1. Introduction

Thermal and cold neutrons have been demonstrated to be
uniquely valuable probes of the properties of condensed matter
systems because their wavelengths and energies are suitably
matched to study both structure and dynamics of materials.™
The addition of a new quantum degree of freedom, orbital angu-
lar momentum (OAM), promises to extend the usefulness of this
probe to new areas of materials studies. The generation and
manipulation of OAM states of both light and matter have gar-
nered significant attention in recent years.” > An OAM state is a
subset of what are more generally referred to as structured waves,
a class that includes any system where the shape or phase struc-
ture of the wave itself is important to its properties, interactions,
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uous as to the existence of single-particle
OAM states.!"")
Depending on the type of measure-
ment, the nature of the single-particle
wave function may or may not be probed. A double slit, illumi-
nated by waves with sufficient spatial coherence, will form an
interference pattern that requires each particle individually to
behave as a wave. In the absence of sufficient coherence, the
interference pattern fades. In much the same way, an OAM
beam can be made either of single particles with little transverse
coherence and an unremarkable structure forming a beam that
collectively has the properties of an OAM state!® or individual
particles each described by a wave function with definite OAM
character. The distinction determines what properties such a
beam possesses and what measurements can be made on or
using it, and it is these properties which promise to open up
new avenues for probing interactions.!**~**!

In this paper we consider intentional restrictions on the
creation of OAM states. Passing a laser beam through an inter-
ferometer, we generate an OAM state in one arm and observe the
expected dislocation pattern from an I = 1 OAM state interfering
with an off-axis plane wave. Using an iris on a translation stage,
adjustable perpendicular to the beam, we create a beam with
restricted transverse coherence and show that the presence of
an OAM state is dependent on the transverse coherence. The cre-
ation of fractional OAM states by such a technique is well known
in the photon optical community,* but here we are interested in
integer OAM states. After reviewing specifics of coherence and
OAM states, we present our setup and main results. We then
discuss the implications that these light experiments have for
generating OAM states of neutrons.

© 2020 Wiley-VCH GmbH
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1.1. Transverse Restriction and Transverse Coherence

The laser light emanating from the beam expander used in
the experiments described here has a longitudinal coherence
much larger than any dimension in the geometry of the appara-
tus used and a transverse coherence considerably larger than the
irises or other optical objects restricting the beam. Moreover,
each photon in the laser beam has approximately the same char-
acter as photons are bosons. Using an adjustable iris to control
the transverse size of the incident beam and displacing its center,
we can explore the effects of restriction on producing vortex
states.

In free space, neutrons are fermions moving in dispersive
wave packets as distinguished from photons which are bosons
moving in nondispersive wave packets. But with respect to the
production of OAM states and transverse coherence which are
strictly wave phenomena, the behavior of photons is an analog
of that of neutrons. Hence, we can confidently model the
behavior of a neutron with a small transverse coherence length
compared with the size of a vortex wave plate (VPP) using a laser
in conjunction with an adjustable iris to restrict the position
and diameter of the beam, making it smaller than the VPP.
We describe two experiments examining this effect. The first
uses interference between plane and restricted vortex beams.
A second examines the effect of restriction on the image pro-
duced by such a beam using a lens.

1.2. OAM States and Their Representation

When discussing optical OAM states, it is convenient to use
the Laguerre-Gaussian functions, B,, as the basis. See a
previous study®® for more details. Any paraxial beam may be
described by the Laguerre-Gaussian functions by virtue of
their completeness, y =% > * _ C,B,, where C is some
complex coefficient subject to normalization. This motivates
us to make a distinction between the expectation value
of the orbital momentum state (L,) = (w|L,|y) and the
probability of the state having a specific integer OAM
P(L, =1n) =" |(Buly)|?. As an example, consider the wave
function w = 1v/2B;y + 1v/2B;, where the expectation is
(L,) = h whereas P(L, =h) =0.

We consider a parallel focused laser beam which is coherent
across its front. When this beam is incident upon a transmission
vortex phase plate a spatially dependent phase is imparted to the
beam which is linearly proportional to the azimuthal angle
around the center of the VPP device. By design, the VPP’s pro-
portionality constant is set to be an integer, e.g., I =1 for the
wavelength of laser light being used. If the center of the laser
beam is aligned to pass through the center of the VPP, then
we may describe the beam as being predominately in an [ =1
OAM state. The expectation value will approach # and
P(h) = 1. Furthermore, as a laser produces a coherent beam
of bosons, we may regard each photon as having a wave function
that is structured similarly to the beam itself. For a beam not
passing through the center of the VPP, the value of the OAM
about the beam axis may be fractional. The case of neutron
beams is more complicated, but we can mimic some of the dif-
ficulties by restricting the transverse size of the laser beam.
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2. Experimental Techniques

2.1. Spatial Light Modulator in a Twyman—Green Interferometer

The arrangement for using the spatial light modulator (SLM) to
produce a vortex wave in a Twyman-Green interferometer is
shown in Figure 1. Using the beam splitter, a portion of the
collimated beam selected by a translatable iris was directed in
one arm toward a mirror and in the other toward the SLM.
The reflected beams were collected by the beam splitter and
directed to the detecting charge-coupled device (CCD) camera
where they combined to produce a phase-contrast image. The
SLM can be programmed to provide a variety of structured wave
fronts."”) In particular, it can act like a VPP introducing a unit of
twist to the wavefront reflected from its surface.

2.2. Transmission Vortex Phase Plate in a Mach-Zehnder
Interferometer

A second method for introducing a twist to an incident wave is
through the use of a transmission VPP. The particular device used
in this experiment was a model VPP-1c from RPC Photonics.!"®! Tt
was placed into one leg of a Mach-Zehnder interferometer, as
shown in Figure 2. The VPP was mounted on an (x, y) translation
stage perpendicular to the incident beam and it was positioned
such that the laser beam illuminated the region of the VPP-1C
designed to produce a 2z twist with 980 nm light. The laser source
was coupled by a fiber cable to the beam expander and collimated
using a shear plate. This arrangement allowed the observation of
an interference pattern by inclining the second arm of the inter-
ferometer slightly. The detector was the PixeLINK CCD camera
used in the Twyman-Green arrangement. In addition, a lens
could be placed to focus the beam from either arm onto the detec-
tor plane to study the images produced.

3. Experimental Results and Simulation
3.1. 635 nm Results for a 2t Twist

In this section we show the results using both methods of pro-
ducing vortex beams on the restriction of the transverse size of

*@F
o

@ H

Figure 1. Twyman-Green interferometer setup with SLM: (A) 635nm
diode laser source;"™ (B) beam expander; (C) rotatable polarizer; (D)
adjustable and translatable iris selects and steers a portion of the beam;
(E) beam splitter: one arm goes to (F), the SLM, and the other to (G), a
mirror. The beams reflected from the mirror and SLM recombine at (E)
and are detected by (H), the PixeLINKI'®) CCD camera.
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Figure 2. Mach-Zehnder interferometer. A Thorlabs 980 nm laser
source (A), fiber-coupled to a beam expander (B), directs light through
a rotatable linear polarizer (C) and adjustable iris (D) to a beam splitter
(E). The beam in the lower horizontal arm proceeds to a corner mirror (H),
which directs it to a second beam splitter (I) and on to the detector (J). The
vertical arm is directed through a vortex phase plate, VPP, mounted on a
horizontal/vertical translation stage (F) and on to a corner mirror (G),
which steers it toward the second beam splitter where it combines with
the beam coming from the lower arm and is collected by the detector. The
iris is used to restrict the transverse size of the beam incident on the VPP.
The VPP can be moved to accept the beam anywhere in its working area.

the beam incident on the vortex-producing device. Referring to
Figure 1, Figure 3 shows the result of using an iris to restrict the
transverse size of the beam incident on the SLM. The beam has
been translated so that its center is not coincident with the center
of the vortex-producing SLM. The characteristic dislocation inter-
ference pattern has been circled in red for convenience. As the
iris is closed down in successive images a) through f), the dislo-
cation eventually disappears from the observed interference pat-
tern. In e) and f), it is no longer visible, which corresponds to the
beam no longer containing a unit of twist about the VPP axis. By
this it is meant that, while the beam can always be described as a

www.pss-b.com

superposition of a complete set of orthogonal Laguerre-Gauss!’!

modes having positive and negative integer OAM values, the
expectation value of the OAM is less than one unit and the prob-
ability of any photon possessing one unit approaches zero. In
Figure 4 the iris is first restricted and then translated to occlude
the center of the SLM from the beam. Then it is reopened to
reveal the center again. The figure shows how restriction of
the transverse size and displacement of the beam can produce
a wavefront no longer characterized by an integer value of OAM.

The result shown in Figure 4 can be modeled by the interfer-
ence patterns to be expected from combining a plane wave
slightly offset along x from the z axis of propagation and a wave
with one twist, both having a transverse planar Gaussian enve-
lope of width parameter W, as described by Equation (1):

<x2+(Y*V)Z> 2
e w {eBx + e—i(arctan(y/x))} 1)

The factor 3x in the phase of the plane wave is chosen to conve-
niently display several fringes in the plotting region. The
Gaussian is offset along the y direction by Y in successive images
to mimic the behavior of the iris in Figure 4. The simulation is
shown in Figure 5 and will be discussed later.

3.2. 980 nm Results for a 27t Twist

Although similar results to those shown in Figure 3 and 4 were
obtained at this wavelength in the Mach—Zehnder arrangement,
we do not show them here. Instead, we concentrate on the
Fraunhofer diffraction pattern images of the restricted beams
obtained through a 15 mm lens with its image focal plane coinci-
dent with the detector plane of the CCD camera. At the top of each
image in Figure 6 we show the result of the plane-wave-
illuminated circular opening of the iris. Below that we show
the result of such a restricted beam passing through a VPP.

Figure 3. Dislocation interference pattern/hologram arising from overlapping of a 2z twisted wave with an inclined plane wave. The dislocation area is
encircled. The twisted wave is produced by an SLM using 635 nm laser light. Successive images (a—f) occur as the iris is closed down, eventually occluding

the center of the SLM.
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Figure 4. Dislocation interference pattern/hologram arising from overlapping of a 2z twisted wave with an inclined plane wave. The center of the pattern
is circled in red for convenience. In images (a—c) the iris is closed down, still admitting the center of the pattern. In images (d—i) the iris is moved upward
so that eventually the center of the SLM is no longer illuminated and the center of the pattern is no longer visible. In images (j—o) the translated iris is
successively opened to again allow illumination of the SLM center and the dislocation pattern again comes into view.

For the VPP whose center is illuminated, the wave will have
a unit of OAM and the pattern observed is the expected “donut”
shape shown at the bottom of the leftmost image in Figure 6.1
(The center of this image does not have exactly zero intensity
as it would if an unrestricted plane wave was incident upon the
VPP.™)) As the center of the restricted beam incident on the
VPP is displaced upward, the recorded image is distorted, finally
coming to resemble the image of the restricted plane wave arm
(top image in each frame) when the center of the VPP is no longer
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in view. Beyond this point the resulting light from this arm no
longer contains a unit of OAM and hence the probability of observ-
ing a photon containing exactly one unit of OAM approaches zero.

4, Discussion

The adjustable iris in this experiment was used as a stand-in
to demonstrate the effects of limited transverse coherence on
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Figure 5. Simulation of dislocation interference pattern/hologram arising from overlapping of a 2z twisted wave with an inclined plane wave as calculated
from Equation (1). The Gaussian width parameter is taken as 100 for all but the rightmost image where it is increased to 500 to show the reappearance of

the fork pattern.

Figure 6. 980 nm light passing through an iris diameter of ~3.0 mm focused by a 15 mm lens onto the detector plane of a CCD camera. Each image
shows the light collected from the displaced blank arm of a Mach—Zehnder interferometer at the top and the light collected from the interferometer arm
containing the VPP at the bottom. In the first image on the left the light is focused on the center of the VPP adding a 27 twist to 980 nm light, and a
characteristic “donut” shape is manifest. From left to right the position of the VPP is raised by 0.25 mm. By the seventh image in the sequence (1.5 mm
displacement), the center of the VPP square is on the periphery of the beam permitted by the setting of the iris. Further displacement moves the center of
the VPP beyond the range of the iris opening, and the image approaches that of the light from the blank arm. Beyond this point the expectation value OAM
vanishes and the probability of observing a photon containing exactly one unit of OAM falls off substantially.

producing OAM states. If the light source had a small
transverse coherence (compared with the size of the beam
or VPP) then each photon would only interrogate a small
section of the VPP, an effect replicated using the iris. When
the restricted beam striking the VPP did not cover the discon-
tinuity at the plate center no dislocation pattern was created.
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It is clear from the diffraction patterns in Figure 4 that as
the edge of the restricted beam excludes the center of the
VPP, the expectation value of creating an OAM state becomes
less than one unit. The same result is seen clearly in the simu-
lation shown in Figure 5 which qualitatively agrees with
Figure 4.
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We can model the beam cross-section as a uniform disk
of radius a whose centroid hits the VPP at a distance b from
the VPP center. The acquired phase leaving the VPP is given
by exp(il$') where ¢ is the azimuthal angle around the
VPP designed to create an OAM of integer I. The ¢ depen-
dence of the beam leaving the VPP is given by
y o gillarcanlpsing/(peosp=b)l}  where we are using cylindrical
coordinates (p, ¢) centered on the beam. The expectation value
of the OAM can be evaluated using (L,) = —ia(y|0/0d|y),
giving Al(1 — b?/a?) when a > b and 0 when a < b. While the
expectation value is strictly zero if the beam does not illuminate
the center of the VPP, the probability of | ## 0 OAM states is only
approximately so. For small, off-center beams, a < b, the
probability of detecting a particle in the | = 1 OAM state using
an =1 VPP is ~a?/8h*. This is approximately the
same as the probability of an I=—1 state, whereas
P(l=0)~1— a®/4b%.

An important point is that even though a source with small
transverse coherence will produce a vanishingly small number
of photons in an | = 1 state, a beam of such photons wide enough
to cover the SLM (or VPP) will produce phase-contrast images
that will look the same as if it consisted of photons with large
transverse coherence. This can be seen by noticing that the effect
of iris translation and reopening in Figure 4 are not to change the
underlying interference pattern, but to illuminate different sec-
tions of it. Thus, by accumulating a composite image consisting
of individual images produced by a randomly placed small iris,

www.pss-b.com

one can reproduce the image displayed when the iris is wide
open. From this it is clear that phase-contrast images alone
can not demonstrate the creation of single-particle OAM states
in general, whether the beam consists of photons or neutrons.

We support this assertion by a model calculation in which the
interference pattern intensities of 81 beams striking the VPP in a
grid pattern are added together. Each beam is described as in
Equation (1), with the Gaussian width parameter W but now with
offsets from the origin by X and Y, respectively. The results are
shown in Figure 7. We can safely extrapolate from this result that
if the VPP were peppered by a large random array of narrow
W =1 beams, the resulting phase-contrast image would be
experimentally indistinguishable from one in which a single
wide W = 500 beam of equivalent intensity was incident.

It should be pointed out, however, that any method of produc-
ing twisted waves that fails to allow every narrow incident “ray” to
sufficiently overlap its unstructured partner in an interferometer
setting, such as with a pair of cylindrical lenses configured as a
7/2 conversion plate,*” may allow distinguishing between the
phase-contrast patterns produced by one broadly transverse-
coherent and many very narrowly transverse-coherent beams.

In contrast, several effects or measurements are explicitly
reliant on single-particle OAM states. These include interference
experiments such as single-particle OAM sorting®!! but also
spectroscopy where the interactions are dependent on the
OAM character of the light.?**¥! For this latter category, struc-
tured waves provide an opportunity to explore new phenomena.

Figure 7. Sum of intensities of a grid of 81 interference patterns, calculated as described in the Discussion section, showing the emergence of the
underlying fork in the phase-contrast image. The Gaussian width parameter W increases from left to right. The emergence of the fork is already apparent

at W=1.
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The additional angular momenta of the OAM state introduces
new selection rules governing the transitions. However, as we
have illustrated here, when producing a vortex beam by shining
an unstructured wave on an appropriate device, the transverse
coherence of the wave packet of a particle in the beam must
be sufficient to illuminate that part of the device producing
the vortex to ensure that that particle can carry a unit of OAM.

4.1. Transverse Coherence of Neutrons

As we have noted, unlike laser sources of light, obtaining ade-
quate transverse coherence of neutron beams remains a signifi-
cant challenge. An extensive discussion of neutron coherence is
given in the standard textbook on neutron interferometry by
Rauch and Werner.”*! In 1996 measurements were made of
the coherence lengths of thermal neutrons produced at the ILL
reactor perpendicular to the long axis of a perfect silicon
neutron interferometer. The results were 5nm in the vertical
direction and 5000 nm in the transverse direction and 10 nm
in the longitudinal direction.*”! Earlier measurements (1983)
at the Missouri reactor, MURR, gave 6.6 nm for the full-width
half-maximum longitudinal coherence length for 1=0.13 nm
thermal neutrons treated as Gaussian wave packets.*® Using
a Jamin-type interferometer, Kitaguchi et al. found a transverse
coherence length of at least 59 nm for 1= 0.88 nm.””) Pruner
et al. used a grating interferometer in a triple Laue geometry
to obtain a longitudinal neutron coherence length of 11 nm
and a transverse coherence length at least 100 times larger.”*®
The vertical transverse coherence length of cold neutrons
(A=0.27 nm) in the interferometer at the National Institute of
Standards and Technology (NIST) was measured to be
79 nm.*” Using a Jamin-type interferometer, Seki et al. obtained
a vertical transverse coherence length of 39 nm and a horizontal
one of 129 pm for 1= 0.88 nm.% The largest measured value
of neutron transverse coherence to date, 175 um, was achieved
by Wagh, Abbas, and Treimer using an asymmetric Bragg prism
at a wavelength of 0.53 nm.*" For A = 0.5 nm neutrons at NIST,
recent transmission measurements result in a transverse
coherence length of order 25 pm, limited mainly by the mosaic
crystallite size of the pyrolytic graphite monochromator, the
source from which the measured cold neutrons scatter.*?
Thus, in typical neutron beams at NIST the transverse coherence
of the constituent particles may be a thousand times smaller
than the width of the beam and, importantly, the size of the
VPP or another method of constructing the OAM, as also noted
by Clark et al.”

Were our Mach-Zehnder measurements to be repeated with a
longitudinal coherence comparable with that in neutron experi-
ments (equivalently, 50 pm at A=980nm), but with no other
changes, the underlying interference pattern of Figure 4 would
not be easily visible. This is because the optical path length
difference between the arms of the interferometer must be
comparable with the longitudinal coherence.**! The remarkable
Bonse—Hart perfect single-crystal interferometer used in neutron
measurements has alignment of the Bragg reflection-producing
lattice planes over centimeters so that interference fringes are
readily visible with the available neutron longitudinal coherence.
Moreover, as Sam Werner has pointed out, even with tiny
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transverse coherence, each part of a split-neutron wave packet
can combine with its partner to produce interference because
of the near-perfect alignment of the lattice planes.’*"

4.2. Future Work

With a dimensional mismatch of up to three orders of magni-
tude, the fraction of neutrons passing near enough to the center
of such a device is vanishingly small.'” Further work to produce
individual neutrons possessing a unit of OAM will require bridg-
ing this gap in some way. One can envisage a transmission VPP
consisting of an appropriate array of spiral-producing regions
each on a scale consistent with the measured transverse coher-
ence of the neutrons. Using such a device, a significant fraction
of the neutrons in currently available beams would have a
reasonably high probability of emerging with a unit of OAM.
Experiments unambiguously testing the presence of OAM in
individual neutrons, in analogy with light experiments, could
then be conducted by choosing target nuclei exhibiting single-
quantum interactions with a selection rule causing them to
respond differently to neutrons either having or not having units
of OAM.
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Forced Enhanced Atomic Refinement Modeling of the

Metallic Glass Cu,gZrsAls

Rajendra Thapa,

Herein, the structure of CuyeZryeAls is inverted from X-ray structure factor

data and energy minimizations as implemented with forced enhanced atomic
refinement (FEAR). The models generated are in good agreement with structural
data obtained from diffraction experiment. Voronoi tessellation analysis shows
reasonable agreement with previous results, and the models include structural
units believed to have slow dynamics near glass transition and be responsible for
the excellent glass forming ability of this metallic glass. It is shown, with constant
temperature molecular dynamics (MD), that there is a significant increase in the
fraction of these particular clusters near the glass transition. Space-projected
conductivity (SPC) calculations show that conduction through Zr dominates over
Cu. Vibrational modes are strongly localized on a few Al atoms at high frequencies
and distributed almost uniformly on Cu and Zr atoms at low frequencies.

1. Introduction

Bulk metallic glasses (BMGs) form a family of one of the most
researched amorphous materials. The ever growing scientific
attention can be attributed to their unique properties, such as
ultrahigh strength, resistance to wear and corrosion,” etc. Such
properties enable its diverse applicability, ranging from sporting
goods to nanotechnology and biomedical applications.”) Despite
having numerous models for structure,®>®! glass forming ability
(GFA)," and its relation to the structure, a plethora of basic ques-
tions still remains unanswered. Cu—-Zr BMG gained particular
interest after its discovery challenged the pre-existing understand-
ing of GFA.®! For these reasons, Cu-Zr-Al forms one of the most
highly researched materials in the BMG family with both experi-
mental®™** and theoretical work™*¢ being reported. Georgarakis
et al,! with his X-ray pair distribution function (PDF) experi-
ments, showed that the addition of Al to Cu-Zr BMG induces
changes in the atomic structure in the short and medium range
order, attributed to the strong bonding preference between Zr and
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Al atoms. The Zr-Al bonding is also dem-
onstrated by nuclear magnetic resonance
(NMR) studies by Xi et al.**! Both extended
X-ray absorption spectra (EXAFS)'” and
X-ray diffraction studies!'"'? have shown
that the addition of Al to Cu-Zr BMG
increases the fraction of icosahedron such
as clusters and makes the distribution of
Al homogeneous, which enhances the
GFA Dy increasing the structural incompat-
ibility with the crystalline phases. X-ray dif-
fraction pattern from samples with varying
Al concentration has showed that even at 4%
Al concentration, a fully amorphous rod up
to 5mm in size can be produced.™”’ Yu
et al.l'"”! also found that the critical cooling
rate for Cu-Zr BMG drops from 250 to
40K s~ with just 4% Al doping.

Molecular dynamics (MD) simulations by Zhang et al.** have
also revealed superior GFA in CuyeZr,sAlg relative to other com-
positions, in agreement with experiment.'"'? Structure inver-
sion with reverse Monte Carlo (RMC) of Cu-Zr-Al BMGs
from experimental information has already been carried out with
large number of atoms.'**28 However, traditional RMC alone
may produce non-physical solutions even for elemental sys-
tems.'! In this work, we report on models designed to closely
agree with experiment and, at the same time, be a suitable mini-
mum of a standard density functional theory (DFT) code.

The rest of this article is organized as follows: Section 2 has
discussions about computational methodology and model gener-
ation using forced enhanced atomic refinement (FEAR) and melt
quench (MQ). Section 3 deals with results obtained from struc-
tural, electronic, and vibrational calculations, and Section 4 sum-
marizes our conclusions.

2. Methodology and Models

In this study, we perform an ab initio simulation of CuysZrssAlg
to determine the structural and electronic properties using
the FEAR?*¥ technique and a traditional MQ method. FEAR
has shown promise in modeling a wide range of amorphous
systems, ranging from a-Si** a-SiO,, silver-doped GeSes,
sodium silicate glass,”” and a-C?**% to complex BMGs.1”)
FEAR aims to use experimental information to aid and
accelerate ab initio simulation of disordered materials. Of course,
diffraction data by itself are grossly inadequate to determine
the structure of a complex system with rich local chemical
and topological order. However, when chemical information is
included (from an accurate quantum mechanical code), we have

© 2021 Wiley-VCH GmbH
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repeatedly shown that FEAR produces models equal or superior
to MQ, even in total energy, and requires a fraction of the
(expensive) force calls needed by MQ methods.

To provide some more detail, we start with some definitions. If
V is an energy functional and y* gauges the discrepancy between
a diffraction experiment and a computer model, we seek to find
a set of atomic coordinates that renders V a minimum, and
within experimental error. FEAR is a simple iterative process
consisting of 1) producing a structural model with random
coordinates and 2) invoking N accepted moves within conven-
tional RMC followed by M conjugate-gradient (CG) steps using
ab initio interactions. We then iterate 2) until convergence. The
final results do not depend heavily on the numerical values of N
and M, which were chosen to be 150 and 5, respectively, for the
present work. FEAR avoids the problem of the relative weighting
of Vand 4 in a penalty or target energy functional as in hybrid
approaches. If the density of the material is unknown, it is pos-
sible to run the simulation at zero pressure (with variable cell
geometries) in the CG loop and simply pass the modified super-
cell vectors back to the RMC loop.

2.1. FEAR-I

A FEAR model of CuyeZrscAlg was made with 300 atoms in
a box of size 17.0805A corresponding to an experimental
density of 7.38gcc ."¥ A sequence of partial RMC fitting
using RMCProfilel”® and partial energy minimizations, using
Vienna ab initio simulation package (VASP),”>*! comple-
mented each other and were iterated until convergence (when
the structure factor of the model was close to experiment and
the forces were near zero at a suitable potential energy mini-
mum). We used the experimental data of the previous study!'”
and the code RMCProfile. Our total energy/force code is the ab
initio plane-wave DFT package VASP. After convergence, the
converged structure is then fully relaxed with VASP until the
forces on each atom drop to below 0.005 eV A™. The maximum
move for each atomic species during the RMC refinement
was kept at 0.085 A. Energy minimization steps in VASP with
a plane wave basis set and a projector-augmented wave (PAW)
method®?**! with Perdew—Burke—Ernzerhof (PBE) functional.**
The final relaxation step used VASP for I'(k = 0), a plane-wave
cutoff of 280 eV and an energy convergence tolerance of 10> eV.
A total of 400 FEAR steps were used to reach the desired
convergernce.

The computational cost for this model was ~1866 core hours
at BRIDGES at Pittsburgh Supercomputer Center.

2.2. FEAR-II
This model was made with exactly the same implementation as
FEAR-I but starts from a different initial configuration: the

atomic positions of a well-equilibrated liquid melt at 1500 K were
taken as the starting model.

2.3. Melt Quench

For the purpose of comparison and cross validation of the models
created, we also prepared an MQ model, starting with the same
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random coordinates used in FEAR-I, using VASP. The model
was heated to 1500 K, equilibrated at 1500 K, cooled to 1000 K,
equilibrated at 1000 K, cooled to 300 K, and finally equilibrated
at 300 K. This equilibrated model is finally relaxed using the CG
method until the forces on each atom drop to below 0.005 eV A~".
Throughout the simulation, a time step of 2.0 fs was adopted, and
the total simulation time was 45 ps for a computational time of
11 000 core hours on the same machine as model FEAR-I.

To keep it simple and consistent, we follow the same “color
nomenclature” for the atomic species: red for Zr, green for
Cu, and blue for Al in the figures.

3. Results and Discussion

3.1. Structural Properties

In Figure 1, we show the final relaxed atomic structure of the
FEAR-I. Atoms are packed in continuous random arrangement,
the dense composition being responsible for a high coordination
number. The distribution of Al seems reasonably homogeneous,
with no clustering, and is believed to be responsible for suppress-
ing crystallization and thereby increasing the GFA.[**2

The structure factor and pair distribution function of the mod-
els are shown in Figure 2. The left panel displays a comparison of
S(q) between the experiment!'? and the models, showing good
agreement. On the right panel, PDF G(r) is similarly compared.
Broad peaks in the PDF of the models suggest the amorphous
nature of the material. The first minimum of the PDF obtained
from the models matches with the experiment suggesting a good
agreement in short-range order. The first peak arises from joint
contributions from all six partial PDFs (Figure 3).

To study the bonding preferences of the atomic species
involved, we calculated the number of nearest neighbors around
each atom using a cutoff radius of 3.5 A, and the details of are
given in Table 1. The table suggests that Al bonds preferentially

Figure 1. Simulated atomic structure obtained for FEAR-I. Zr, Cu, and Al
atoms are shown in red, green, and blue, respectively, and the same “color
nomenclature” will be used in all figures.
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Figure 2. Comparison of structure factor and pair distribution function
obtained from models with experiment.

30 mmm FEAR-I
EEm FEAR-II
s MQ

Fraction (%)

10

) 10 11 12 13 14 15 16
Coordination number

Figure 3. Fraction of different coordination numbers present in the sam-
ples. The coordination number is peaked around 12, suggesting domi-
nance of icosahedron structures.

Table 1. Coordination statistics: average coordination number and its
distribution of constituent atoms.

Atom n n(Zr) n(Cu) n(Al)

FEAR-I Zr 12.86 5.91 5.80 1.15
Al 11.79 6.63 5.08 0.08

Cu 11.22 5.80 4.54 0.88

FEAR-II Zr 13.10 5.81 6.12 117
Al 11.83 6.70 4.96 0.17

Cu 11.30 6.12 4.32 0.86

MQ Zr 13.07 5.78 6.08 1.21
Al 12.12 6.96 4.92 0.25

Cu 11.24 6.08 4.30 0.86

with Zr over Cu in agreement with previously reported strong
interaction between Zr and Al atoms."!

3.2. Voronoi Analysis

The nearest neighbor environment of the atoms was studied
using the poly-disperse Voronoi tessellation, as implemented
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in the OVITO software,®® with the Goldschmidt radius
(1.60 A for Zr, 1.43 A for Al, and 1.28 A for Cu). The Voronoi
cell of an atom is the region of real space closer to that particle
than any other.*® Details about the Voronoi polyhedra can be
found elsewhere.’® In general, a Voronoi polyhedron (VP) for
an atom can be manually constructed by connecting perpendic-
ular bisector planes between that atom and all its nearest neigh-
bors. The 3D geometry thus obtained is characterized with
indexes written in the form (n3nynsng), where n; denotes the
number of faces with i edges present in the VP. The distribution
of prominent Voronoi polyhedra is shown in Figure 4. A polyhe-
dron is called prominent if it makes up more than 3% of the total
number of polyhedra. For Zr atoms, most of the dominant poly-
hedra are not perfect icosahedra (ICO) ((00120)) but ICO-like
with Voronoi indices (0285), (0286), (01104), etc. However,
there are ideal ICO clusters in the network centered at Cu
and Al atoms. These cluster statistics are in good agreement with
results from the previous study.!*®’

The Cu-centered (00120), (0282) and Zr-centered (01104) are
believed to have the slowest dynamics in Cu-Zr liquids®’** and
are associated with the excellent GFA. These polyhedra also make
up a significant fraction of the Voronoi polyhedra in our models.
To study the fluctuations of the fraction of these clusters with
temperature, together with other dominant VPs’, we perform
a constant temperature MD simulation of the MQ model at sev-
eral different temperatures. The results, averaged over 500 con-
figurations (the last ps of the MD simulation), are shown in
Figure 5. In the vicinity of the glass transition temperature for
CuyeZrAlg (=700 K), our models show a significant increase
in the fraction of clusters that are believed to have slow dynam-
ics,?”*¥ which explains the high GFA associated with this stoi-
chiometry. There is a gradual increase in the fraction of (0281)
VP, making it the most common VP in the MQ model, in agree-
ment with Wang et al.l'”]

In addition to the ideal ICO, the Cu atoms have ICO-like
((0282), (0364), (0281)) clusters in large numbers. If we look at
the system as a whole, it is obvious that ideal ICO are not the
most dominant structure, again in agreement with Wang et al.*

[*)]

IN

Fraction(%)

N

Voronoi Indices

Figure 4. Concentration (in %) of the dominant polyhedra. The left bars
on each Voronoi index correspond to FEAR-I, middle bar to FEAR-II, and
the right to MQ models.
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Figure 5. Temperature dependence of the fraction of slow dynamics clus-
ters. A gradual increase in the concentration of (0281) Voronoi polyhedra
with the decrease in temperature is seen.

3.3. Electronic Properties

The electronic structure of the models was studied using total
density of states (DoS), partial DoS, and inverse participation
ratio (IPR). The DoS for FEAR-I is very similar to other models
and is shown in Figure 6. The Fermi level corresponds to the zero
of the energy scale marked by vertical drop lines. Significant
contributions to the total DoS arise from the hybridization of

0.200
800 -
=10.175
700 -
0.150
600 -
wn 0.125
O 500 |-
[a]
= 200 0.100
o
= 300 f= 0.075
200 0.050
100 - ﬁ-\‘f 0.025
|
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7))
[«
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©
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Figure 6. Electronic DoS of the FEAR-I model. The localization of the
states is shown with IPR. Partial DoS that contributes most significantly
to the DoS near the Fermi level is shown in the bottom panel.
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the d-orbitals of Cu and Zr, whereas the contribution of Al
remains nominal. Existence of states in the vicinity of the
Fermi level suggests conducting behavior of the samples. The
contribution from Zr atoms, however, is much higher than that
of Cu near the Fermi level, and a result is also seen in Hall coef-
ficient measurements of the Cu—Zr—Al system.*? Similar elec-
tronic analysis on CusoZrso*” showed qualitatively the same
results, which suggest that 8% Al doping does not significantly
impact electronic properties. Details of the more active conduc-
tion parts of the network will be discussed in the next section.

The localization of Kohn—Sham states is given by IPR defined as

a4
OOARR

where ai, is the contribution to the eigenvector v, from the ith
atomic orbital (s, p, and d) as calculated with VASP. In simple
terms, localized states have high IPR value (ideally equal to
Z = 1), whereas a completely extended state produces a value of
(1/N), i.e., evenly distributed over N atoms. Close to the Fermi
level, we observe low IPR indicating delocalized states and conduct-
ing behavior of the models.

Z(yn) = (1)

3.3.1. Space-Projected Conductivity

The information given by DoS about the species decomposed
contribution near the Fermi level is not a full treatment of con-
duction activity within the network, because the conduction also
depends on the localization of the electronic states and momen-
tum matrix elements between Kohn—Sham states near the Fermi
level. Recently, we have developed a technique to visualize con-
ductivity in real space by undertaking a spatial decomposition of
the Kubo-Greenwood*'*?! formula. We start by defining a
discrete grid in real space and show that the quantity

2)

may be interpreted as a space-projected conductivity (SPC), pro-
viding information about what parts of the network are contrib-
uting to electronic conduction. Here, x is a grid point, and we
introduce

ZyagU 6;

The quantity I' is a Hermitian, positive-semidefinite matrix
whose eigenvectors are rank ordered conduction paths according
to their conjugate eigenvalue.[‘B] The quantity g;; is defined ast*

(&))" E)

gk w) = [fi(k) — £(K)]6(g; (k) — &i(k) — ) )

3m? wQ
where Q is the cell volume, and fis the Fermi-Dirac distribution.
(%) =y (x)py;(x)isa complex-valued function, w;(x) is the ith

o

Kohn-Sham eigenfunction, and p* = % ax

, (@ =x,y,2). We have
used this approach to successfully describe transport in a solid
electrolyte material,"** Cu-doped a-alumina,*” and Cu-doped

tantala.*!
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Figure 7. SPC for FEAR-I shown in grayscale. The Zr sites have higher SPC
values than the Cu sites, and Al seems almost irrelevant to conduction.

The SPC for FEAR-I model is visualized as a grayscale plot in
Figure 7. The SPC is distributed on both Cu and Zr, but a close
analysis reveals that the Zr atoms have higher SPC values than
the Cu atoms in the network.

3.4. Vibrational Properties

FEAR-II was well relaxed with the lattice vectors being allowed
to change to attain zero pressure. This produces a slightly
non-orthogonal supercell and an overall volume change of 45%.
Each atom was displaced in six directions (+£x, +y, £2) by
(=0.015 A), and after each of these small displacements, forces
were computed on all atoms, to obtain the force constant matrix
and dynamical matrix. Normal modes were computed from the
dynamical matrix by direct diagonalization. The vibrational density
of states (VDoS) is defined as

glw) = WZE(@ — ;) (5)

with N and w; representing the number of atoms and the eigen-
frequencies of normal modes, respectively. The elemental contribu-
tion to the VDoS was computed with species projected VDoS
defined as!*!

1
gal@) =352 P30 — ) ©)
i=1 n

|e?]? are the eigenvectors of the normal modes, and N,, is the total
number of atoms of a species.

As shown in Figure 8, the VDoS is peaked at ~125 cm ™' arising
from a joint contribution of vibrations of heavier atoms (Cu, Zr),
whereas Al only contributes to vibrations at higher end of the vibra-
tional spectrum. The partial VDoS plot supports these findings.
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Figure 8. Total vibrational DoS for the FEAR-Il model (top panel). The
total vibrational localization (VIPR), shown by orange dots, shows that
low-frequency modes are extended, whereas those at high frequencies
are localized. Species projected VDoS (bottom panel) shows high-
frequency modes dominated by the lightest atom and low frequency by
heavier atoms, as expected.

3.4.1. Localization of Vibrational Modes

The localization of vibrational modes is not easily observable
from experiments. To study the localization of vibrational modes,
we calculate the vibrational IPR (VIPR), the vibrational analogue
of the electronic IPR, from the eigenvectors as follows

Ry

V(on) = 5N i P

where (u},) is the displacement vector of ith atom at normal mode
frequency w,.

A small value of VIPR for a particular eigenfrequency indi-
cates evenly distributed vibration among the atoms, whereas a
higher value implies vibration localized on few atoms. We have
plotted the total VIPR in Figure 8. Low values of VIPR below
~250cm ™" suggest extended/localized vibrational modes at
low frequencies. However, above 250 cm ™", we observe higher
VIPR and localized vibrations.

To gain a visual insight into the localization/delocalization of
vibrations, suitable animations were made. The higher frequency
animation shows that Al atoms exhibit local motion (both bond
stretching and bending) like that of a rattler inside a cage of Cu,
Zr atoms. Similar, rattler motion of light atoms inside a cage of
metal atoms has been seen previously in a Pd-Ni-P BMG."?"]
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4. Conclusion

We have generated realistic models of a complex BMG
with FEAR that agrees reasonably well with the experiment.
Both FEAR models have the same level of agreement with
the experiment and topologically similar to the MQ model
(all ab initio roads lead to CuysZrycAlg). However, the compu-
tational efficiency of the FEAR model was almost six times that
of the MQ model. A similar efficiency increase was reported
earlier for Pd-Ni—P BMG.*”! The Voronoi statistics agree well
with previous results, and our models may well be suited to
catch the local dynamics of the clusters in the material. The
addition of Al introduces structural clusters that are believed
to have slow dynamics, thereby enhancing the GFA. We have
also shown the temperature dependence of the distribution
of some important Voronoi clusters and achieved reasonable
agreement with published results. The electronic DoS of our
models is very close to that of CusoZrso,[*”! suggesting that
8% Al concentration is not enough to significantly change
the electronic properties.
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Simulation of Phase-Change-Memory and Thermoelectric
Materials using Machine-Learned Interatomic Potentials:

S b2T33

Konstantinos Konstantinou, Juraj Mavraci¢, Felix C. Mocanu, and Stephen R. Elliott*

Dedicated to Professor David A. Drabold on the occasion of his 60th birthday

Density-functional-theory (DFT)-based, ab initio molecular dynamics (AIMD)
simulations of amorphous materials generally suffer from three computer-
resource-related limitations due to their O(N?) cubic scaling with model system
size, N. They are limited to a maximum model size of N ~500 atoms; they are
limited to time scales <1 ns; and, usually, only a single model can be simulated in
any one investigation. This article discusses a machine-learned, linear-scaling
(O(N)), DFT-accurate interatomic potential (a Gaussian approximation potential,
GAP), originally developed by Mocanu et al. [J. Phys. Chem. B 2018, 122, 8998]
using a Gaussian process regression method for the ternary phase-change-
memory material Ge,Sb,Tes (GST). The chemical transferability of this GAP
potential is explored in an application to the case of simulating amorphous
models of the phase-change-memory and thermoelectric material Sb,Te;, an end-
member of the GST compositional tie-line GeTe-Sb,Te;. The GAP-model results
are compared with those obtained from conventional DFT-based AIMD

devices.? Such phase-change, random-
access memory (PCRAM) devices function
by the application of Joule-heating voltage
pulses, which switch the memory material,
ultra-rapidly (~ns) and reversibly, between
metastable structural states (the “phase
change”), consisting of a crystalline (c-),
electrically conducting (degenerate semi-
conductor) phase (“1”) and a glassy (g-),
electrically resistive (intrinsic semiconduc-
tor) phase (“0”). The canonical PCM mate-
rial is Ge,Sb,Tes (GST-225), a composition
on the GeTe—Sb,Te; compositional tie-line,
whose metastable crystalline form has a
simple rock salt (NaCl), cation-vacancy-con-
taining atomic structure.

Although there has been a lot of experi-

simulations.

1. Introduction

Phase-change-memory (PCM) materials are a contender for
next-generation, non-volatile electronic-memory technology
(@ replacement for silicon complementary metal-oxide—
semiconductor flash memory) and for new storage-class memory
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mental work performed on GST-225 and
other PCM materials, most often, it is com-
puter simulation that can provide the most
detailed knowledge of their physical behav-
ior and its origin at the atomistic level. Not least, this is because
in situ experimental studies of PCM materials in actual PCRAM
devices are so challenging. This is due to the ultra-short times
involved in the phase transformations (=10 ns), the very small
size of the active memory element (~10-100 nm), and the fact
that the actual memory material is buried deep in a real device,
surrounded by electrodes, heater, insulating dielectric, etc.

The most accurate computer simulations and electronic-
structure calculations of solids are carried out on the basis of
density-functional theory (DFT). However, such ab initio molec-
ular dynamics (AIMD) simulations, for example, are extremely
computer-intensive, because they generally scale cubically
(O(N%) with the number of atoms, N, in the simulation box.
As a result, such AIMD simulations of amorphous systems
generally suffer from three severe, computer-resource-related
limitations: 1) the maximum number of atoms in models that
can be simulated in this way is very small, typically N ~500;
2) the simulation time is limited to &1 ns; and 3) the number
of models that can be generated in the course of an AIMD study
is generally limited to a single example, thereby precluding a sta-
tistical investigation of the properties of an ensemble of amor-
phous models, all prepared in the same manner. Although
these limitations essentially preclude the use of AIMD simula-
tions to study most glass-forming systems, nevertheless, they
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are appropriate for the simulation of (e.g., phase transformations
between) PCM materials, because their crystallization (“SET”)
and vitrification (“RESET”) processes are so extremely rapid
(~1 ns, comparable to the maximum simulation time achievable
with AIMD). PCM materials are extremely bad glass formers, in
which they crystallize so readily and rapidly on annealing.
Moreover, the size of the active region of actual PCM cells is also
comparable to the maximum system size achievable by AIMD
(reversible PC transformations in real memory cells scale down
to ~2nm).

However, it is also very desirable to be able to simulate PCM
materials on much larger length scales, and for longer times, to
access microscopic, rather than nanoscopic, behavior, as well as
to create ensembles of amorphous models for a statistical study
of their properties, e.g., the electronic behavior. To be able to do
this, one needs linear-scaling (O(N)) interatomic potentials, with
DFT accuracy in energies and forces. The first machine-learned
(ML) O(N) potential for a PCM material was developed by
Sosso et al.l’) for the binary material, GeTe, one end-member
of the GST compositional tie-line, using a neural-network
(NN) approach to fit the electronic-energy surfaces of various
training-set atomic configurations, calculated using DFT meth-
ods. The first DFT-accurate ML potential for the ternary PCM
system, GST, was developed by Mocanu et al.”*! This used the
Gaussian process regression method® to fit the potential
(a “Gaussian Approximation Potential” [GAP]) to the DFT-
calculated electronic-energy surfaces of more than 3300
training-set atomic configurations of (partially) crystalline, glassy,
and liquid states of elemental (Ge, Sb, Te), binary (GeTe, Sb,Tes),
and ternary (GST) systems, at various temperatures. This GAP
potential for GST was subsequently used to create an ensemble
of 30 models of g-GST, from which a statistical understanding of
the gap-state electronic structure of this material was obtained.!!
It has also been used to simulate very large models of g-GST (up
to 24 300 atoms), and glassy models of GST quenched from the
liquid at rates as slow as 1 Kps™ .l

We should note that, overall, GAP force fields are a highly
(quantum) accurate family of ML interatomic potentials that have
been successfully used to model a number of elemental (B, C, P,
Si, W) and binary (H,0, HfO,, Ga,03) materials.'***! In
the GAP method, a representation of local atomic environments,
such as the “smooth overlap of atomic positions” (SOAP)
descriptor,'® is mapped onto the energies, atomic forces, and
virial stresses that have been calculated from model systems gen-
erated with a reference computational method. Following a care-
ful training and appropriate benchmarking, the GAP model can
show excellent agreement with the reference ab initio data.l"”? We
note that the reference method is typically DFT-based; however,
in principle, any method can be used to generate data for the
training set. The computational efficiency of the GAP-generated
potentials is typically in-between that of traditional pairwise
potentials and that of abinitio calculations. GAP-based
molecular-dynamics (MD) simulations scale linearly with system
size, and they have allowed for the simulations of very large
systems and for long time scales.”!

Although considerable attention has been paid previously to
the PCM material, GeTe, a binary end-member of the GST com-
positional tie-line,**® there has been relatively little study made
up of the other PCM (and thermoelectric) binary end-member of

Phys. Status Solidi B 2021, 258, 2000416

2000416 (2 of 8)

www.pss-b.com

the GST GeTe-Sb,Te; tie-line, viz., Sb,Te;. In fact, there is also
another composition in the binary Sb-Te system, which forms
the basis of yet another PCM family, namely, Sb,Te. This is com-
monly doped, e.g., with Ag and In, to increase the crystallization
temperature, e.g., as in the representative composition
AgsInsSbgoTeso (“AIST”).'? AIST exhibits very fast, growth-
limited crystallization, in contrast to the nucleation-limited
crystallization shown by GST materials.™™’

Sb,Te; also has a very high crystallization speed and, there-
fore, is a potential candidate material to surpass the data-rate
limit imposed by the rate-limiting crystallization process of other
PCM materials.”® However, it also has a low crystallization tem-
perature and, hence, poor thermal stability of the amorphous
phase, which is, therefore, detrimental to data retention in the
glassy state (“0”) at high operating temperatures.”") In addition,
the relatively low electrical resistivity of Sb,Tes, compared with
that of GST, leads to large RESET currents and, hence, high
switching power.[?"*?! Doping with various elements has, there-
fore, also been used to try to improve the performance of Sb,Te;,
including dopants, such as C,231 N, 291 o 24 A1 1251 gj [26] T [27]
Cr, 2 7n,?! Ge,B% AgBY Y% and Sc.** Very recently, a
nano-engineered hetero-structure, consisting of alternating
layers of a few nanometers (3-5 nm) of Sb,Te; and TiTe,, has been
shown to exhibit much-improved PCM behavior, particularly relat-
ing to a reduction in time-dependent resistance “drift” and in elec-
trical noise in the glassy state of the PCM material, Sb,Te;.**

It should also be mentioned that Sb,Tejs is of interest, and has
been under intense investigation, for a very different application,
viz., as a thermoelectric-generation (TEG) material, particularly
in conjunction with the related material, Bi,Te;.13% Crystalline
Sb,Te; has a very high value of the TEG figure-of-merit, ZT,
where Z is inversely proportional to the thermal conductivity,>*’
which is very low in this material. An even higher ZT factor is
achievable for very thin films, even monolayers, of Sb,Te;.*® A
DFT-based simulation study of undoped and Y-doped crystalline
Sb,Te; has shown that both the electronic and lattice thermal
conductivities can be reduced on doping.””!

No ML O(N) potential has previously been developed specifi-
cally for Sb,Tes, as far as we are aware. However, there have been
two recent reports on the development of simple two-body
classical potentials for (crystalline) Sb,Tes;, consisting of a
Morse-potential term for short-range (covalent-like) interactions
and a coulombic term for longer range interactions. The
interatomic-potential parameters were optimized using elastic
constants calculated from the first principles and experimental
lattice parameters,*® or fitted to DFT-calculated potential-energy
surfaces for a range of distorted unit cells of crystalline Sb,Tes.*”!
The former potential was used in an MD study of a 22 680-atom
model of crystalline Sb,Te; to calculate the lattice thermal con-
ductivity for TEG assessment.*® ML interatomic potentials, such
as the GAP used in this study, have some advantages over their
classical, traditionally fitted counterparts. The flexibility of the
local atomic descriptors used in the GAP-training method can
be exploited to interpolate with excellent accuracy the ab initio
potential-energy surface, including many-body contributions,
which usually cannot be captured by classical (two-body) force
fields. In addition, ML-GAP potentials can be re-trained in an iter-
ative manner, providing the opportunity to improve the accuracy
and transferability of the generated potential model with
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additional data.") However, we should note that ML-GAP poten-
tials are computationally more expensive, compared with classical
pair potentials, due to the use of the high-dimensional descriptors
and the long cutoffs that are needed to satisfy the underlying
assumptions of locality. Moreover, the representation of multi-
species environments usually requires large amounts of computer
resources for both training and evaluation. In general, ML inter-
atomic potentials do not typically include long-range interactions
beyond their specified cutoff; the inclusion of such long-range cor-
rections to the local energy remains an active topic of research to
date.[*0#1]

There have been relatively few simulation studies of glassy
Sb,Tes, particularly compared with those for GeTe and especially
compared with the number of AIMD studies of glassy GST (e.g.,
GST). Caravati et al.[*?! first carried out an AIMD study of glassy
(and liquid) Sb,Tes, followed by Zhang et al.**! who also simu-
lated g-Sb,Te; in an AIMD study, otherwise, mainly focused on g-
Sb,Te, and then, more recently, Guo et al.** also performed an
AIMD study of liquid and glassy Sb,Tes. There have also been a
few AIMD simulations of doped Sb,Tes, notably containing
ScB¥ and YP®7*! dopants. An AIMD-based, high-throughput
materials-discovery investigation of electrical dopants in Sb,Tes
also found that Sc, Y, and Hg were the most suitable dopants for
this material.*®!

In this article, we report the results of computer simulations of
models of g-Sb,Te;, quenched from the liquid, using the O(N)
GST GAP potential for this purpose, to ascertain, thereby,
its degree of chemical transferability; these results are compared
with those of conventional (DFT-based) AIMD simulations of g-
Sb,Te; that we have also performed on this system.

2. Results and Discussion
2.1. Short-Range Order

The total neutron-scattering function (structure factor), S(g), was
computed for the 1000-atom GAP-MD and 250-atom DFT-MD
generated liquid structures from the inverse Fourier transforms
of the respective radial distribution functions (RDFs) of the lig-
uid models at T=1200K, and compared with previously
reported experimental data at the same temperature./*”? The cal-
culated S(g) functions of the equilibrated liquid structures of the
simulated models are shown in Figure 1, and comparison with
the neutron-diffraction data for liquid Sb,Te; from the previous
study!*”) reveals overall very good agreement, which is indicative
of the quality of the liquid Sb,Te; models generated in this work.
Comparison of the structure factors of the GAP-MD liquid model
and the DFT-MD liquid model in Figure 1 shows that the GST
GAP potential is able to reproduce a liquid structure in close
agreement with the DFT model, highlighting the effective chem-
ical transferability of the GST GAP interatomic potential. This is
the case, even though it was not trained explicitly for the Sb,Tes
composition and, significantly, although the Sb,Te; DFT config-
urations used as a training set in the generation of the GST GAP
potential® were not the same as those generated in the AIMD
simulations reported in this article. The small second peak at
~3.1A7"! is somewhat smaller for the GAP model than for
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Figure 1. Neutron-weighted structure factors calculated for models of
liquid Sb,Te; at 1200 K, simulated using the GAP potential (1000-atom
model structure) and by DFT-MD (250-atom model structure), compared
with experimental data.[*’!

the DFT-MD model (but both are less pronounced than the
experimental peak); otherwise, the curves are very similar.
Figure 2 shows the plots of the reduced RDFs for liquid
Sb,Te; at 1200K (Figure 2a) and glassy Sb,Te; at 300K
(Figure 2b), both simulated by DFT-MD, whereas Figure 3 shows
the total RDF for the GAP-MD glassy Sb,Te; model at 300 K,
together with a view of the 1000-atom amorphous GAP model.
Comparison of Figure 2a,b shows that the RDFs of liquid and
glassy Sb,Te; simulated by DFT-MD are qualitatively similar,

Figure 2. Total and partial atom-atom reduced RDFs, g(r), simulated by
DFT-MD for the 250-atom model of: a) liquid Sb,Te; at 1200 K and
b) glassy Sb,Te; at 300 K.
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Figure 3. Total RDF, g(r), calculated from the GAP-MD-generated glassy
Sb,Te; model of 1000 atoms at 300 K. The inset shows a view of the
1000-atom GAP model of glassy Sb,Te;. Sb atoms are red, and Te atoms
are yellow.

but that the peaks are very considerably broadened in the liquid
case as a result of the increased thermal and topological struc-
tural disorder in the high-temperature liquid state. The total
RDFs of the models of glassy Sb,Te; simulated by DFT-MD
and GAP-MD are very similar, except that the maximum of
the first peak for the GAP glass model is appreciably greater
(and the width smaller) than for the DFT model, indicating that
the degree of bond-length disorder is less for the GAP model
(because the nearest-neighbor coordination numbers (CNs)
are nearly identical for the two models—see Table 1). In addition,
the third peak for the GAP model is at a slightly larger r-value and
is narrower and more structured, indicative of a greater degree of
medium-range order (MRO), than for the DFT model.

The values of nearest-neighbor partial CNs calculated from the
RDFs of the DFT-MD and GAP-MD models of liquid and glassy
Sb,Te; are given in Table 1. It is shown that the CNs for the DFT
and GAP models of a given phase are almost identical, except that
there appear to be significantly fewer like-atom bonds (Sb—Sb,
Te-Te) in the GAP model of the glass than in the corresponding
DFT model. However, there is a much higher prevalence of
homopolar (Sb—Sb, Te-Te) bonds in the liquid models than in

Table 1. Coordination numbers for the first coordination shell and
different bonding arrangements in liquid and glassy Sb,Tes;, computed
from the respective RDFs for the DFT-MD (250-atom structures) and
GAP-MD (1000-atom structures) models using the bond cutoff
distances (in A): (liquid) Sb-Te, 3.9; Sb-Sb, 3.8; Te-Te, 3.6; (glass)
Sb-Te, 3.9; Sb-Sb, 3.3; Te-Te, 3.2.

Liquid (1200 K) Glass (300 K)
DFT-MD GAP-MD DFT-MD GAP-MD
Sb-X 6.1 6.2 5.2 5.4
Te-X 4.7 5.1 3.5 3.6
Sb-Te 4.1 45 4.6 5.0
Te-Sb 2.7 3.0 3.1 3.4
Sb-Sb 2.0 1.7 0.6 0.3
Te-Te 2.0 2.1 0.4 0.3
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the corresponding glassy models. The Sb-centered CN value
in the liquid state for the DFT model (respectively, GAP model)
[CN =6.1 (6.2)] is consistent with octahedral local coordination;
the corresponding value for the glassy state is somewhat smaller
[CN = 5.2 (5.4)], indicative of defective, near-octahedral coordina-
tion for Sb atoms in that case. Guo et al.** quote a value of
CN = 5.4, but Zhang et al.[#3] give a value of CN =4.1, for their
glassy DFT-MD models at 300 K. The Te-centered CN value for
the liquid model was found to be smaller [CN =4.7 (5.1)] than
the Sb-centered value, and smaller again for the glass model at
300K, viz.,, CN=3.5 (3.6). Guo et al.** quote CN = 3.4, but
Zhang et al.**! quote CN =2.8. These CN values depend on
the precise values of bond cutoff distances used, and whether
a uniform value is used or different ones are used (as here),
depending on the bond type.

The total bond-angle distribution (BAD) functions for the
DFT-MD models of liquid Sb,Tes at 1200 K and glassy Sb,Te;
at 300K are shown in Figure 4. The BAD curve for the high-
temperature liquid model is very considerably broader than that
for the low-temperature glassy model, as expected due to the
increased structural disorder, but both curves exhibit a maxi-
mum at a bond angle of ~90°, supporting the identification
of predominantly octahedral-like local bonding configurations
in both phases. It is noticeable that the peak corresponding to
60° bond angles is very significantly greater in the liquid state,
perhaps indicative of a greater proportion of triangular configu-
rations. In contrast, the well-defined peak at ~160° in the glass
BAD curve is smeared out in the liquid state, indicating that the
well-defined, near-linear configurations of triads of atoms
(corresponding to axial configurations in octahedral-like environ-
ments) that exist in the glassy phase are much less prevalent in
the more disordered liquid state.

The corresponding partial BAD curves for different triads of
atoms, from which the total BAD curves in Figure 4 are gener-
ated, are shown in Figure 5 for the liquid state (Figure 5a) and the
glassy state (Figure 5b) for the DFT-MD models. It is noteworthy
from examination of Figure 5b that the peak in the total BAD
curve at a bond angle of ~160°, evident in Figure 4, is due solely
to near-linear (axial) arrangements of chemically ordered
Te—Sb-Te triads. The Te-Sb-Te BAD function for the 1000-atom
GAP-MD glassy model of Sb,Te;, shown in Figure 6, reveals a

Figure 4. Total BAD function for liquid (1200 K) and glassy (300 K) Sb,Te;
models simulated by DFT-MD.
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Figure 5. Partial BAD functions for different types of triads of atoms for
the 250-atom DFT-MD models of: a) liquid Sb,Te; (1200 K) and b) glassy
Sb,Te; (300 K).

Figure 6. Te-Sb-Te BAD function calculated for the 1000-atom GAP-MD
model of amorphous Sb,Te; at 300 K. The peak at a bond angle of 168.5°
is indicative of the near-linear (axial) arrangements of chemically ordered
Te-Sb-Te triads found in the modeled systems. The inset shows the five-
coordinated (defective octahedral) local environment of an Sb atom in the
1000-atom GAP model of glassy Sb,Tes, indicating the occurrence of such
near-linear configurations, as well as the predominant 90° bond angles.
The Sb atom is red, and Te atoms are yellow.

similar peak at a bond angle of ~169°, highlighting the presence
of these almost-linear Te-Sb-Te configurations within the amor-
phous network of the GAP model as well. It is noted that similar
behavior was also found by Guo et al.**]
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2.2. Medium-Range Order

The MRO of the liquid and amorphous GAP and DFT Sb,Te;
models was characterized by calculating the statistics of the sizes
of shortest-path rings using the Franzblau algorithm,*® as
implemented in the QUIP code.’’ The ring-size distributions
for the 250-atom DFT-MD structures of the model liquid, at
1200K, and the model glass, at 300K, are shown in
Figure 7a. The resulting ring-size distributions of shortest-path
rings in the 1000-atom GAP-MD Sb,Te; model are shown for the
liquid phase (1200K) and the amorphous phase (300K) in
Figure 7b, for comparison. It is shown that the distributions
for the DFT and GAP liquid models are very similar: the
dominant ring sizes are 3 and 4 in both cases, and there is a
more-or-less constant distribution of rings of sizes from 7 to 15
(DFT model) and 7 to 19 (GAP model). This difference is
probably a size effect, because the GAP model is larger than
the DFT model and so can contain a greater number of larger
rings. It can be assumed that this size effect is also responsible
for the decrease from a constant distribution of ring sizes
in the liquid state, evident for both models for the largest ring
sizes.’]

For the case of the DFT and GAP glass models, however,
there appears to be a substantial difference in the ring-size

Figure 7. MRO in Sb,Te; as analyzed through ring-size statistics.
Shortest-path ring distributions in models of liquid (1200 K) and glassy
(300K) Sb,Te; for: a) 250-atom model structures simulated by
DFT-MD and b) 1000-atom model structures generated by GAP-MD.
Error bars, in each plot, depict the variation over multiple configurations
sampled at 1200 and 300 K for the liquid and glassy models, respectively.
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distributions. Although fourfold rings (e.g., Sb-Te—Sb-Te) are
the dominant structural motif in both cases, as found for
GST-225,") only the GAP model (Figure 7b) exhibits clear evi-
dence for an even-odd-even-odd alternation of ring sizes, as seen
in GST-225,”) whereas the DFT model is much more disordered
(Figure 7a). This difference in the extent of MRO, evident in the
ring-size distribution, is mirrored in the shape of the
third peak in the RDF (Figure 2b and 3), which is more
structured in the case of the GAP-MD model, indicative
of a more pronounced MRO. Moreover, we note that the
reduced number of fivefold and sevenfold rings in the GAP
model relative to the DFT model for the glass is a result of
the fewer number of homopolar Sb—Sb bonds in the GAP amor-
phous model, as evidenced from the reduced intensity of the first
peak in the Sb-Sb partial RDF (see Figure S1, Supporting
Information).

2.3. Electronic Structure

The electronic structure of the final equilibrated, DFT-MD-
generated 250-atom model of glassy Sb,Te; was calculated by
performing a geometry optimization with a hybrid functional
(PBEO). The electronic-structure calculation produces a highest-
occupied molecular-orbital-lowest-unoccupied molecular-orbital
(HOMO-LUMO) Kohn-Sham bandgap, Eg, of 0.75eV for the
relaxed ground state, which agrees well with the value
(E;=0.69eV) that was previously reported by a different
DFT-MD modeling study of g-Sb,Tes,[*? whereas it also agrees
reasonably well with the experimentally reported value
(Eg=0.52eV).*) A very similar value of E;=0.70eV was
calculated for the relaxed ground state of the 250-atom GAP-MD
model of g-Sb,Te;, from a hybrid-DFT geometry optimization
performed using the same non-local functional (PBEO). It should
be noted that the 1000-atom GAP model is too large on which to
carry out similar calculations.

In addition, the total electronic densities of states (DOSs) of
the 250-atom DFT-MD and GAP-MD models of g-Sb,Te; are
shown in Figure 8a,b, respectively. It is shown that, in both cases,
these models produce a “clean” bandgap, devoid of defect-related
gap states. However, examination of an ensemble of, ideally
larger, models (e.g., produced by GAP-MD) would be necessary
to gain a statistical understanding of the prevalence of possible
gap states, as demonstrated for the case of GST-225.1 No signif-
icant overall differences can be observed between the electronic
structures of the two g-Sb,Te; models, except that the pseudogap
at approximately —12 eV in the lower part of the valence band for
the DFT-MD model becomes a full gap for the GAP-MD model.
This high degree of similarity in the overall DOS implies that the
differences in the MRO between the two glassy models, evident in
the ring-size distributions (Figure 7), are of little account in deter-
mining the electronic structure in this case. Instead, it is the close
similarity in the short-range order of the two models which is the
main factor controlling the shape of the DOS profiles.

We note that the close similarity of the DOS profiles, together
with the very similar calculated values of the energy bandgaps,
highlights the good agreement in the electronic structure
between the GAP and DFT models of g-Sb,Te; generated in this
work. This is also indicative of the overall good transferability of

Phys. Status Solidi B 2021, 258, 2000416

2000416 (6 of 8)

www.pss-b.com

Figure 8. Total electronic DOS for 250-atom glassy Sb,Te; models gener-
ated by: a) DFT-MD simulations and b) GAP-MD simulations. The
obtained HOMO-LUMO bandgaps, from the hybrid-functional elec-
tronic-structure calculations, are 0.75 and 0.70 eV for the DFT and GAP
models, respectively. The Fermi level lies approximately at the middle
of the energy bandgap in both modeled systems.

the ML potential, originally developed for ternary Ge-Sb-Te
materials, to the case of binary Sb,Te;.

3. Conclusion

We report on the results of MD simulations of liquid and glass
models of the PCM (and thermoelectric) material, Sb,Te;, one
end-member of the GeTe—Sb,Te; tie-line containing the compo-
sition of the canonical PCM material, GST. Two types of MD
simulations have been performed: one involved classical MD
simulations using an ML, DFT-accurate, linear-scaling inter-
atomic potential (GAP) recently developed by our group for
the ternary GST system, and the other involving conventional
DFT-based abinitio simulations. A comparison of the atomic
and electronic structures of the GAP- and DFT-MD models of
glassy Sb,Tes revealed very good agreement overall, indicating
a good degree of chemical transferability of the GAP potential,
originally developed for GST, to the case of Sb,Te;.

As we have shown the good transferability of the GST GAP
potential for the case of glassy Sb,Te;, and demonstrated its
appreciable computational speedup relative to DFT-MD simula-
tions, the prospect arises, therefore, of using this GAP potential
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(perhaps suitably modified with additional training and fitting) to
simulate, for the first time, very large quantum-accurate models of
crystalline Sb,Te; containing extended defects for investigating
their possible thermoelectric characteristics.>%>%

4. Computational Methods

A glassy model of Sb,Te; containing 1000 atoms was generated
using classical MD simulations and using the ML GAP potential,
recently developed by our group for Ge—Sb-Te materials, specif-
ically GST,™ to model the interactions between the atoms. Note
that this model size is approximately twice the maximum size
that can normally be simulated using conventional AIMD sim-
ulations. The GAP-MD simulations were performed using the
LAMMPS package,®?) and the glass structure was generated
from the liquid state following a conventional “melt-and-quench”
approach. The canonical (NVT) ensemble, with a Nosé—Hoover
thermostat, was applied during the MD simulations to control
the temperature fluctuations, whereas a time-step of 1fs was
used to integrate the equations of motion. The initial configura-
tion was heated up at 3000 K with a 20 ps MD run to ensure that
the system melted. The molten structure was subsequently
cooled down to 1200K and equilibrated, using first the NVT
and then the NVE (microcanonical) ensembles with 20 and
10 ps MD runs, respectively, to obtain an equilibrated liquid
structure at this temperature and to collect data for structural
analysis, respectively. The system was then cooled down to
300K with a linear quenching rate of —15Kps™'. At 300K,
the glass structure was equilibrated for 20 ps, followed by a
10 ps MD run with the NVE ensemble, to gather structural data.
In addition, a 250-atom Sb,Te; amorphous model was also
generated by GAP-MD simulation, following the same protocol
as mentioned earlier, to calculate its electronic structure using
hybrid-functional DFT calculations.

A glassy model of Sb,Tes containing 250 atoms was generated
by AIMD simulation using the VASP code,** with the Perdew—
Burke—Ernzerhof (PBE) exchange—correlation functional.*”
Outer s and p electrons were treated as valence electrons, and
the plane-wave energy cutoff was set to 250 eV. Cubic supercells
were used in all calculations, and only the supercell I'-point was
used for Brillouin-zone integration. To create the initial structure
of the liquid system, a simple cubic unit cell was defined, which
was then extended sevenfold in all three dimensions to enable
appropriate placement of atoms and vacancies on the 343 lattice
positions; 100 Sb atoms, 150 Te atoms, and 93 vacancies were
placed randomly at the lattice sites within the cubic supercell,
keeping the Sb,Te; stoichiometry. As the density of liquid
Sb,Te; was not known at the time of the simulations, it was esti-
mated to be 5.60 g cm ™ from a previous study, where the molar
volumes of various liquid Sb-Te systems are reported.*® The
lattice parameter of the cubic supercell was then rescaled to
match the target liquid density by moving the atoms accordingly.
An advantage of this approach is that one can generate an initial
structure avoiding non-physically small interatomic distances
between the atoms. This initial structure is energetically unfavor-
able at the selected density; hence, in the following mixing step at
high temperature, we expect any resemblance to the initial con-
figuration to be erased. Therefore, in that way, we can ensure that
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the generated liquid Sb,Tes structure does not carry any memory
effect of the initial, randomly generated, structure. An MD sim-
ulation in the NVT ensemble was performed at 3000 K using a
Langevin thermostat, for an overall time of 15 ps, with a time-step
of 4fs, to mix and randomize the initial configuration.
Simulation of the liquid phase, equilibrated at 1200 K, was car-
ried out using the Langevin thermostat for 10 ps, followed by a
linear quench at a rate of —15Kps™ ' to 300K, also using the
Langevin thermostat. The resulting glass structure was then
equilibrated at 300K for 10 ps in the NVE ensemble, followed
by an NpH simulation for 15 ps to estimate the equilibrium den-
sity of the glassy phase. The computed value (5.46 g cm™>) of the
glass density is slightly lower than the value (5.64 g cm™) calcu-
lated by Caravati et al.1*?

The atomic configurations of the two 250-atom Sb,Te; amor-
phous models, generated by the melt-and-quench DFT-MD and
GAP-MD simulations, respectively, were then optimized, using
DFT implemented in the CP2K code,”” to calculate the elec-
tronic structure of the glass models. The non-local PBE0 func-
tional was used for this calculation, with a cutoff radius of 2 A
for the truncated Coulomb operator,®® because the inclusion
of the Hartree—Fock exchange can provide a good description
of the bandgap and identification of any possible localized
(gap) states in the glassy model, as was demonstrated in our
recent work for amorphous GST.®! The CP2K code uses a
Gaussian basis set with an auxiliary plane-wave basis set.>”
All atomic species were represented using a double-{ valence-
polarized (DZVP) Gaussian basis set’®” in conjunction with
the Goedecker-Teter—-Hutter (GTH) pseudopotential,’®"! while
the plane-wave energy cutoff was set to 400 Ry. The Broyden—
Fletcher—Goldfarb—Shanno (BFGS) algorithm was applied in
the geometry optimizations, and the forces on atoms were mini-
mized to within 0.023 eV A™". It is noted that the computational
cost of the hybrid-functional calculation can be reduced using the
auxiliary density-matrix method (ADMM), an approach in which
the electron density is mapped onto a much sparser Gaussian
basis set containing less diffuse and fewer primitive Gaussian
functions than the one used in the rest of the calculation.*”

We would like to highlight that an indication of the computa-
tional speedup arising from the use of GAP-MD instead of DFT-
MD to simulate the models of Sb,Tej is the following. To perform
the same number of MD steps (2000) using the same number of
cores (192), ~5h are needed for the 250-atom DFT model,
whereas only ~1h is needed for the 1000-atom GAP model.
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Investigation of Gamma-Radiation Shielding Properties of
Cadmium Bismuth Borate Glass Experimentally and by
Using XCOM Program and MCNP5 Code

Yasser Saleh Mustafa Alajerami, David A. Drabold, M. H. A. Mhareb,
Katherine Leslee A. Cimatu, Gang Chen, and K. M. Abushab

New glass systems of bismuth borate with various concentrations of cadmium
oxide are prepared based on the melt-quenching method. The X-ray diffraction
(XRD) reveals a fully amorphous structure of the prepared glasses (S1-S4), and
the UV-vis results display good transparency (>50%) in the visible and near-UV
region. In addition, the radiation shielding properties (mass attenuation coeffi-
cient, half-value layer, tenth value layer, mean free path, effective atomic number,
and electron density) of the new glass system are determined at selected energies
experimentally and by using MCNP5 simulation code and XCOM computer

program. Based on the calculated relative difference, the obtained values from
MCNPS5 and XCOM are in good agreement with the experimental data. The mean
free path of the current systems (particularly S4) shows optimistic results when

compared with the barite and chalcocite concretes.

1. Introduction

Recently, borate glasses with different oxide modifiers have
received extensive interest from researchers. This type of glass
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exhibits desirable properties such as low
cost, simple preparation, high transpar-
ency, chemical durability, and high thermal
stability. These features recommend borate
glass for solid-state lasers, radiation
dosimeters, telecommunication devices,
and radiation shielding materials.*~"
Although ionizing radiation has essential
applications in medical and industrial
fields, this radiation has an adverse effect
on human biological tissue. Great efforts
and financial investments have been made
to protect patients, employees, and the
public from radiation.

For several years, concrete and lead
shielding materials have been used for
medical facilities and nuclear plants.
Many disadvantages have been reported
with concrete such as bacterial corrosion, leaching, expansion
and aggregation, unrecyclable, and opaque to visible light."~”!
Metallic lead has been used most often as a radiation shielding
material mainly because it provides an effective shielding against
penetrative radiation. In addition, it has a high atomic number,
high density, low cost, and easy processability. However, metallic
lead (Pb) is known for its toxicity, leads to environmental pollu-
tion, and has an extremely low level of neutron absorption.[*!!
Most of these drawbacks can be exceeded by glassy materials,
which are effective attenuators, recyclable, hard, brittle, and
transparent to visible light.**?! The bismuth borate glasses have
received attention from researchers due to its clear potential appli-
cations. In addition to the previously mentioned glass features, this
type of glass has low thermal expansion and shows high resistance
to thermal shock.["*'? Previous studies showed that excellent fea-
tures were achieved by adding cadmium oxide (CdO) to the borate
glass system (improved mechanical strength and density and
maintained the amorphous structure of the glass network).!!*¢!
Both bismuth oxide and CdO provide compatibility with the borate
glass system by increasing stabilization, improving chemical dura-
bility, and of course, increasing glass density.'”2"!

This study continues our previous research in determining the
gamma shielding properties of new glassy borate systems with a
constant amount of bismuth oxide and different CdO concentra-
tions.?!l The gamma-ray shielding parameters of these samples
were determined and compared with the standard radiation
shielding (concrete and lead glass). The essential radiation
shielding parameters such as mass attenuation coefficient

© 2020 Wiley-VCH GmbH
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(4/p), half-value layer (HVL), tenth value layer (TVL), mean free
path (MFP), effective atomic number (Z.s), and electron density
(N) were estimated and calculated by using the Monte-Carlo N-
particle transport code MCNP5 and the XCOM computer pro-
gram. In addition, to verify the simulated and calculated results,
the obtained values were compared with experimental values by
establishing a compatible irradiation setup to determine the
shielding parameters.

2. Experimental Section

2.1. Glass Preparation

Four borate glass systems were prepared based on the conven-
tional quenching method according to the following formula

(x: 0,5, 10, and 15 mol%) @

As usual, the required quantities of the proposed chemicals
were taken as powders and mixed well mechanically, and then
melted in alumina crucibles at 1100 °C for 60-70 min (depend
on CdO concentration). The melt was mixed during the melting
process and finally poured into preheated pouring plates (300 °C)
with rectangular molds. Prepared samples were kept 3h to
remove internal stress then cooled down slowly (—10 °C min ")
to the room temperature.

2.2. Density and Molar Volume Measurements

The densities of the prepared samples were determined based on
Archimedes principle (Equation (1)) by using toluene as the

Figure 1. Schematic view for the setup of the irradiation process.
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immersion fluid (0.865gcm *). All densities were measured
at room temperature and the measurement was repeated 3 times
for each sample. Based on the obtained densities and molecular
weight of the proposed composition (M), the molar volume (V,,,)
was calculated for all prepared samples (Equation (3)).

0.865W,;,
p= @)
(Wair - Wliquid)
M
Vin = ) ©)

Here, the W,;, represents the sample’s weight in the air and
Wiiquia denotes the sample’s weight in liquid.

2.3. UV-vis Spectroscopy and Bandgap

Shimadzu 3101 absorption spectrophotometer was utilized to
obtain the absorption and transmittance spectra for current glass
samples from 300 to 900 nm at room temperature. The bandgap
(Eg) was determined from the UV absorption edge by utilizing

g
Mott and Davis relation as illustrated below!??

hva = A(hv — Eg)" 4)

where a, A, and hv denote the absorption coefficient, constant,
and photon energy, respectively.

2.4. Irradiation Setup
In the current study, the glasses were irradiated with different

energy levels of gamma rays obtained from radiation sources
located in the Edwards Nuclear Accelerator Laboratory at Ohio

© 2020 Wiley-VCH GmbH
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University, USA. The experimental setup of the irradiation and
detection process is shown in Figure 1. Five different gamma-ray
sources °’Co (122keV), **Ba (356 keV), *’Cs (662 keV), °Co
(1173 and 1332keV), and **Na (511 and 1275 keV) were used
to irradiate the prepared glasses. These 12 samples (3 for each
concentration) with a thickness range of 0.211-0.315 cm were
prepared for irradiation and placed after the second lead collima-
tor, as shown in Figure 1. A 3” x 3” Nal(T]) scintillation detector
connected with a preamplifier and an amplifier was used as the
radiation detector to collect transmitted gamma ray from irradi-
ated samples and convert the analog signal to electron counts. A
gamma-ray spectrometer with a 16 K multichannel analyzer
(CANBERRA Industries) and an energy resolution of 7.5% at

Table 1. Mathematical expressions for evaluating the radiation shielding
properties.

Formula

n()0)

Parameter Symbols

Linear attenuation
coefficient ()18

lo: intensity without sample
I: intensity with sample

t: the thickness of the sample

Total photon interaction o = MNL: Na: Avogadro’s number
: 139]
cross section (a) M: the molecular weight of glass
Mean free path (MFP)!% MFP =1/u u: linear attenuation coefficient
Tenth value layer (TVL)*?  TVL = (In10)/u
Half value layer (HVL)1 HVL = 063
s w
Effective atomic Zog = %—?:‘% f; is the fractional abundance
A

number (Zeg)™" of the element i, A, is the atomic
weight, and Z; is the atomic

number.

Effective electron
number (Ng)i*?

M: molecular weight

nj: number of formula units

Figure 2. Total simulation geometry using MCNPS5.
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661.6 keV for a gamma ray from Cs-137 were used to collect inci-
dent and transmitted intensities I, and I, respectively. The dis-
tance between the radiation source and Nal detector was 65 cm
for all irradiation process (either with or without samples).

Three Pb collimator sets with whole different sizes were used
to avoid the detection of background radiation. Both radiation
source and detector were housed in a lead shield (C-shape).
Finally, the spectrometer was frequently calibrated for each trial
and any given energy.

All radiation shielding equations needed for evaluation and
measurement of shielding properties are shown in Table 1.

2.5. XCOM Program

The theoretical mass attenuation coefficients (u/p) for the pre-
pared glasses were obtained from the known computer program
XCOM.** This program can estimate the mass attenuation coef-
ficient of an element, compound, and mixture at different energy

Table 2. Chemical composition, density, and molar volume of the
prepared samples.

Sample Chemical Density ~ Molar volume  Bandgap

code composition [mol%)] [gcm™? [em® mol™] (Eg) [eV]
Bi, O3 Cdo B,0;

S1 30 0 70 4315 46.689 2.907

S2 30 5 65 4.711 40.641 3.106

S3 30 10 60 5.068 38.358 3.259

S4 30 15 55 5.375 36.714 3.442

Figure 3. The new prepared glasses (S1-54).

Figure 4. XRD of the new prepared glass systems.
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Figure 5. The optical absorption of all prepared glasses (inset, corre-
sponding transmission spectra) in the wavelength range 300-800 nm.

levels (0.001 up to 10°> MeV). Based on the estimated y/p and the
calculated densities, the linear attenuation coefficient can be

www.pss-b.com

easily determined. The other radiation shielding parameters
were also determined by using the equations from Table 1
(except the first equation).

2.6. MCNP5 Simulation Code

The current experimental setup was simulated by MCNP5, which
is used for modeling the interaction of electromagnetic radiation
(X-ray), photon (gamma ray), and particles (electron and neu-
tron). Previous related studies have validated and reported the
high efficiency of MCNP5 to evaluate and estimate radiation
shielding parameters.*~’)

In the current study, MCNP5 was used to estimate the newly
prepared glasses’ radiation shielding parameters. The simulation
was applied in a sphere of 100 cm radius filled with dry air
(p=1.205 x 10 > gcm ), as shown in Figure 2. The radiation
source was assumed as a point source with a monoenergetic
beam emission and positioned perpendicularly to the front sur-
face of the glass sample (in the x-axis direction). The irradiation
process was completely guided by Pb shielding collimators to
eliminate the possibility of background radiation detection.
The simulation was repeated based on the mol% of CdO and

Figure 6. Dependency of u/p of the Bi,O3—x-B,0O; glasses on x-CdO contents at different energy levels (comparison is made between experimental,

MCNPS, and XCOM values).
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Table 3. Mass attenuation coefficients at specific energies (experimental,
MCNP, and XCOM) (Exp., Experiment).

www.pss-b.com

The density of the prepared samples increased gradually with
the variation of CdO content from 0 to 15 mol%. The calculated
densities were in the range of 4.315-5.375 gcm ® with a proba-

Energy [MeV] S1 S2 S3 S4 ble error of 0.005. The density is composition-dependent and the
0122 Exp.  1.144+0003 124240005 1.598+0006 193240003 Observed increase in the value can be attributed to the high
. -1 .
MCNPS 113940004 123140003 158140005 192140005 molecular weight of (}O (128.41 gmol ) compared with that
o of B,03 (32.01 gmol 7). Reverse relation was reported with
XcoMm 1133 1269 1.624 1-949 the molar volume; from Table 2, the values were reduced from
0.356 Exp. 0.149+0.003 0.169+0.005 0.219+0.004 0.259 & 0.006 46.689 cm® mol ! for S1 to 36.714 cm> mol~! for S4.
MCNP5  0.157+0.004 0.172£0.002 0.221+0.003  0.268 = 0.003 The prepared glass was highly transparent, and gradually
XCOM 0.160 0.177 0.226 0.271 changed into brown with the increase in Bi;Os, as shown in
0511  Bxp. 009440002 010140003 014240003 0186+0003 Figure 3. . ]
The structure of the current samples was examined with X-ray
MCNP5  0.097+0.003 0.103+£0.004 0.14640.005 0.184 - 0.004 . .
diffraction (XRD). The amorphous state was confirmed by the
XCcom 0.101 0.108 0.151 0.188 continuous diffraction pattern with no sharp peak and the broad
0.662 Exp. 0.083 £0.003 0.009+0.003 0.119-£0.004 0.143 +0.004 peak centered on 26 = 25° (Figure 4). The peak broadening can
MCNPS  0.086+0.003 0.091+0.004 0.121£0.003 0.146+0.003 be attributed to its amorphous structure.
XCOM 0.091 0.097 0.128 0.152 Figure 5 shows the optical absorption spectra for all prepared
1173 Exp.  0.056+0.003 00650003 0.078+0.003 0.094 = 0.003 glasses in the range of 300-900 nm. The inset figure shows the
calculated transmittance spectra obtained from the absorption
MCNP5  0.057+0.004 0.068 +0.004 0.080+0.004 0.096 = 0.005 y . .
values. All glass systems exhibit good transparencies (>50%)
XcoMm 0.060 0.070 0.084 0.101 in the visible and near-UV region. This result is expected with
1332 Exp.  0.044+0003 0.052+0.003 0.067+0.004 0.085+0.004  aborate glass system. In all samples, the fraction of B,03 is more
MCNP5  0.045+0.004 0.054-+0.004 0.071+0.003 0087+0008 than 50%, a fixed amount of Bi,O3 (30 mol%) and the amount of
XCOM 0.047 0.057 0.081 0.001 CdO does not exceed 15 mol%.

repeated 3 times for each sample (S1-S4). All required data cards
and commands such as energy (ERG), type of particle (PAR),
position (POS), and beam direction (DIR) were defined accord-
ingly. Several termination steps were applied to reduce errors
and variance, such as increasing the number of histories
(NPS > 10%), simplifying the geometry, and utilizing the CUT-
OFF option to eliminate low radiation (<1keV). Regarding
energy detection, mesh tally (type F4) was used to get the
sum of all contributions in the proposed detecting area.
All measurements (collimation thickness, distance from the
source to detectors, and sample size) were set based on the exper-
imental data.

3. Results and Discussion

Details about the prepared samples including sample code,
mol% of chemical composition, measured densities, and molar
volumes are shown in Table 2.

From Figure 5 and by using Mott and Davis equation, we can
determine E,. The E; was computed from the intercept horizon-
tal axis of hv and (ahv)?. This intercept can be drawn as a tangent
line along the absorption edge (ahv)? to reach the hv (x-axis), this
is called Ej. It can be noted from Table 2 that the bandgap results
increase gradually with the addition of the CdO to the glass sys-
tem that ascribed to the formation of bridging oxygen in the glass
structure.***?)

3.1. Mass Attenuation Coefficient

The simulated (by MCNP5) and estimated (by XCOM) values of
u/p of the different glass systems are shown in Figure 6 for dif-
ferent photon energy. The experimental data of y/p of the same
samples were compared with those obtained by MCNP5 and
XCOM at specific energy levels (0.122, 0.356, 0. 511, 0.662,
1.173, and 1.330 MeV), as listed in Table 3. The values of u/p
that have been obtained experimentally and by simulation are
the average of three repeating trials plus/minus the standard
deviation of these trials, respectively.

The dependency of u/p of the new glass samples on the con-
centration of CdO at different energy levels, by using irradiation

Table 4. Relative difference between the MCNP5/XCOM results and the experimental values.

Glass code Incident photon energy [MeV]
0.122 0.365 0.511 0.662 1.173 1.332
MCNP XCOM MCNP XCOM MCNP XCOM MCNP XCOM MCNP XCOM MCNP XCOM
S1 0.437 0.787 5.370 7.382 3.191 7.447 2.381 7.143 1.786 7.142 2.273 6.818
S2 0.886 2.174 1.775 4.734 1.980 6.930 1.1 7.778 4.615 7.692 3.846 7.694
S3 1.064 1.627 0.913 3.196 2.817 6.338 1.681 7.563 2.564 7.692 0 6.944
S4 0.570 0.880 3.474 4.633 1.075 1.075 2.098 6.294 2.128 7.447 2.353 7.059
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setup, simulation, and XCOM program, is displayed in Figure 6.
Good agreement was reported between the three estimation
methods at a photon energy of 0.122, 0.356, 0.511, 0.662,
1.173, and 1.332 MeV (with insignificant variations). Also, the
mass attenuation coefficient was increased by increasing CdO
content (mol%) and decreased by increasing the energy level.
This behavior indicates that the higher interactions of a photon
with a glass system take place at high CdO and low photon
energy. Based on the values obtained from Table 3 and Figure 6,
as the energy changed from 0.122 to 0.511MeV, the u/p
decreased quickly (photoelectric effect abundancy Z*%*°/E%),
and no substantial variation at the energy range of 0.511 and
1.332MeV due to the high possibility of Compton scattering
(Z/E).2630

Table 5. HVL of the new glasses at specific energies (experimental,
MCNP, and XCOM) (Exp., Experiment).

Energy [MeV] S1 S2 S3 S4
0.122 Exp. 0.172 0.150 0.109 0.166
MCNP5 0.173 0.152 0.110 0.151
XCOM 0.171 0.147 0.107 0.083
0.356 Exp. 1.323 1.105 0.797 0.706
MCNP5 1.256 1.086 0.790 0.675
XCOM 1.232 1.055 0.773 0.598
0.511 Exp. 2.240 1.89 1.23 0.991
MCNP5 2.032 1.867 1.196 0.941
XCOM 1.842 1.667 1.156 0.862
0.662 Exp. 2.375 2122 1.505 1117
MCNP5 2.292 2.052 1.443 1.119
XCOM 2.142 1.849 1.353 1.046
1.173 Exp. 3.651 3.012 2.328 1.781
MCNP5 3.459 2.746 2.183 1.719
XCOM 3.286 2.434 2.055 1.605
1.332 Exp. 3.805 3.199 2.361 2.001
MCNP5 3.741 3.131 2.279 1.933
XCOM 3.651 3.012 2.156 1.781

www.pss-b.com

The relative difference (RD) between the three estimation
methods (experimental, MCNP5, and XCOM) of the calculated
values was calculated according to the following equation®”)

RD — Theoretical — Experimental
N Experimental

x 100 (5)

Table 4 shows the RD values for MCNP and XCOM results for
all samples. The RD values show close agreement between mass
attenuation coefficients obtained by experiment, MCNPS5, and
XCOM. This agreement between experiment and MCNP5 was
quite encouraging, the RD was in the range of 0-5.37%, and
for XCOM values were in the range of 0.787-7.778%. This
RD is acceptable and supports the usage of MCNPS5 to estimate
glass shielding properties for other glass compositions.

Table 5 shows the HVL of the new glasses at different concen-
trations of CdO and specific energy levels. The glass with the
smallest HVL means the highest efficiency to attenuate the pho-
ton beam. The smaller HVL indicates that this composition is cost-
effective, high transparent, and requires simple fabrication.?”!
Figure 7a shows the dependency of HVL on the CdO concentra-
tion; gradual reduction in the HVL values is reported with increas-
ing CdO concentration. We can also say that MCNP5 showed closer
agreement with the experimental data compared with XCOM val-
ues. Figure 7b shows the glasses’ HVL of S4 (the smallest HVL) at
different energy levels using the three estimation methods (experi-
mental, MCNP5, and XCOM). The HVL increased gradually with
increasing energy of the incident photon (0.122-1.330 MeV).
As discussed in the mass attenuation coefficients, the HVL values’
variation with increasing energy of an incident photon is attributed
to the variations of dominance photon interaction.?%>*

The TVL of the prepared glasses was also calculated. The TVL
can be defined as the attenuator thickness that can reduce the
photon intensity to 10th of its initial intensity. Figure 8 shows
a simple comparison of the TVL (experimental values) of all
prepared glasses as a function of photon energies. The TVL
values have increased with increasing the incident photon
(0.112-1.332 MeV) and decreased with increased CdO content,
which is attributed to increasing sample density.[*%

The average distance between two successive interactions
of a photon (or moving particle) inside a target material is known

Figure 7. a) The HVL of the prepared glasses with x-concentrations of CdO at different energy levels. b) The HVL of S4 (the smallest HVL) at different
energy levels using the three estimation methods (experimental, MCNPS5, and XCOM).
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Figure 8. Comparison between TVL of different glass systems as a func-
tion of photon energies.

as the MFP.BY This concept indicates the photon direction,
energy, and other particle properties significant for shielding
consideration. The MFP of the current samples was calculated
by using the equation listed in Table 1 and Table 6. The values
were calculated by conducting the three estimation methods
(experimental, MCNP5, and XCOM) and compared with the
MFP of barite and chalcocite concretes. The lowest MFP is
reported in the S4 glass sample (the highest CdO content)
and it is 2 times lower than the values obtained with barite
and chalcocite concretes.

The Z g of all samples was obtained using the XCOM program
for a high range of energy, starting from 0.01 up to 100 MeV, as
shown in Figure 9. Generally, the values of Z.g decreased by

Table 6. Mean free path of the new prepared samples.

www.pss-b.com

Figure 9. Variation of Z. of the prepared glasses with energy for the
various concentrations of CdO.

increasing photon energy and increased by increasing CdO con-
tent. The highest Z.¢ was reported at 0.02 MeV (53.611) and the
lowest values at 0.15 MeV (14.670). The abrupt features observed
at 0.08 MeV, which is attributed to the K-edge of Bi.*” The slight
increase reported after the 3 MeV region attributed to the domi-
nance of pair production in the energy level.*®!

Based on Table 1, the Z.¢r and effective electron density (Negr)
of the prepared glasses are calculated via experiment, MCNPS,
and XCOM program and listed in Table 7 and 8, respectively.
Regarding the values listed in Table 7, the comparison was
performed based on the available six radiation sources used
for experiment calculations (0.122-1.332 MeV). The Zx at this
energy range was increased with increasing photon energy

Shielding material Density [gcm 0.122 MeV 0.356 MeV 0.511 MeV

Exp. MCNP XCOM Exp. MCNP XCOM Exp. MCNP XCOM
S1 4.315 0.249 0.250 0.247 1.909 1.812 1.179 3.233 2.933 2.659
S2 4.711 0.217 2.199 0.212 1.594 1.567 1.522 2.722 2.695 2.406
S3 5.068 0.158 0.161 0.155 1.151 1.140 1.115 1.775 1.726 1.669
S4 5.375 0.121 0.122 0.120 0.903 0.873 0.863 1.258 1.271 1.244
Barite concrete 3.350 - 0.592 0.686 - 2,617 2.469 - 3.356 3.597
Chalcocite concrete 3.703 - 1.271 1.273 - 2.633 2.645 - 3.174 3.175
Shielding material Density [gcm ] 0.662 MeV 1.173 MeV 1.332 MeV

Exp. MCNP XCOM Exp. MCNP XCOM Exp. MCNP XCOM
S1 4.315 3.428 3.308 3.092 5.268 4.991 4.741 7.295 6.322 5.268
S2 4711 3.061 2.961 2.668 4.346 3.963 3.513 5.614 4.990 4.346
S3 5.068 2172 2.083 1.954 3.360 3.150 2.964 3.761 3.545 3.
S4 5.375 1.659 1.602 1.509 2.570 2.437 2376 2.888 2.689 2.570
Barite concrete®) 3.350 3.371 3.355 3.382 - 5.381 5.350 5.521 5.782 5.711
Chalcocite concrete 3.703 - 3.445 3.559 - 4.667 4.739 - 5.777 5.025

AThe MFP values of barite concrete and chalcocite concrete were obtained from previous studies.

Phys. Status Solidi B 2021, 258, 2000417

2000417 (7 of 9)

[26,43,44]

© 2020 Wiley-VCH GmbH


http://www.advancedsciencenews.com
http://www.pss-b.com

ADVANCED
SCIENCE NEWS

www.advancedsciencenews.com

Table 7. Experimental, MCNP5, and XCOM values of Z.s of the new
glasses.

Shielding 0.122 MeV 0.356 MeV 0.511 MeV

material Exp. MCNP XCOM Exp. MCNP XCOM Exp. MCNP XCOM
1 15.099 16.224 17.111 16.643 17.009 17.778 18.569 19.005 19.021
2 18.092 19.156 19.565 19.942 20.554 21.211 22.249 23.335 23.813
s3 20.263 21.554 22.011 22.335 23.112 24.010 24.919 25.555 26.014
s4 22.605 23.112 24.771 25.015 26.276 26.832 27.910 28.282 29.087
Shielding 0.662 MeV 1.173 Mev 1332 MeV

material Exp. MCNP XCOM Exp. MCNP XCOM Exp. MCNP XCOM
s1 19.718 20.221 21.005 21.179 22.022 22.898 21.456 22.221 23.833
2 23.626 24.777 25.112 25377 26.266 27.066 25.709 26.410 28.332
s3 26.461 27.890 28.044 28.423 29.029 29.789 28.795 29.033 30.774
s4 29.637 30.171 31.088 31.833 31.935 32.994 32.250 33.012 33.876

Table 8. Experimental, MCNP5, and XCOM values of N, of the new
glasses.

Shielding 0.122 MeV 0.356 MeV 0.511 MeV

material Exp. MCNP XCOM Exp. MCNP XCOM Exp. MCNP XCOM
s1 9125 9.138 9.149 5711 5705 5720 3.986 3.993 4.011
2 9.255 9.267 9.288 5.426 5.433 5452 4111 4108 4.116
s3 9.424 9.430 9.442 5548 5552 5565 4.769 4.777 4.785
s4 9118 9.927 9.934 5582 5.487 5.499 4.878 4.883 4.892
Shielding 0.662 MeV 1.173 MeV 1.332 MeV

material Exp. MCNP XCOM Exp. MCNP XCOM Exp. MCNP XCOM
S1 3.708 3.714 3.722 3137 3133 3.143 3.075 3.073 3.065
s2 3788 3.794 3.803 3.151 3.149 3.158 3.069 3.065 3.075
s3 3.939 3.944 3.953 3.159 3.163 3.168 3.078 3.075 3.084
s4 3169 3.174 4181 3.168 3.171 3.177 3.093 3.089 3.097

(dominant of pair production) and increased with increasing
CdO content (S4 has the highest u/p and density).

Regarding N, of the new glass systems, the N, relies on the
Zegrof the material. Therefore, N, has increased by increasing the
CdO concentration (replacement of boron element (Z=5) by
cadmium (Z = 48). The N, values vary with photon energy, attrib-
uted to the cross-section dependence, as discussed before.

The new glasses’ performance in attenuation of gamma rays is
determined in terms of radiation protection efficiency (RPE).
This parameter was calculated from the values of I and I,
obtained from the experimental setup irradiation and based
on the following equation’®”’

RPE = (1 —%) % 100 (6)

0

Figure 10 shows the calculation of RPEs for the new glasses
for the selected six energies in the current study. The results
show that the RPE values have decreased with the increasing

Phys. Status Solidi B 2021, 258, 2000417

2000417 (8 of 9)

www.pss-b.com

Figure 10. Experimental radiation protection efficiency of the prepared
glasses at different photon energies.

energy of the incident photon. High performance was achieved
atlow energies (0.122, 0.356, and 0.511 MeV) and decreased with
high energies (0.662, 1.173, and 1.332 MeV). The current values
also show that the sample with a higher concentration of CdO
(S4) has the highest attenuation efficiency than the other
samples. This performance has wholly agreed with the results
obtained in the effective atomic number. This reflects that replac-
ing a lighter molecule (B,O3) with a heavier molecule (CdO)
leads to an increase in the glasses’ attenuation efficiencies.

4, Conclusion

Bismuth borate glass systems (30Bi,O; + 70-xB,03) with differ-
ent concentrations of CdO (x = 0-15 mol%) were prepared by the
conventional melt-quenching technique. This study aims to
increase glass density (replacing lighter atoms with heavier
atoms) while maintaining borate glass transparency. Structural
characterization for the newly prepared glasses was conducted
by utilizing XRD and UV-vis spectroscopy. Synchronize increase
in the prepared glasses’ density was reported with the gradual
rise of CdO with a reduction of molar volume and energy
bandgap. The radiation properties were determined experimen-
tally at specific energies (0.112, 0.356, 0.511, 0.662, 1.173, and
1.332 MeV) and compared with MCNP5 and XCOM simulated
values. The new glasses show optimistic radiation shielding
properties (high mass attenuation coefficients, accepted atomic
number, and shorter MFP and TVL values). Compared with bar-
ite and chalcocite concretes, the proposed composition is highly
recommended for radiation shielding applications.
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The properties of quasilocalized atomic vibrations in numerical models of vit-

sound waves, resulting in a parabolic
dependence of the vibrational density of

reous silica are studied by means of a demixing technique. The low-frequency states (VDOS) on frequency, v, known as
vibrational modes are decomposed into bare non-localized (plane-wave-like) the Debye law. In computer models of dis-
modes and bare localized modes (BLMs). The BLMs are shown to exhibit three ordered solids, such as glasses, in addition

distinct spatial regions, characterized by different decay behaviors of the dis-
placement field amplitude: the core, tail, and crossover regions. In the core region
near the center of localization, the displacement amplitude decays exponentially

to plane-wave-like excitations, quasilocal-
ized modes (QLMs) appear.'’™™ These
vibrational modes are believed to play an
apparently important role in heat conduc-

with a typical localization length being on the order of the interatomic spacing. In tion>'* and mechanical properties of
the tail region, the decay of the displacement amplitude follows approximately a glasses under load.™ The QLMs, as seen
power law characterized by a decay exponent «, found to be in the range in computer-generated structural models,

1 < & 5 2. The crossover between the core and tail regions takes place at about
10 A. By means of a local symmetry-mode comparative projection technique, a
distinct similarity in the local vibrational motion for quasilocalized modes in

have a distinct spatial structure,™! ie., a
localized core in which a few atoms vibrate
with significant amplitude, as compared
with less pronounced vibrations of atoms

vitreous silica and optic phonons in a-cristobalite is demonstrated. for the rest (tail) of the mode displace-

1. Introduction

The atomic vibrational spectra of disordered systems exhibit
some peculiarities when compared with the phonon spectra of
crystals. In particular, the only vibrational modes contributing
to the low-frequency part of the spectrum in crystals are the

ments. Such a spatial structure can be

imagined as a result of hybridization

between acoustic plane-wave-like modes,
ie., bare non-ocalized modes (BNLMs) and low-frequency
localized modes,***'®'"! ie., low-frequency bare localized
modes (BLMs).!"® Hybridization between the BLMs and
the BNLMs occurs, because these modes overlap in space and
their frequencies are in the same range, and these lead to their
transformation into QLMs and NLMs, respectively.
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A significant amount of effort has been put in to establish the
nature of the QLMs. One of the main difficulties there is related
to the separation of contributions coming from the BNLM and
BLM, and actually establishing a criterion according to which
modes can be treated as QLMs. Two approaches were suggested
for dealing with these hybridization effects: 1) a demixing tech-
nique!” and 2) separating the frequency range of the QLMs from
that for the NLMs, by, e.g., tuning the system size®'* or internal
stress.?”  Within the latter approach, the QLMs are
identified by their frequencies being smaller than the lowest fre-
quency of NLMs (acoustic waves) allowed by the finite size of the
simulation box for a structural model. The VDOS of the QLMs
defined according to such a criterion was found to increase with
frequency as g (v) 14 P! A similar approach was used, even
in the situation when the QLMs and NLMs coexist in the same
frequency range, by introducing a threshold value for the partici-
pation ratio (PR), po, artificially separating NLMs (with p > po)
from the QLMs for which p< po.'®'" The same quartic
frequency law for the VDOS, « v*, was found for such identified
QLMs.

In this article, we use and develop an alternative mode-
demixing procedure!* to investigate the nature of the QLMs
in simulated models of vitreous silica. In particular, we address
the question about the properties of the BLMs, including their
spatial shape and type of vibrational motion, and compare these
properties with those for high-frequency, truly localized modes
(TLMs).

2. Demixing Technique

In our study, we used computer-generated models of
vitreous silica (1-SiO,) and of its crystalline counterpart,
a-cristobalite.'** The glass model of 1-Si0,, with a total num-
ber of atoms N=24000, was produced by means of classical
molecular-dynamics simulations (see Supporting Information
and the study by Shcheblanov et al.'® for more detail). The
dynamical matrices, D, for the relaxed structural model were
diagonalized, giving complete sets of orthonormal eigenvectors,
e" = {e!'} (the index i runs over all atoms in the model, whereas
the index n enumerates all 3N eigenmodes), normalized dis-
placement vectors, u" = {ul'} with u® = m. "/%e?/ SN m-1|e! 2
(m; is the mass of atom i), and eigenvalues (squared vibrational
frequencies), v2. The vibrational spectrum of v-SiO, and the
frequency dependence of the PR

=

0.04

g

=

@
"
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o
8

I
=
S
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plen) =N (Z |u;”> (Z u?‘*) M

quantifying the degree of localization of mode n are shown in
Figure 1a,b, respectively. The extended modes are characterized
by p ~ 1, whereas the localized modes (in the high-frequency
tails, e.g., at 37 Sv $40THz) and some QLMs (in the low-
frequency range, v $ 1 THz) are characterized by p < 1.

The inset in Figure 1b displays a typical picture for the PR of
the low-frequency vibrational modes in numerical models of
finite size. In this frequency range, there are two types of modes:
1) plane-wave-like modes (acoustic phonon-like NLMs), grouped
near the frequencies corresponding to sound waves of
wavelengths comparable with the simulation box size and char-
acterized by increasing values of PR (p 2 0.4) with decreasing
frequency; and 2) QLMs characterized by relatively small values
of PR decreasing with decreasing frequency. The modes of these
two types, NLMs and QLMs, result from hybridization between
the corresponding bare modes, i.e., BNLMs and BLMs.

The finite size of simulated structural models plays an impor-
tant role in the appearance of QLMs characterized by relatively
small values of PR and with a clearly detectable, spatially local-
ized atomic vibrational core. Such a spatial structure of the QLMs
is a consequence of the finite-size effects leading to the sparse
spectrum of the BNLMs in the low-frequency range. An increase
in the model size up to a macroscopic scale would lead to the
appearance of a continuous spectrum of the BNLMs. This, in
turn, should result in significant hybridization effects between
the BLMs and BNLMs, so that the resulting QLMs would be
effectively “dissolved” in a continuous spectrum of the
BNLMs, thus being characterized by a PR on the order of unity
and not exhibiting any clear localization core (see the previous
study,®! where this effect is demonstrated by solving a simple
analytical model for a single localized state interacting with a con-
tinuum of extended states). In other words, the difference
between QLMs and NLMs should disappear in macroscopically
large structures. Therefore, the observation of the QLMs with a
small PR and a detectable localization core seems to be a purely
finite-size effect, although it gives an opportunity to investigate
the nature and origin of extra vibrational states present in the
low-frequency part of the spectrum of disordered systems.

To reveal the nature of the QLMs, mode demixing has been
suggested in a previous study.[*! The aim of the demixing proce-
dure (which conserves the number of modes in the system) is to
separate the non-localized and localized contributions into NLMs

(b)

10°

1074

1024
mlO

10734

4 oo
10 - 0.0 0.5 10 15 20

0 5 10 15 20 25
v (THz)

30 35 40

Figure 1. a) VDOS for the total range of frequencies for the v-SiO, model of N =24000 atoms. b) Frequency dependence of the PR in the whole
and low-frequency (inset) ranges for the v-SiO, model of N = 24000 atoms.
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and QLMs (see Supporting Information). The true eigenmodes
in the low-frequency range, (e), are assumed to be composed of
BLMs and BNLMs, (€'), from a certain frequency range; i.e., true
eigenmodes (e) can be represented as linear combinations of
(¢'). Equivalently, by inversion, the BLMs and BNLMs, which
we aim to extract, can be searched for in the form of a linear
combination of true modes, that is

(e/)n _ Z

MUy €V, —Av,, vy +Au,]

apme™ ()

where the parameter of the model, Av,,, describes the width of
the frequency mixing range, i.e., the frequency range of true
modes to which the demixed mode (¢/)* can contribute.
The mixing coefficients a,, entering Equation (1) can be found
by pairwise sequential rotations of the eigenvectors e"
and e™ for all eigenmodes for which the frequencies,
U € Uy — Avy, vy, + Ap, '8 The angles of pairwise rotations
are determined by the condition that the PR of the partially dem-
ixed displacement mode (u’)" reaches a minimal value after each
pairwise rotation. The demixing procedure is performed for all
eigenmodes in the low-frequency range characterized by PR
values less than some threshold value, p,, the second parameter
of the model, with p, = 0.25 being found to be a reasonable
estimate for vitreous silica models (see Supporting
Information where the results of the demixing procedure are pre-
sented for other values of p, ). The value of p, gives a rough indi-
cation for an approximate split of true modes into QLMs (with

) ES demixed
< original
0.84 =)
F T E

4 P20

www.pss-b.com

pSp.) and NLMs (with p > p.). We should emphasize that the
mode assignment as being QLM is only qualitative and approxi-
mate and valid for relatively small finite-size models in which the
low-frequency vibrational modes characterized by a small PR can
be identified.

The resulting set of new demixed modes, {(e')"}, is orthonor-
mal, but these modes are no longer the eigenmodes of D, and
their frequencies, v/, can be estimated ast*'® 12 = 3" 42,12,
where the summation is taken over the eigenmodes from the
same range as in Equation (1). The width of the frequency mixing
range Av, can be approximately evaluated from the frequency
distributions of the mixing coefficients a,,, which typically
have a peak of a certain width. Both the position and width of
the peak for a given n do not depend significantly on the value
of Av, (see Figure 2b). Following the previous study,* we
assumed that the frequency range of interactions scales linearly
with the frequency; thus, using Av,/v, as a parameter of the
model, with the value Av, /v, = 0.3, is used in a further analysis.

The results of the demixing procedure for the values of PR in
the low-frequency range are shown in Figure 2a. It follows from
this figure that the demixing allows the BLMs and BNLMs to be
well separated. Indeed, the values of the PR for the BLMs are
significantly smaller than those for QLMs, whereas the PR of
BNLMs after demixing follows the same tendency (i.e., the PR
increases toward unity with decreasing frequency), as in crystals.
The frequencies of the BLMs are distributed near
vx ~ 1.1 £ 0.1 THz. Not surprisingly, the position of v* approxi-
mately coincides with the frequency at which the depletion

Aviv
1.0
0.6
0.5
04
0.3
0.2
0.1

e e 00 0 0 @

Figure 2. a) PR versus frequency, v,, for NLMs (open black circles corresponding to p > p.), QLMs (gray circles corresponding to p < p.), demixed
BNLMs (solid blue circles), and BLMs (red solid circles) for Av/v = 0.3 and p, = 0.25 and N = 24000. The dashed horizontal line shows the threshold PR
value, p, = 0.25. The arrow labeled by “BP” shows the location of the boson peak. The inset shows the relative contribution of BLMs (red dashed curve)
and BNLMs (blue dashed-dotted curve) to the reduced VDOS (black curve). b) The distribution of the square of the mixing coefficients, a2,,, for several
BLMs with frequencies v, ~ 1.0 THz over the frequencies of true modes v,, for various widths of mixing ranges, as indicated in the legend. Displacement
field for 2d slabs with 31 < z < 41 A cut from the cubic structural glass model of linear size L =~ 72 A for several representative eigenmodes: c) QLM with
frequency v ~ 1.0 THz and p(v) ~ 0.20; d) demixed BLM with frequency v/ ~ 1.0 THz and p(v/) =~ 0.0028; and (e) demixed BNLM with frequency

V ~1.0THz and p(¢/) ~ 0.55.
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of the QLMs from acoustic-like phonons occurs before demixing.
The reason for such a depletion is due to the finite size, L,
of the simulation box, leading to discretization of the
sound-like modes characterized by discrete wavevectors,
U, nn, = 2L Y(ny,ny,n,), where n,,,€Z. In disordered
atomic structures, these modes are broadened by disorder,
and around the depletion frequency, such broadening becomes
comparable with the distance between frequencies correspond-
ing to different wavevectors.!'”]

3. Spatial Structure of Vibrational Eigenmodes

The QLMs before demixing exhibit inhomogeneity in the dis-
placement field, with some regions showing significantly larger
displacements than others (see Figure 2c). We call such regions
“localization spots.” Some of the QLMs, such as that shown in
panel (c) of Figure 2, have several such spots separated by sets of
atoms with significantly smaller displacements. After demixing,
typically a single localization spot (core region) survives (see
Figure 2d) for BLMs, and none for BNLMs which exhibit
wave-like displacement patterns (see Figure 2e). The presence
of a single distinguishable localization spot, the localization core,
for the majority of the BLMs gives us an opportunity to define the
position vector, 1y, for the center of localization of the nth BLM
as follows

ATl o)
G

iEN,

where r; is the position vector of atom i, and the summation is
taken over the set N,, of N ... atoms, which are the nearest neigh-
bors to the atom characterized by the maximal displacement
amplitude. A similar definition was used in the previous
studies.*?®! In further analysis, we used N, = 10, but the
results do not significantly depend on this value, even if
Neore = N.

atoms 1 decay with their dlstance from the center of localization,
|r; — 19,,|. This decay is shown in Figure 3 both for a representa-
tive QLM (panel (a)), two BLMs obtained by demixing from the
QLM (panel (b) and (c)) and TLMs (panel (d)—(f)) from the high-
frequency tails, for comparison. In this figure, the displacement
amplitudes of all atoms within the half-simulation box distance
from the center of localization are shown by solid circles (in panel
(a)) and open gray circles (in panels (b)—(d)). To reveal the decay
law of |u| with |r — 14|, we performed angular averaging by split-
ting the space into spherical shells of thickness ér (the value of
8r = 1 A was used for the data presented in the following) and
finding the median values of |u] for all atoms within the shells
(the same method has been used in previous studies!>*%). Such
angular averaging significantly reduces the noise in the displace-
ment field. The median values for |u| are shown in panels (b)—(d)
of Figure 3 by solid circles.

It follows from Figure 3 that the amplitude of atomic displace-
ments decays differently for the low- and high-frequency modes.
As expected, the high-frequency localized modes decay
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Figure 3. Spatial decay of the displacement amplitude |u| versus distance
from the center of localization, |r —ry|, for: a) QLM; b,c) BLMs; and
d-f) TLM, with frequencies, v, and PR, p, indicated in the panels. The solid
circles in (a) and open circles in (b)—(f) show the data for individual atoms.
The red solid (in (b,c)) and pink, blue, and green (in (d)—(f)) circles refer to
median displacement amplitudes obtained by angular averaging, as
described in the text. The red curves in (b)—(f) show the exponential fit
according to Equation (3) with the values of L, shown in the panels.
The blue lines in (b,c) show the power-law fit according to
Equation (4), with exponents a quoted in the panels. The light-blue strips
in (b,c) show crossover regions.

exponentially with the distance from the center of localization
(see Figure 3d), i.e., as

‘uﬁ’”‘ = 1, ¢~ 5 Tonl/Lin )

where uy, is a pre-factor, and L;, is the localization length for the
nth vibrational eigenmode. Strictly speaking, the assignment of
the high-frequency tail modes as being truly localized requires
finding the localization threshold (critical) frequency(ies) by
means of, e.g., multifractal analysis.*”) Here, we use an exponen-
tial decay of the eigenmode as an indication for the mode to be
truly localized.

For all BLMs (see Figure 4), we can distinguish three spatial
regions: 1) ion, |[r — 1| S r*, with an approximately
exponential decay of the displacement amplitude with distance
from the localization center; 2) , |t — 1o| 2 r*, where
the displacement amplitude approximately decays according to a
power law, i.e., as

© 2020 Wiley-VCH GmbH
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Figure 4. The displacement amplitude |u| versus |r —ry| for all BLMs
obtained by the demixing procedure with Av/v = 0.3 and p, = 0.25 in
the model of v-SiO, containing 24 000 atoms.

uf”)‘ o |1, — To ] (5)

and 3) a crossover region, |r —ro| ~ r* (see the light-blue strips
around |r — 1o| ~ * ~ 10 A in panels (b) and (c)).

The characteristics of the decay functions, the localization
length L, and exponent a for exponential and power-law decays,
respectively, can be estimated from the fits of the numerical data
by the corresponding functions (see solid lines in Figure 3b—d).
The corresponding extracted values of the localization lengths for
BLMs and TLMs are displayed in Figure 5 as functions of the
corresponding mode frequency. For both BLMs and TLMs,
the values of the localization length are L, ~ 1A, i.e., are of inter-
atomic scale, signaling a fast decay of the displacement field away
from the center of localization.

An alternative way to characterize the spatial decay of the dis-
placement field near the center of localization is by defining a
correlation length!*®!

2
S 8 = x|
SN a™ 2
1 1

2
Lc,n -

©)

In the limit of continuum infinite media, for a purely exponen-
tial decay of the amplitude of the displacement field, the correla-
tion length is simply related to the localization length, i.e.,
L./L, =+/3 (see Supporting Information). In the case of
BLMs, the ratio is in the range, 2 S L./L, $6 (see Figure 5),
which is consistent with the presence of a power-law tail in
the displacement field.

1 28 29 30 31 37 38 39 40
v (THz)

Figure 5. Localization length, L, (green circles), correlation length, L,
(blue circles), and PR (red dots) versus frequency of BLMs
(vS1.4THz) and TLMs (27.7 Sv$31THz and v 2 37 THz).
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The power-law tail in the displacement field of BLMs is char-
acterized by an exponent a (see Equation (4)). This exponent
varies both with frequency and PR, as shown in Figure 6a,b,
respectively. For the majority of the BLMs, a < 2, which is dif-
ferent from the value of @ ~ 2 found for QLMs in structural
glasses.””) The reason for such values of a for BLMs in v-SiO,
is not completely clear and requires additional investigation.

4. Comparative Symmetry-Mode Projection
Technique

In Section 3, the spatial decay of the displacement field of local-
ized eigenmodes was discussed. In this section, we analyze the
type of vibrational motion characteristic of BLMs. This is done
using the comparative symmetry-mode local projection tech-
nique introduced in the previous study.'® The technique is
based on comparing the displacement field for local structural
units, such as SiOy tetrahedra in vitreous silica, in glassy vibra-
tional eigenmodes with that exhibited by phonons in a crystalline
counterpart material, e.g., a-cristobalite in the case of silica.
Quantitatively, this is done by evaluation of the projector,
’PZ’{’;E (see the previous study!'® for a precise definition), where
the index i, counts all structural units in a glass model, i. counts
all distinct structural units in a crystalline counterpart, n, counts
all glassy vibrational modes, and n, counts all phonons
characterized by wavevectors q and branch numbers g. The
aim of the comparative projection analysis is to find phonons
with local atomic vibrations most similar to those in a glassy
mode. To achieve this, we define a binary projector
75ig (Vg> (BQ) juay)> Which is related to the maximum value (among
al}¢ p’?ssible crystalline modes, n., and units, i.) of the projector
£7¢, that is

1 l ’

. 1, ife<max{P;*"} <1
P, (v, (B0)) = { e o)

0, otherwise

where e is the close-to-unity tolerance parameter, v, stands for
the frequency of the glassy eigenmode ng, and (fq) describes
a phonon with a frequency v, =v4(q) for which the maximum
value of P: " is achieved, i.e., (#q) = (q) ey The binary pro-
jector given by Equation (7) counts the pairs of structural units
in the glass and crystal for which the vibrations are similar.
Several glassy units can contribute to the same phonon, and thus,
the quantity, P(vg, (fq)), averaged over all glassy units

Plvg, (Bq)) ZP@ Vg, (AQ)) (8)

represents the discrete distribution over the phonon spectrum of
the similarity parameter, called “crystallinity.” For a given point q
in the Brillouin zone and branch number f, P(v,, (q)) repre-
sents the relative number of glassy units in a glassy mode v,
which exhibit a local motion similar to that of one of the struc-
tural units for this phonon. Summation over all phonons with
fixed phonon frequency defines the frequency distribution of
crystallinity or the frequency-frequency “correlation” function
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Figure 6. The decay exponent a in the power-law decay of the displacement amplitude with distance from the center of localization, as defined by
Equation (4), versus a) frequency and b) PR for BLMs. The range for the power-law fit in the tail region is indicated in the panels.

Plvgve) = ) Plug (5a))3(ve — () ©)

pq

being a similarity characteristic between a glassy mode v, and
phonons with frequency near v..

The frequency distribution of crystallinity for a representative
QLM mode with frequency v, ~ 1.1 THz is shown by the solid
black line in Figure 7. The demixing procedure for QLMs does
not affect significantly the frequency distribution of crystallinity,
and the functions P(vg,v.) for both BLMs and NLMs, with
approximately the same glassy frequency, basically coincide with
that for QLMs (see the red and blue curves with the black curve in
Figure 7).

It is evident from the position of the peaks in Figure 7 that the
dominant contributions in local motion (which is of F;-rotation
type in this frequency range) for all QLMs, BLMs, and
NLMs come from groups of transverse-optic phonons with the
frequencies around 4-4.5 and 5.5THz. The other QLMs
and, moreover, the glassy eigenmodes in the boson-peak fre-
quency region, v, = 1.5THz, show a very similar frequency
behavior of P(vg, v.) (see the previous study®)). This means that
the local tetrahedral vibrations for all glassy low-frequency
modes, including the boson-peak region and even the lowest-
frequency (~0.57 THz for our finite-size model of 24 000 atoms)
plane-wave-like glassy modes, are similar to those for optic
phonons with the frequencies of 4-4.5 and 5.5THz, in
a-cristobalite.

40+

P(vyv,) (THz™)
S 8

=
(=)
1

0 T T T T
5 6 7

4
v, (THz)

Figure 7. The frequency distribution of crystallinity, P(v,, ), for QLM,
BLM, and BNLM of frequency v; = 1.1 THz in a model of v-SiO,, versus
phonon frequencies v, in a model of a-cristobalite for projections onto the
tetrahedral vibrational T4-group symmetry modes.

Phys. Status Solidi B 2021, 258, 2000422

2000422 (6 of 7)

5. Conclusions

In summary, a numerical analysis of quasilocalized vibrational
modes in a computer-simulated model of vitreous silica contain-
ing 24 000 atoms is presented in this article. The analysis was
undertaken in two directions related to: 1) a comparative investi-
gation of the spatial structure and localization properties of the
displacement field for low- and high-frequency modes; and 2) an
analysis of local vibrational motion by means of the symmetry-
mode projection technique developed in the previous study.®!
The emphasis was made for a detailed study of localization prop-
erties of the low-frequency QLMs. To achieve this aim, we used a
demixing technique!® for splitting quasilocalized and non-local-
ized low-frequency modes into bare localized and non-localized
contributions and conducted a further analysis for the BLMs. The
BLMs exhibit more distinctive localization properties, because
the plane-wave components are mainly removed from them
by the demixing procedure.

The BLMs typically have a single center of localization, a point
in space characterizing the mean position of atoms with maximal
amplitude of atomic vibrations. The displacement field decays
with the distance from the center of localization. This decay is
not uniform, and three regions can be distinguished for the
BLMs: the core, the tails, and the crossover between the first
two. In the core region near the center of localization, the ampli-
tude of the displacement field decays exponentially with a typical
decay length, called the localization length, L,, which is found to
be of interatomic scale, 2 S L, < 6 A. In the tail region, the decay
of the displacement amplitude follows approximately a power law
characterized by the exponent a. The value of the decay exponent
shows a tendency to increase with decreasing frequency, and its
values cover the range, 1 S a < 2. The crossover between the core
and tail regions is located ~ 10 A away from the center of
localization.

The comparative local symmetry-mode projection technique
was used to investigate the type of local vibrational modes in
QLMs. It is demonstrated that the low-frequency modes exhibit
a significant and distinct similarity with the local motion for optic
phonons in a-cristobalite, with the frequencies about 4-5 THz.
Both the optic-like character of local vibrations for the BLMs
and the exponential decay of their displacement field in the core
region are consistent with the following scenario for the origin of
the low-frequency modes.!"® The BLMs in vitreous silica are the
modes from the low-frequency tail of the optic band(s) formed by
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disorder-induced band broadening in a crystalline counterpart.
The predominant optic character supports their origin from
the optic band. The exponential decay of their displacement
field is very similar to that of truly localized high-frequency
modes and akin to that occurring in disorder-induced Anderson
localization.
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Transition metal dichalcogenides such as MoS,, which can be produced in
monolayer form, have attracted attention because of their interesting and
potentially useful electrical and optical properties. These properties often depend
sensitively on material properties such as defect density and crystallinity. Herein,
the effects of postgrowth annealing on monolayer MoS, grown using a novel
chemical vapor deposition process are investigated. In this process bulk
molybdenum patterns serve as the nucleation site and source material for high-
quality MoS, material growth. After postgrowth thermal annealing, the photo-
luminescence is found to blueshift and become more uniform up to an annealing
temperature of 300 °C. At higher temperatures, isolated monolayers begin to
crack along the grain boundaries, which leads to variations in luminescence,
whereas after annealing temperature of 200 °C, material anchored to the

molybdenum patterns is found to easily ablate.

1. Introduction

The field of 2D materials has been attracting significant attention
since the successful isolation of monolayer graphene.! A grow-
ing collection of layered materials has since been investigated
showing exceptional characteristics such as high mobilities,
semiconducting and superconducting behavior, ferromagne-
tism, and excellent thermal properties. Among these are transi-
tion metal dichalcogenides (IMDs), a class of layered materials
that demonstrate a progressive confinement-induced shift from
an indirect- to a direct-gap semiconductor in the monolayer
limit.”! The most studied of these, monolayer MoS,, has shown
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high carrier mobility of wup to
200 cm? V™'s™!, photoluminescence (PL)
enhancement up to 4 x 1073, and strong
spin—orbit coupling.*® Therefore, MoS,
has a great potential for applications in
the production of future electronic and
optoelectronic devices.

As with most materials, defects such
as grain boundaries play a critical, and
often detrimental, role in their properties.
Theoretical investigations, based on density
functional theory,m reveal that grain
boundaries can noticeably change the elec-
tronic structure of monolayer MoS, due to
induced midgap states, while experiments
have confirmed the optical and electrical
properties of monolayer MoS, can be
strongly affected by grain boundaries.!'”
Both the fabrication method of the 2D
material as well as any postfabrication processing may contribute
significantly to the quality and crystallinity of the material.

Traditional mechanical exfoliation has been shown to produce
extremely high-quality and highly crystalline material; however,
it is often in quantities useful only for laboratory research.
Chemical vapor deposition (CVD) has emerged as one of the
most common synthesis routes for thin-film TMD growth.[*~*#!
The process involves the direct chemical vapor phase reaction of
an oxide precursor and chalcogen powder, which may result in
the formation of many high-quality and large (tens to hundreds
of square micrometer) single crystals, though the nucleation
tends to be random and the coverage often incomplete or not
of uniform thickness.'*'>*?% Large-area growth has been
achieved through the reaction of thin transition metal films with
a chalcogen precursor.l'>*"2%1 However, the growth may depend
sensitively on the quality of the predeposited material, with the
resulting TMD inheriting the amorphous nature of the deposited
seed layer, resulting in small crystal domain sizes of the order of
tens to hundreds of square nanometer.

It has been shown that the morphology, substrate—material
bonding, defect density, and optical and electrical performance
of monolayer MoS, can be modified and often improved through
thermal annealing. Thermal annealing under vacuum has shown
an enhancement in the PL intensity due to the introduction of
anion vacancies in monolayer MoS,.*”} Also, improvement in
electrical performance of MoS, field effect transistors has been
observed after in situ thermal annealing under vacuum.?*®

© 2021 Wiley-VCH GmbH
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In situ two-cycle thermal annealing studies of monolayer MoS,
film on Si/Si0O,, up to 305 °C have shown that the film—substrate
bonding was significantly improved and polymer residues were
burned off, which altered and improved the optical and electrical
performance of MoS,.*®! It has also been shown that thermal
stress can be used to crystalize amorphous MoS,. R. H. Kim
demonstrated that local heating of amorphous ultrathin MoS,
films via a pulsed light source up to 390 °C resulted in crystalli-
zation of semiconductor 2D materials./**!

This work presents optical investigations into the quality and
crystallinity of as-grown and thermally annealed 2D MoS,; pro-
duced using a novel CVD technique.*® Here, monolayer
MoS, is produced using a technique by which material is found
to grow around lithographically defined patterns of bulk transi-
tion metals. Unlike the aforementioned sulfurization of thin
metal films, the resulting material in this case migrates outward
along the substrate, forming highly crystalline films with domain
sizes of the order of tens of micrometers.***!) In addition, the
material typically remains physically and electrically contacted
to the residual bulk transition metal patterns, which results in
as-grown, naturally contacted, and controllably located mono-
to-few-layer TMD material.

2. Results and Discussion

Monolayer MoS, samples were grown on Si/SiO, substrates
using a variation of the CVD technique described in a previous
work.?% This technique has been used to produce as-grown
device structures and complex material geometries.****! At typi-
cal growth temperatures, around 750 °C, the MoS, forms a con-
tinuously connected film around the bulk transition metal
pattern and no random, unconnected, MoS, growth is observed.
At higher growth temperatures, around 850 °C, the MoS, more
easily migrates away from the patterns and may form isolated,
free, regions of material, as shown in Figure 1d. This allows
for the concurrent investigation of what we will term as “free”
and “anchored” material.

PL was used as the primary tool for analysis (typical spectra
acquired from the material are shown in Figure 2 and 3).
There has been an enormous amount of work published related
to the PL from thin-film MoS, following from the first reports of
bright emission in the monolayer limit.>** Multilayer
MoS, has an indirect bandgap determined by the valence band
maximum located at the I'-point and the conduction band mini-
mum, midway between the K and I'-points and tends to show
weak emission. As the number of layers reduces, peaks in the
visible range, related to a direct-gap transition at the K(K') point,
increase dramatically in intensity and the near-IR emission from
the indirect transition severely blueshifts and effectively van-
ishes. This direct-gap region gives rise to the well-studied A
and B exciton states derived from the spin—orbit split valance
band and the degenerate conduction band. Throughout the
literature, the energies of these excitonic peaks often display
variability, although the lower energy A peak to be around
1.85eV (670nm) and the higher energy B peak around 2eV
(620 nm). This variability may arise from the sensitivity of the
monolayer material to external factors such as substrate, dielec-
tric environment, and strain.®>>”) It has been shown that
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Figure 1. a) Optical image of “free” monolayer MoS, material. b) Atomic
force microscopy image of the three merged triangles shown in (a).
c) Extracted line scans from the AFM image indicating monolayer
thickness (profile 1), continuous film over a region where the individual
triangular single crystals merge (profile 2), and bilayer growth in the center
(profile 3). d) Larger area optical image demonstrating the concurrent for-
mation of isolated “free” monolayer MoS; material and “anchored” mono-
layer MoS, material around the bulk molybdenum patterns. The scale bars
in (a) and (d) are both 10 pm.

strain can induce a large redshift in the optical bandgap of
99 meV/%,® while the specific substrate for CVD-grown mate-
rial may give rise to both strain and charge doping effects.’” In
addition to shifts of the main neutral exciton peaks, additional
emission peaks may be observed, the most common being the
negatively charged exciton, or negative trion (A”),*” which is
sensitive to carrier density and appears ~20 meV lower in energy
than the A peak. Finally, impurities and defects can result in the
emergence of new peaks or relaxation channels such as impurity
bound excitons and free-to-bound transitions.*! 1t has been
shown that the B/A intensity ratio is a measure of the defect den-
sity and the relative magnitude of nonradiative relaxation chan-
nels, where a low B/A ratio is indicative of low defect density.[42]

With the many possible relaxation pathways and effects,
unambiguous identification of those most affected by thermal
annealing is challenging at best. We are currently in the process
of performing additional experiments including electrical gating
to tune carrier density, excitation power dependence, and time-
resolved measurements to gain insight into recombination
mechanisms. For the current study we restrict our analysis to
PL line shapes and intensity ratios. All the spectra, discussed
in more detail subsequently, are best fitted by two Lorentzian
peaks. Although this might suggest predominantly neutral A
and B excitons and low carrier concentrations, it will be impor-
tant to track the separation between the A and B peaks (Aag).
With strain-induced changes in the spectra, the A and B peaks
have been reported to move in tandem, 3] while variations in the
separation would suggest the emergence of new peaks.!*! As dis-
cussed earlier, such peaks may arise from the emergence or sup-
pression of trions or impurity states. As reported elsewhere,*?
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Figure 2. A sequence of results of “anchored” material from the sample shown in Figure Ta—c. Each row consists of an optical image, normalized total
intensity, separation of the peaks labeled A and B, the ratio of the intensities of the B to A peak, and representative spectra from the circled regions in the
optical images. The colored maps were derived from fits to the spectra at each of the positions to a sum of two Lorentzians. Examples of such fits are
shown in the representative spectra. PL spectra were taken using a 532 nm laser with either a 50x (0.85 NA) or 100x (0.90 NA) objective lens. The laser

power was maintained at ~TmW.

the ratio of the B to A intensities (B/A) can give insight into the
defect density in the material. Therefore, we will also track the
variation of B/A as we anneal the samples.

With these points in mind, we will first consider the
“anchored” material, a region clearly connected to the bulk
molybdenum pattern, which was identified and characterized
as shown in Figure 2. All PL measurements were taken at room
temperature using a 532 nm laser with either a 50x (0.85 NA) or
100x (0.90 NA) objective lens. The samples were annealed at
temperatures of 200 and 300 °C. For the “free” material we also
annealed at 400 °C. For the annealing process, the sample was
placed on a graphite boat at the center of a 2 in. diameter quartz
tube within the furnace, which was flushed with ultrahigh purity
Ar gas at a rate of 0.5 LPM for 30 min. The furnace was then
brought up to the desired annealing temperature while a con-
stant flow of Ar was maintained. The sample stayed at the target
temperature and was brought back to room temperature natu-
rally after 30 min. The PL spectrum of the sample was taken
at room temperature after annealing. Interestingly for the
“anchored” material, upon completing the first anneal step at
200°C, it was found that the material ablated at laser powers
comparable to those used to characterize the “free” regions
(=1 mW). The ablation of the material occurs in the region clos-
est to the contact and may be due to a decrease in the crystallinity
of the material near the contact or possibly a thermally induced
separation of the material from the substrate. Although others
have observed laser-induced thinning of few-layer MoS,,**
the reported powers at which this occurs were an order of mag-
nitude higher than used here and even with such high powers, it
was reported that the monolayer would remain. Further investi-
gations are currently underway to determine the mechanism
leading to this laser ablation. In spite of the loss of material
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adjacent to the contact, there was enough remaining material
to analyze. Figure 2 shows a series of data taken after annealing
the sample at 200 and 300°C along with the as-grown data.
The ablation mentioned previously can be clearly seen in the
sequence of optical images in the first column. The two circled
regions in the optical images correspond to the highlighted
spectra in the right-most column. Looking first at these represen-
tative spectra, there is a clear blueshift and an increase in inten-
sity of the black region relative to the red region. Correlating this
with the change in the peak separation, Aap, and B/A ratio
suggests that the shifting of the peaks may be related to the
emergence of other lines as opposed to strain. A narrowing of
the linewidth for the lower energy peak is also observed with
annealing. This could indicate a change in the homogeneity
or lifetime of the associated recombination. We are currently
working to acquire time-resolved measurements to further inves-
tigate these effects.

For comparison we have also investigated the PL properties of
“free” material. Figure 1a—c shows the optical image and atomic
force microscopy (AFM) image of a merged set of MoS, triangu-
lar single crystals (20 pm in width) on which PL measurements
were performed. Similar to Figure 2, Figure 3 shows a series of
data taken after annealing the sample at 200, 300, and 400 °C
along with the as-grown data. Unlike the “anchored” material,
no obvious physical change is observed in the optical images
until the 400 °C anneal, at which point visible cracks begin to
emerge along grain boundaries. Similar to the spectra for the
“anchored” material, there is a clear blueshift for both regions.
Although we were unable to obtain similar signal-to-noise ratios
to those of the “anchored” regions, tentative correlation of the
blueshift with the change in the peak separation, Asg, and B/A
ratio again suggests that the shifting of the peaks may be related

© 2021 Wiley-VCH GmbH
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Figure 3. A sequence of results of “free” material from the sample shown in Figure T1a—c. Each row consists of an optical image, normalized total intensity,
separation of the peaks labeled A and B, the ratio of the intensities of the B to A peak, and representative spectra from the circled regions in the optical
images. The colored maps were derived from fits to the spectra at each of the positions to a sum of two Lorentzians. Examples of such fits are shown in
the representative spectra. PL spectra were taken using a 532 nm laser with either a 50 (0.85 NA) or 100 (0.90 NA) objective lens. The laser power was

maintained at ~1TmW.

to the emergence of other lines as opposed to strain. Again, a
narrowing of the linewidth for the lower energy peak is also
observed with annealing. Looking at the “Normalized Total
Intensity” column in Figure 3 for 200 and 300 °C respectively,
a more uniform PL map is observed. For example, the PL inten-
sity of the film in the regions highlighted by the red circle com-
pared to the PL intensity of the grain boundary within the black
circle became highly uniform after annealing the sample up to
300 °C. The sample was then further annealed at 400 °C, which
resulted in enhanced PL around the grain boundary region, sim-
ilar to the as-grown measurements. As mentioned, although the
optical image of the sample after annealing at 400 °C showed no
obvious changes in the size or orientation of the flakes, cracks

along the grain boundaries were observed. Again, correlating this
change in intensity with the change in the peak separation, Axg,
and B/A ratio suggests that these effects may be related to the
emergence of other lines as opposed, or in addition, to strain.
We note that previous studies have shown that the structure
of the crystal at the grain boundaries can be molybdenum
(Mo) or sulfur (S) rich, which would result in n- or p-doping
in the grain boundary region, respectively.’” A potential expla-
nation for the nonuniform PL map after annealing the sample at
400 °C is that the structure of the MoS, crystal along the cracks
contains dangling bonds that act as absorption centers and
p-dope the region by absorbing impurities such as O, or H,0
as has been reported previously.*>) Raman spectroscopy analysis

Figure 4. Plots of the separation of the peaks labeled A and B, and the ratio of the intensities of the B to A peak, extracted from the fits to the
representative spectra from the circled regions in the optical images in Figure 2 and 3.
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of the region, presented in the Supporting Information, indicates
that while the E;, mode remains the same, the A;; mode blue-
shifts ~2 cm™" at the cracks when compared to the monolayer
region, which implies that the cracks may be p-doped.*®! This
may also be an explanation for some of the inhomogeneities
in intensity observed in the “anchored” material. Figure 4 plots
the values for the peak separation, Aap, and the B/A ratio
extracted from the fits to the spectra in Figure 2 and 3. There
appear to be opposite trends with regard to the B/A ratio for
the “anchored” versus “free” material, whereas for both, the peak
separation either slightly decreases or remains constant. These
results suggest potential differences in the doping and/or defects
for the two, laying the foundation for further studies into their
specific origins.

3. Conclusion

The production of large areas of high-quality, crystalline, 2D
material is necessary for industrial-scale applications. Although
large-area film growth has been demonstrated, it is often amor-
phous and with variable thickness. In this work, the effect of
postgrowth thermal annealing of 2D MoS, was investigated
on material grown using a novel CVD technique that results
in large areas of self-contacted material with large crystal
domains. Under certain growth conditions random nucleation
also occurred resulting in isolated triangular crystalline regions
of “free” material. PL investigations revealed a blueshift in the
emission along with the intensity becoming more uniform
across the monolayer up to 300 °C, whereas, at 400 °C the mono-
layer began to crack along the grain boundaries. Interestingly, it
was found that the contacted, or “anchored,” material became
highly susceptible to laser ablation after the first annealing step
at 200 °C. This may indicate a thermally induced separation of
the material from the substrate or reduced crystallinity near
the contacts. Further experiments are underway to determine
the cause of this observation. PL investigations of the remaining
“anchored” material revealed similar results to those for the
“free” material, although differences were observed in the homo-
geneity of the PL intensity. These results lay a foundation for con-
tinued investigations of these naturally contacted CVD-grown
materials where a deeper understanding would provide valuable
insight into the nucleation, growth mechanism, and defect prop-
erties for the material.

Supporting Information

Supporting Information is available from the Wiley Online Library or from
the author.

Acknowledgements

This work was supported by the Ohio University Innovation Strategy as
well as the Ohio University Nanoscale & Quantum Phenomena
Institute. The authors extend their appreciation to the Deputyship for
Research and Innovation, Ministry of Education in Saudi Arabia for fund-
ing this research work through the project number (776).

Phys. Status Solidi B 2021, 258, 2000426

2000426 (5 of 6)

www.pss-b.com

Conflict of Interest

The authors declare no conflict of interest.

Keywords

2D materials, chemical vapor deposition, MoS,, photoluminescence,
Raman, transition metal dichalcogenides

Received: July 31, 2020
Revised: November 22, 2020
Published online: January 15, 2021

[1] K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang, Y. Zhang,
S. V. Dubonos, I. V. Grigorieva, A. A. Firsov, Science 2004, 306, 666.

[2] K. F. Mak, C. Lee, ). Hone, |. Shan, T. F. Heinz, Phys. Rev. Lett. 2010,
105, 136805.

[3] X. Xu, W. Yao, D. Xiao, T. F. Heinz, Nat. Phys. 2014, 10, 343.

[4] Q. H. Wang, K. Kalantar-Zadeh, A. Kis, J. N. Coleman, M. S. Strano,
Nat. Nanotechnol. 2012, 7, 699.

[5] H. Zeng, X. Cui, Chem. Soc. Rev. 2015, 44, 2629.

[6] K. ). Koski, Y. Cui, ACS Nano 2013, 7, 3739.

[7] A. Splendiani, L. Sun, Y. Zhang, T. Li, . Kim, C.-Y. Chim, G. Galli,
F. Wang, Nano Lett. 2010, 70, 1271.

[8] M. Chhowalla, H. S. Shin, G. Eda, L.-J. Li, K. P. Loh, H. Zhang, Nat.
Chem. 2013, 5, 263.

[9] W. Zhou, X. Zou, S. Najmaei, Z. Liu, Y. Shi, J. Kong, J. Lou,
P. M. Ajayan, B. I. Yakobson, ).-C. Idrobo, Nano Lett. 2013, 13, 2615.

[10] A. M. van der Zande, P. Y. Huang, D. A. Chenet, T. C. Berkelbach,
Y. You, G.-H. Lee, T. F. Heinz, D. R. Reichman, D. A. Muller,
). C. Hone, Nat. Mater. 2013, 12, 554.

[17] Y. Shi, H. Li, L.-). Li, Chem. Soc. Rev. 2015, 44, 2744.

[12] Y. Zhan, Z. Liu, S. Najmaei, P. M. Ajayan, ). Lou, Small 2012, 8, 966.

[13] Y-H. Lee, X.-Q. Zhang, W. Zhang, M.-T. Chang, C.-T. Lin,
K.-D. Chang, Y.-C. Yu, J. T.-W. Wang, C.-S. Chang, L.-J. Li, T. W. Lin,
Adv. Mater. 2012, 24, 2320.

[14] Y. Shi, W. Zhou, A.-Y. Lu, W. Fang, Y.-H. Lee, A. L. Hsu, S. M. Kim,
K. K. Kim, H. Y. Yang, L.-J. Li, . C. Idrobo, Nano Lett. 2012, 12, 2784.

[15] C. Cong, ). Shang, X. Wu, B. Cao, N. Peimyoo, C. Qiu, L. Sun, T. Yu,
Adv. Opt. Mater. 2014, 2, 131.

[16] M. Okada, T. Sawazaki, K. Watanabe, T. Taniguch, H. Hibino,
H. Shinohara, R. Kitaura, ACS Nano 2014, 8, 8273.

[17] Y. Zhang, Y. Zhang, Q. Ji, J. Ju, H. Yuan, ). Shi, T. Gao, D. Ma, M. Liu,
Y. Chen, X. Song, ACS Nano 2013, 7, 8963.

[18] A. L. Elias, N. Perea-Lopez, A. Castro-Beltran, A. Berkdemir, R. Lv,
S. Feng, A. D. Long, T. Hayashi, Y. A. Kim, M. Endo, H. R. Gutiérrez,
ACS Nano 2013, 7, 5235.

[19] J. Xia, X. Huang, L.-Z. Liu, M. Wang, L. Wang, B. Huang, D.-D. Zhu,
J.-J. Li, C.-Z. Gu, X.-M. Meng, Nanoscale 2014, 6, 8949.

[20] J.-K. Huang, J. Pu, C.-L. Hsu, M.-H. Chiu, Z.-Y. Juang, Y.-H. Chang,
W.-H. Chang, Y. lwasa, T. Takenobu, L.-). Li, ACS Nano 2014, 8, 923.

[27] D. Kong, H. Wang, J. J. Cha, M. Pasta, K. J. Koski, J. Yao, Y. Cui, Nano
Lett. 2013, 13, 1341.

[22] Y.-C. Lin, W. Zhang, ).-K. Huang, K.-K. Liu, Y.-H. Lee, C.-T. Liang,
C.-W. Chu, L.-). Li, Nanoscale 2012, 4, 6637.

[23] J.-G. Song, . Park, W. Lee, T. Choi, H. Jung, C. W. Lee, S.-H. Hwang,
J. M. Myoung, J.-H. Jung, S.-H. Kim, C. Lansalot-Matras, ACS Nano
2013, 7, 11333.

[24] X. Wang, H. Feng, Y. Wu, L. Jiao, J. Am. Chem. Soc. 2013, 135, 5304.

[25] P.T.K. Loan, W. Zhang, C.-T. Lin, K.-H. Wei, L.-J. Li, C.-H. Chen, Adv.
Mater. 2014, 26, 4838.

© 2021 Wiley-VCH GmbH


http://www.advancedsciencenews.com
http://www.pss-b.com

ADVANCED
SCIENCE NEWS

www.advancedsciencenews.com

[26] R. Gatensby, N. McEvoy, K. Lee, T. Hallam, N. C. Berner, E. Rezvani,
S. Winters, M. O’Brien, G. S. Duesberg, Appl. Surf. Sci. 2014, 297, 139.

[27] S. Tongay, J. Suh, C. Ataca, W. Fan, A. Luce, J. S. Kang, J. Liu, C. Ko,
R. Raghunathanan, ). Zhou, F. Ogletree, J. Li, J. C. Grossman, ). Wu,
Sci. Rep. 2013, 3, 2657.

[28] L. Su, Y. Yu, L. Cao, Y. Zhang, Phys. Rev. Appl. 2017, 7, 034009.

[29] R. H. Kim, ). Leem, C. Muratore, S. Nam, R. Rao, A. Jawaid,
M. Durstock, M. McConney, L. Drummy, R. Rai, A. Voevodin,
N. Glavin, Nanoscale 2019, 11, 13260.

[30] S. Khadka, M. Lindquist, S. H. Aleithan, A. N. Blumer,
T. E. Wickramasinghe, M. E. Kordesch, E. Stinaff, Adv. Mater.
Interfaces 2017, 4, 1600599.

[31] G. H. Han, N. J. Kybert, C. H. Naylor, B. S. Lee, ). Ping, ). H. Park,
J. Kang, S. Y. Lee, Y. H. Lee, R. Agarwal, A. T. C. Johnson, Nat.
Commun. 2015, 6, 6128.

[32] S. Khadka, T. E. Wickramasinghe, M. Lindquist, R. Thorat,
S. H. Aleithan, M. E. Kordesch, E. Stinaff, Appl. Phys. Lett. 2017,
110, 261109.

[33] S. Aleithan, T. Wickramasinghe, M. Lindquist, S. Khadka, E. Stinaff,
ACS Omega 2019, 4, 9557.

[34] A. Splendiani, L. Sun, Y. Zhang, T. Li, J. Kim, C.-Y. Chim, G. Galli,
F. Wang, Nano Lett. 2010, 10, 1271.

[35] M. Buscema, G.A. Steele, H. S. ). van der Zant, A. Castellanos-Gomez,
Nano Res. 2014, 7, 561.

Phys. Status Solidi B 2021, 258, 2000426

2000426 (6 of 6)

www.pss-b.com

[36] Y. Lin, X. Ling, L. Yu, S. Huang, A. L. Hsu, Y. H. Lee, ). Kong,
M. S. Dresselhaus, T. Palacios, Nano Lett. 2014, 14, 5569.

[37] A. Castellanos-Gomez, R. Rolddn, E. Cappelluti, M. Buscema,
F. Guinea, H. S. ). Van Der Zant, G. A. Steele, Nano Lett. 2013,
13, 5361.

[38] D. Lloyd, X. Liu, ). W. Christopher, L. Cantley, A. Wadehra,
B. L. Kim, B. B. Goldberg, A. K. Swan, ). S. Bunch, Nano Lett.
2016, 16, 5836.

[39] W. H. Chae, ). D. Cain, E. D. Hanson, A. A. Murthy, V. P. Dravid, Appl.
Phys. Lett. 2017, 111, 143106.

[40] K. F. Mak, K. He, C. Lee, G. H. Lee, J. Hone, T. F. Heinz, ). Shan, Nat.
Mater. 2013, 12, 207.

[41] D. Kaplan, K. Mills, J. Lee, S. Torrel, V. Swaminathan, J. Appl. Phys.
2016, 779, 214301.

[42] K. M. McCreary, A. T. Hanbicki, S. V. Sivaram, B. T. Jonker, APL Mater.
2018, 6, 111106.

[43] K. He, C. Poole, K. F. Mak, J. Shan, Nano Lett. 2013, 13, 2931.
[44] A. Castellanos-Gomez, M. Barkelid, A. M. Goossens, V. E. Calado,
H. S. ). van der Zant, G. A. Steele, Nano Lett. 2012, 12, 3187.

[45] H. Nan, Z. Wang, W. Wang, Z. Liang, Y. Lu, Q. Chen, D. He,
P. Tan, F. Miao, X. Wang, |. Wang, Z. Ni, ACS Nano 2014, 8,
5738.

[46] B. Chakraborty, A. Bera, D. V. S. Muthu, S. Bhowmick,
U. V. Waghmare, A. K. Sood, Phys. Rev. B 2012, 85, 161403.

© 2021 Wiley-VCH GmbH


http://www.advancedsciencenews.com
http://www.pss-b.com

ORIGINAL PAPER

www.pss-b.com

Effects of Surface Orientation and Termination Plane on
Glass-to-Crystal Transformation of Lithium Disilicate by

Molecular Dynamics Simulations
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Dedicated to Professor David A. Drabold on the occasion of his 60th birthday

Glass-to-crystal transformation of lithium disilicate is studied using molecular
dynamics simulations using an effective partial charge potential. The structural
evolution of the interface between glassy and crystalline lithium disilicate

is analyzed to simulate crystallization of glass on pre-existing crystal seeds.
Besides previously used atomic number density, the distribution of Q, species
(Si tetrahedra with n bridging oxygen) is shown to be an effective parameter for
following this transformation quantitatively. The early stages of crystal growth are
significantly affected by the orientation and termination of the surface of adjacent
crystal, as indicated by calculated atomic density, partial ordering, atomic seg-
regation, and an increase in Qs concentration. In particular, under-coordinated
Si within the outer crystal layer is found to be most effective in transforming the
amorphous structure toward crystallinity. The increase in Q; in the glass close

predict the underlying processes and phe-
nomena. For example, it has been a continu-
ing challenge to reconcile many orders of
magnitude  discrepancy between  the
observed and predicted rates of crystalliza-
tion of LS2-glass.l"**%)

Classical molecular dynamics (MD) sim-
ulations of crystal and glass systems!'¢~*%
have been used to provide insights into
short and medium-range structures.
McKenzie et al. reported the hybrid MD
and Monte Carlo simulations of crystal
nucleation of lithium disilicate glasses*”
via an implicit glass model, where the
growing cluster matches the experimental

to interface region most clearly shows the initial stage of lithium disilicate

crystal growth.

1. Introduction

Lithium silicate glasses have been studied extensively for years,
owing to their applications in scintillators™ and commercial
glass-ceramics.”? The crystallization behavior of lithium silicate
glass systems has been investigated experimentally for decades
and continues to be an active research area of glass science.
In addition, lithium silicate glasses serve as model systems in
nucleation and crystal growth studies due to their convenient
glass formation and homogenous nucleation, which has been
observed and reported by a variety of experimental techni-
ques." ™ In general, lithium disilicate glass (LS2-glass) with com-
position Li,O-2Si0, has a propensity to nucleate lithium disilicate
(LS2-crystal) crystal phase.'”! Nevertheless, the lack of knowledge
of structural evolution of crystallization of lithium silicate glass
systems limits the ability to further understand, control, and to
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structure. The interface model that com-
bines crystal and glass parts has been used
to simulate the crystal growth of glass
using different crystal seeds, yet the
computational characterization of glassy
and crystalline structures in the interface region remains chal-
lenging and poorly understood. Garofalini and co-workers
reported a series of MD simulations regarding silica and alu-
mina, including the structures of silica/alumina interfaces, !
calcium  silicate/alumina interfaces,”” and calcium-alumino-
silicate glasses/alumina interfaces.*** Jiang and Garofalini
reported an MD study on p-SizN,/rare-earth-doped silicon oxyni-
tride glassy interfaces and found crystal growth on the prism
surface in B-SisN,.**! Rushton et al.?® showed distinct atomic
density profiles of interfaces between sodium lithium borosili-
cate and different MgO/CaO crystal surfaces. Sun and Du/*’!
reported that in the MD simulated MgAl,0,/aluminoborosilicate
glass®”! interface, a highly ordered [SiO,] tetrahedron layer forms
near Al-terminated MgAl,O, crystal.

The characterization of crystallization at an interface can
be difficult to assess and may depend on the parameter used
to distinguish crystallinity from amorphousness. In the early
studies mentioned earlier, this distinction was based on the
atomic density profiles along the interface normal. Recently,
Sun and Dul®*¥ reported the structures of interfacial region
between aluminoborosilicate glass and MgAl,O, spinel crystals
using the recently developed classic interatomic potentials.*’!
The results show that the coordination number changes, and
the bond distance between O and Al/B atoms can be a useful
indicator of crystallization of glass owing to the distinct

© 2020 Wiley-VCH GmbH
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coordination number of such species in the two states. However,
these parameters are not useful for identifying the boundary
between glassy and crystalline lithium disilicate, as the local
structure around Si defined by SiO, tetrahedral units is very sim-
ilar for the two cases. On the other hand, the medium-range
order, which depicts larger structures, indicates quite distinct glass
former units in crystalline and glassy states.***!) An example of
such distinctive characteristic is the distribution of bridging oxygen
(n) around silicon atoms, called Q,, species in silicate compositions,
which has been compared experimentally in crystal versus glass by
magic angle spinning nuclear magnetic resonance (MAS-NMR).*?

Although much of the current knowledge has been acquired
in terms of the structural behavior of crystal/glass interfaces
from computational studies, a comprehensive understanding
of interfacial behavior such as the role of crystal orientation
and a rigorous characterization of crystalline and glassy phase
in the lithium disilicate system is still lacking. Accordingly,
the aim of this work is to investigate the crystal growth process
by focusing on the congruent transformation of glass to an exist-
ing crystal within a model system that has been investigated most
extensively experimentally: lithium disilicate glass (LS2-glass) to
crystal (LS2-crystal) conversion by examining the crystal/glass
interface region. In particular, we explore the effect of how
the crystal’s orientation and surface termination in contact with
glass may affect the growth of perfect LS2-crystal from the ran-
dom glassy matrix of the same average composition. This infor-
mation about the interfacial region will help us understand the
early stages of homogeneous single crystal growth without the
complications of chemical effects encountered in heterogeneous
crystal growth. Here, we also investigated the usefulness of the
Q,, distribution analysis as a medium-range order parameter for
characterizing glass — crystal transformation.

2. Computational Methods and Models

DL_POLY package was used to carry out the classic MD simu-
lations of glass and glass/crystal interfaces. Integration of the
equation of motion was carried out using the Velocity Verlet
method with a time step of 1fs. The ion—ion interactions
included long-range coulombic and short-range Buckingham
terms, where fractional charge potentials were used to describe
the partial covalent and partial ionic nature of the chemical bond-
ing. The Buckingham potential is given by

e
Vii(ry) = A; exp(—p—y) -—= (1)

where r;; represents the interatomic distance between atoms i and
J; A, p, and C are the fitting parameters for this potential. Their
values along with charges for short-range interactions are given
in Table 1.%°?% For the simulation of bulk lithium disilicate
(Li,Si,0s) crystal, a classical atomistic method is adopted using
General Utility Lattice Program (GULP)®Y with the potential
parameters listed in Table 1. Good agreement between the cal-
culated and experimental LS2-crystal lattice parameters along
with calculated stable crystal cell at low temperatures with
isothermal-isobaric NPT ensemble (note that N, P, T, V, and E
in NPT, NVE, and NVT stand for total number of atoms,
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Table 1. Atomic charges and Buckingham potential parameters 2%

Pairs A [eV] i 1Al C; [eV A9
o -0 2029.2204 0.343645 192.58
Siz4—0 12 13702.905 0.193817 54,681
Li%—0"'2 41051.9380 0.151160 0.000

pressure, temperature, volume, and total energy, respectively)
validates the structure generated using these potential sets
(please see Supporting Information).

A slab model with applied 3D periodic boundary condition is
adopted to simulate the crystal/glass interface. The initial config-
uration contains the LS2-glass layer and as-cleaved crystal surface
layer of LS2-crystal. For the crystal surface half, slab models for
lithium disilicate (001), (010), (100), and (110) faces were gener-
ated based on as-cleaved, optimized LS2-crystal without allowing
any relaxation of the established lattice. It is shown in Figure 1
that each LS2-crystal surface model has unique surface termina-
tion that characterizes the exposed outer layer. The surface slab
consists of repeated layers stacking along surface normal direc-
tion (identified as z-direction), with terminated full or half repet-
itive layer on the two sides. For example, the LS2(110) surface
model has SiO termination on the right-hand side and SiO, ter-
mination on the left-hand side, which are both part of the Si,O;
layer within the layer sequence. In addition, two LS2(001) surfa-
ces, LS2(001)-a and LS2(001)-b, with different terminations were
simulated to investigate the effect of crystal surface termination
on an interface structure. LS2(001)-a has Si,O; termination on
one side and O, on the other side, whereas LS2(001)-b contains
Si,0s termination on both sides. Figure 1 shows the schematic
structures of all the Li,Si,0Os crystal planes investigated in this
study. The cleaved LS2-crystal (100), (010), (110), (001)-a, and
(001)-b surface slabs for interface building contain 864, 2160,
864, 720, and 720 atoms, respectively.

To build the crystal/glass interface, the x and y dimensions
of simulated glass cell were designed the same as the adjacent
LS2-crystal surface cell, as shown in Figure 2. The four chosen
crystal surface cells in this study were cleaved with different x, y,
and z dimensions; therefore, four glass cells with corresponding
x and y dimensions were generated. As all the glass cells have the
same density and numbers of atoms, the z dimensions of glass
cells were determined accordingly. The initial glass model was
generated with 2160 atoms by randomly placing all the atoms
into the corresponding cell. This step was followed by heating
the cell to 6000 K using constant volume NVT and microcanon-
ical NVE ensembles, and then quenching down to 300 K with a
cooling rate of 5 Kps ™. The final glass structure was then used
to construct the interface with cleaved crystal surface cell.

The interface was constructed by assembling LS2-crystal
and -glass parts along surface normal direction, with applied
3D periodic condition and a 5A vacuum gap in between.
The initial interface was then melted in 6000 K followed by an
iterative quench to 300K with the same cooling rate of
5 Kps~' with constant volume NVT ensemble and microcanoni-
cal NVE ensemble. The dimensions of final constructed
interfaces of LS2(100)/LS2-glass, LS2(010)/LS2-glass, LS2(110)/
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Figure 1. Schematic structure of Li,Si,Os crystal surfaces: a) (100), b) (010), c) (110), d) Si,Os-terminated (001), and e) Si,Os-terminated (001).

Figure 2. Schematic structure of initial generated LS2-crystal/LS2-glass
interface model.

LS2-glass, LS2(001)-a/LS2-glass, and LS2(001)-b/LS2-glass
were 29.0 x 28.5 x 47.2, 28.1 x 28.5 x 63.2, 27.9 x 30.6 x 44.9,
28.6 x 28.8 x 44.7, and 28.6 x 28.8 x 43.9 A, respectively.

The atomic position in the crystalline component was fixed duz-
ing this process because of the small density difference between
LS2-crystal and LS2-glass. Pair distribution function (PDF) and
bond angle distribution (BAD) were determined to study the
short-range structures of LS2-crystals, glasses, and interfaces.
The medium-range structure feature was studied by analyzing
the distribution of Q,, species, which represent network forming,
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silicon tetrahedral units with n bridging oxygens. They describe
the connectivity of the covalent silicate network.

3. Results
3.1. Structure of Bulk LS2-Crystal and LS2-Glass

The short-range structure is often described by PDF and BAD. To
compare the short-range structures of the crystal and glass, the
simulated total PDF of Si—O, Li—O, Li—Si, and O—O pairs in
LS2-crystal and LS2-glass was obtained, as shown in Figure 3.
For both forms of lithium disilicate, Si shows very similar
Si—O (Figure 3a) bond length of 1.60 A and 100% coordination
number of four, indicating the stable local structure around Si
regardless of long-range order/disorder. This result agrees well
with prior reports on silicate glasses, such as lithium disilicate,**!
boroaluminosilicate,**) and aluminosilicate®”! obtained from
MD simulations as well as experimental X-ray absorption spectra
analysis.*® The Li species in LS2-glass, a glass modifier, has a
main peak of Li—O locating at around 1.88A (shown in
Figure 3b), in good agreement with previous MD and experimen-
tal X-ray diffraction (XRD) and extended X-ray absorption fine
structure (EXAFS) results.*>*! In addition, the PDF of Li—O
indicates that the average Li—O bond length in LS2-glass is
smaller than that in LS2-crystal. Distributions of Si and Li coor-
dination species for the two structures are summarized in
Table 2. The Li ion in LS2-glass is 62.1% three coordinated to
oxygen and 29.4% four coordinated to oxygen. By comparison,
the Li in LS2-crystal is 100% fourfold coordinated, thus serving
as a potentially useful indicator of the crystallinity at a local level.
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Figure 3. PDF of a) Si—O pair, b) Li—O pair, c) Li—Si pair, and d) O—O pair for bulk LS2-crystal and glass.

Table 2. Coordination number distribution of various elements in bulk
LS2-crystal and LS2-glass (the cutoff of each pair is chosen based on
the PDF curves in Figure 3).

Cutoff [A] 2 3 4 5
LS2-crystal
Si 2.0 100%
Li 2.7 100%
LS2-glass
Si 2.0 100%
Li 2.4 7.3% 62.1% 29.4% 1.2%

A comparison of Li—Si and O—O PDFs for the two systems is
shown in Figure 3c,d. In general, the LS2-glass structure has
much broader distributions of Li—Si pairs, with a higher inten-
sity and longer Li—Si bond length in the LS2-crystal than in LS2-
glass. The main peak of O—O PDF of the two structures is located
at 2.63 A, with the corresponding value for LS2-glass reported
from neutron diffraction as 2.64-2.66 A.**~*!

The BADs of O—Si—0 and O—Li—O bonds in LS2-crystal and
LS2-glass are shown in Figure 4. In Figure 4a, the O—Si—O BAD
for both structures is quite similar (at around 109°), close to the
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ideal tetrahedral angle of 109.47°, but the peak intensity is lower
for LS2-glass than for LS2-crystal. These results are in good
agreement with previous MD and ab initio MD simulation of
variety of glasses, such as lithium disilicate glass,** sodium tet-
rasilicate glass,*? and LiAlSi,O¢ glass,!*®! further confirming the
insensitivity of the local environment around Si species to the
composition of silicate glasses. The O—Li—O BADs of the two
structures show broad peaks, as shown in Figure 4b. The
BAD of LS2-crystal has a range from 91.7° to 136.9° with a peak
at106.8°. For the LS2-glass structure, the BAD for O—Li—O angle
shows a peak at around 106.5 with a considerably larger breadth
ranging from 70.1° to 173.1°.

The Q,, species, which denote the number (n) of bridging oxy-
gen per [SiO4] tetrahedron, are often used to describe how the
network formers connect with each other in glass at medium
range. The values of Q, for the two samples are shown in
Table 3. Due to the long-range order of the atomic arrangement
in crystal, the Q,, distribution of LS2-crystal shows 100% Qs con-
centration. This unique feature differentiates the LS2-crystal and
LS2-glass and, therefore, can be useful to identify crystallization
in the interface region. For the LS2-glass, it is shown in Table 3
that there exist Q;, Q,, O3, and Q, species from MD simulation
in this work, with the percentages of 3.54%, 21.25%, 45.62%, and
29.58%, respectively. The four Q, species agree reasonably with
reported MD  simulations,***!  which showed lower
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Figure 4. BAD of a) O—Si—O and b) O—Li—O for bulk LS2-crystal and glass.

Table 3. Q, distribution (%) in bulk LS2-crystal and LS2-glass from
a) present work and b) literature.

n= 1 2 3 4 Method
a) From this work

LS2-crystal 100 MD
LS2-glass 3.54 21.25 45.62 29.58 MD
b) From the literature

LS2-glass!*®! 20.8 58.4 20.8 AIMD
LS2-glass!*¥ 4.6 21.4 423 31.9 MD
LS2-glass!*®! 3.5 21.1 422 316 MD
LS2-glass!*®! 24 55 21 NMR
LS2-glass!*’! 21.9 57.3 14.6 Raman

concentration of Q; and higher concentration of Q. The results
of NMR,*®! Raman,*”! and ab initio MD (AIMD) simulations!*®!
reported only three Q,, species, Q,, Qs, and Q.

3.2. Atomic Density Profiles of LS2-Crystal (110)/LS2-Glass
Interface

The atomic number density normal to the interface, i.e., the
z-density profile, is an effective and simple parameter to charac-
terize the overall crystal/glass interface region. To acquire this
profile, we first divided the interface system into a series of equal
sections along the z-direction. This step was followed by a calcu-
lation of the number of atoms in each section by considering the
z coordinate of each atom and then divided by the volume of the
slice in the xy plane. Finally, the number density was plotted as a
function of z position of the slab.

The structures and atomic distributions of LS2(110)/LS2-glass
were clearly captured by the schematic structural configuration
and z-density profiles, as shown in Figure 5. For convenience, the
atom color of each type in Figure 5a corresponds to the color of
z-density profiles in Figure 5b; the same representation is used
for describing all the other interface models in this work.
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In Figure 5a, deep red, blue, and black colors denote O, Si,
and Li atoms in crystal, whereas lighter versions represent the
same atoms in glass, respectively. The LS2(110) surface model,
shown in Figure 2¢, contains repetitive Si,O; and Li,Si,Oy layers.
The two terminations, SiO termination on one side and SiO, ter-
mination on the other side, belong to incomplete Si,O; layer
within the sequence. It is shown that Si atoms from the glass
are absorbed onto two LS2(110) surfaces, bonding with the O
atoms from both outer layers from the crystal side forming [SiO4]
tetrahedra. In addition, an ordered local structure in glass can be
observed directly near the crystal surface, yet it only comes from
the Si and O species.

The distributions of Si, O, and Li atoms are then established
from the density profiles in Figure 5b, where the dashed lines
represent crystal side and solid lines denote to the glass part.
For O and Si, the peak intensity increases dramatically near both
sides of the crystal side, which indicates the ordered structure
that consists of these species from LS2-glass. As the atomic pro-
files shift into bulk glass away from the interface, these sharp
peaks with high intensity start broadening. Eventually, they
broaden and disappear within the average intensity fluctuations,
indicative of the amorphous structure of glass bulk. However, the
peaks of Li* ion maintain an average height from the interface
onward into glass bulk, confirming the observation of Li* ion
distribution in Figure 5a.

Examining further in detail we note that for Si, the first two
layers from the original interface have symmetrical z-positions
on the two sides (marked as Sil/Sil’ and Si2/Si2’ in
Figure 5b). While for O, the layer closest to the SiO-terminated
side, O1, has a similar z position but a broader peak than the
layer closest to the SiO,-terminated side, O1’. This is due to
the incomplete crystal outer layers on the surface becoming com-
plete (110) Si,Oj; layers after interface formation, which is dem-
onstrated in Figure 5c. The broad O1 layer, which consists of two
adjacent O layers very close to each other, filling up the SiO crys-
tal layer together with the Sil layer. On the SiO,-terminated side,
full Si,05 layer is formed by adding O1’ and Sil’ layers from
glass, as shown in Figure 5c. Interestingly, based on the positions
and intensities of 02/02’ and Si2/Si2’ peaks, the next layers
with high ordering segregated in glass belong to part of the
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Figure5. a) LS2(110)/LS2-glass interface structure at 300 K, b) z-density atomic profiles of LS2(110)/LS2-glass interface, and c) local structure of interface

region.

Li;Si,Oy layer of LS2-crystal (110), duplicating the sequence of
(110) of ...Si,03-Li4Si07—Si,05.... This result indicates that
not only ordered structures formed in glass near the crystal sur-
face, but also a trace of crystal growth can be observed that
follows the crystalline sequence. It is worth noting that although
the density profile of Li shows no high sharp peaks, it still
exhibits ordering and crystal-like sequence to some extent. In
Figure 5b, we can see that two Li-free regions (intensity being
zero in density profile) exist on both SiO-terminated and
Si0,-terminated sides, with the gaps of 3.19 and 2.0 A, respec-
tively. These two Li-free regions correspond to the SiOs layer
of (110), which has no Li atoms within.

3.3. Effect of Surface Orientation on Crystal Growth

To study the effects of surface orientation of crystal side on the
crystallization of glass side, crystal surfaces with distinct layer
constructions were chosen to analyze the interface. In the
LS2-crystal system, (100) and (010) are orientations with unique
terminations and layer arrangement. The LS2(100) surface has a
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layer stacking sequence of ...LiSiO;-LiSiO,-LiSiO;-LiSiO;...,
with LiSiO; termination on both sides. By comparison,
LS2(010) has a layer sequence of ...LiSiO,—0,-LiSiO,-O,—
LiSiO,..., with LiSiO,-terminated sides on the top and bottom.
In addition, another feature that differentiates LS2(010) from
LS2(100) and other orientations listed in Figure 1 is that the lay-
ered structure is separated by the O atoms that are only con-
nected to one Si ion (i.e., non-bridge oxygens). For LS2(100)
and other orientations in LS2-crystal, unbroken ...Si-O-Si-O...
chains exist along surface normal direction.

The schematic structures and atomic density profiles of
LS2(100)- and LS2(010)-based interfaces are shown in
Figure 6. Both the LS2(100) and (010) surface models used in
the construction of interfaces contain the same termination
on each side, which makes it straightforward and convenient
to compare the interface region of these two orientations. For
LS2(100), shown in Figure 6a, well-arranged O and Si layers
can be observed beyond the outer layers of crystal part.
However, highly ordered [SiOy] tetrahedra formed on the glass
side of LS2(100) interfaces are not observed within the LS2(010)/
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Figure 6. a,b) LS2(100)/LS2-glass interface structure and corresponding z-density atomic profiles. c,d) Generated LS2(010)/LS2-glass interface structure

and corresponding z-density atomic profiles.

LS2-glass interface region in Figure 6b. The atomic density pro-
files (Figure 6b,d) show detailed atomic distributions, confirming
these differences. Note that the strong peaks of O and Si from
glass are organized into the LS2(100) surface, and then decay into
the glass bulk. Similar to LS2(110) shown in Figure 5, the z posi-
tions of O and Si peaks on the two sides of (100) are symmetric
due to the same termination of this surface model, though the
intensities of the opposite peaks are different. For the (010)/glass
interface, the density profiles indicate ambiguous O and Si
atomic distribution in glass, suggesting that the amorphous
structures containing O and Si exist in the interface region
with much weaker trace of crystallization. Interestingly, relatively
higher intensity peaks of Li are shown for this structure,
which gives a usual interface environment compared with (110)
and (100).

Due to the different atomic layer constructions, each orienta-
tion results in different atomic distributions in glass when inter-
face forms, as described earlier. Although all the three interface
structures exhibit different atomic profiles along the z-direction
to some extent, the LS2(010)/glass, in particular, shows distinctly
unusual behaviors compared with other two. For instance, the
layered structure obviously plays a significant role in determining
the atomic segregation and resulting average atomic distribu-
tions from interface toward glass bulk, especially for Si and
O. Furthermore, the interface region from the LS2-glass has
the tendency of following the planar sequence of corresponding
crystal part, whether or not crystal growth is obvious. This
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conclusion can be clearly observed in the contrasting density pro-
files of LS2(110)/glass and LS2(100)/glass interfaces, which con-
tain continuous ...0-Si-O-Si... chain along the surface normal
direction. Interestingly, the z-density profiles of LS2(010)/glass
in Figure 6d still indicate the very initial signs of crystal growth
to some degree, even though there are no obvious high sharp
peaks in the interface region. Notably, besides the distinct sharp
peaks, the regions near crystal surface without any atoms (den-
sity profiles with zero intensity) still can represent structural
ordering in glass. On the other hand, these “atom-free” regions
in LS2-glass near (010) surfaces show similar distances to those
in the crystal region in the z-direction. In LS2(010), the distances
between adjacent layers for O, Si, and Li are 1.51, 2.59, and
1.42 A, respectively. These are very close to the distances between
the outer layer from crystal side and the adjacent layer from glass
side, 1.4 A for O, 2.60 A for Si, and 1.2 A for Li, respectively.

3.4. Atomic Density Profiles of Differently Terminated
LS2(001)/LS2-Glass Interfaces

As the crystal part is fixed in this study, the interface area consists
of the terminated layer from crystal side and few angstroms of
surface region within the glass region, which is generated and
considered as glass bulk due to the periodic boundary condi-
tion.?”%8] As expected, the crystal surface terminations impact
atomic reorganization in glass that comes directly in their con-
tact. In Figure 5b, the two terminations of LS2(110) result in
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Figure 7. a,b) LS2(001)-a/LS2-glass interface structure and corresponding z-density atomic profiles. c,d) LS2(001)-b/LS2-glass interface structure and
corresponding z-density atomic profiles. LS2(001)-a has O, and Si,O3 terminations on left-hand and right-hand sides, respectively, and LS2(001)-b

has Si,Os termination on both sides.

different z-density profiles for the two interface regions. To fur-
ther investigate such termination effects, the interfaces con-
structed of LS2(001) planes with two sets of terminations with
LS2-glass were calculated. As shown in Figure 2¢,d, one (001)
surface contains O, and Si,O; terminations, and the other
(001) surface has the outer layer of Si,Os on both sides. Note that
the two Si,Os terminations of the second (001) surface show dif-
ferent outer layers (considered as sub-layer of the Si,Os layer) on
the two sides, with Si/Li (marked as Si,Os-a in Figure 7c) on one
side and O (marked as Si,Os-b in Figure 7c) on the other side.

Figure 7 shows a comparison of the two interfaces determined
by MD simulation. The (001) surface in Figure 7a, with a basic
layer of Li,Si,Os stacking on the surface normal direction, has an
asymmetric slab model and a single O layer on the left-hand
side, where each of the O ions is bonded with only one Si
ion. As shown in Figure 7b, the atomic density profiles on the
O-terminated side show the closest distinct peak from Si, but
with only 1/3 the intensity of the crystal side. On the other hand,
a well-defined, high-intensity O peak adjacent to the outer Si,O3
layer occurs next to the short Si peak. Overall, for the glass part,
the Si,Os-terminated side shows relatively sharper and higher O
peaks than for the O,-terminated side, indicating the formation
of a higher ordering structure triggered by Si,Os termination.
The other LS2(001)/glass interface model (Figure 7¢,d) contains
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the same termination but different outer layers on the crystal
part. On the Si,Os-a-terminated side, the Si and Li constructed
outer layers attract substantial amount of O atoms from glass,
resulting in high sharp peaks of O and Si. However, on the
other side, with O formed outer layer, the peaks of ordered O
and Si atoms on the glass side have smaller widths and lower
intensities.

4, Discussion

Crystal growth of LS2-glass on the LS2-crystal is indicated from
z-density profiles shown in Figure 5-7 where distinct peaks exist
in the crystal/glass interface region. These sharp peaks, which
have high intensity, are quite different from that within the glass
bulk and provide an evidence of crystallization and ordering.
Some ordered structures can be observed even directly in the
visualized interface structures, such as the Si,O; layer of
LS2(110)/glass layer in Figure 5c. However, establishment of
the long-range ordered structure of a macroscopic crystal in glass
remains a challenge for studying crystal growth. Therefore, often
structural differences in the short and medium ranges between
crystal and glass are used to differentiate them. For example, the
different coordination numbers of Al atoms in MgAl,O, glass

© 2020 Wiley-VCH GmbH


http://www.advancedsciencenews.com
http://www.pss-b.com

ADVANCED
SCIENCE NEWS

www.advancedsciencenews.com

and spinel crystal (four in glass and six in crystal) allow the ability
of identifying crystal growth by analyzing Al coordination
changes in different regions in glass part.”® In the lithium
silicate system, the Si atoms in both LS2-crystal and LS2-glass
demonstrate very similar behaviors on PDF, BAD, and coordina-
tion number distributions. The most noticeable difference in
short range comes from pairs including Li atoms. However,
Li ions, as a charge compensator, did not tend to associate with
crystallization of glass in LS2-crystal/glass interfaces according to
the density profiles results where most Li peaks near crystal sur-
face have similar behaviors to glass bulk. With such small impact
of Li atoms involved in crystallization, the short-range behaviors
mentioned earlier are ambiguous between the ordered and amor-
phous structures, hence not appropriate for identifying crystalli-
zation of the glass part next to the crystal at the interface.
Based on the results listed in Table 2, the distribution of bridg-
ing and non-bridging oxygens, i.e., Q, species of silicon tetrahe-
dron, is another indication of the local ordering in glass, because
it shows distinct behaviors in the LS2-crystal and glass in terms
of Si and O species that greatly contribute to the formation of
ordered structures in glass. Similar to atomic density profiles,
we obtained the profiles of Q, species, which describe their dis-
tribution and evolution as one probes them from crystal side to
the glass side along the z-direction (i.e., normal to the interface).
Figure 8 shows the Q, distribution profiles of [SiO,] tetrahedron
within the LS2(100)/LS2-glass and LS2(010)/LS2-glass interfaces,
where only Q,, from glass part is displayed, and the gray shades
represent crystal parts. For the LS2(100)/glass interface shown in
Figure 8a, Q; concentration is higher within the interface region
near the crystal surface than that in glass bulk. However, the
LS2(010)/glass model (Figure 8b) shows the same average Q,,
Qs, and Q, distribution along the whole glass part. As Qs is
the only [SiO,4] species in LS2-crystal, the increased concentration
of Q3 above the LS2(100)-crystal surface indicates that the Si and
O atoms are more crystal-like, which agrees well with the results
in Figure 6. In addition, the Q4 concentration within the interface
region of LS2(100)/glass also increases and shows a much higher
concentration than that in the glass bulk. This result is attributed
to the finite formation of ordered structure within the medium
range of Q, species, which contains part ordered and part

www.pss-b.com

amorphous structures. It is shown in Figure 6b that only one
distinct peak exists on each side of the interface, representing
limited crystallization in these areas. Therefore, the increased
Q, structures in LS2(100)/glass may be forming first during crys-
tal growth and then transforming to the crystal-like Qj; structures.
This indication of forming an intermediate metastable structure
can have strong impact on the kinetics of devitrification
and, therefore, should be explored and confirmed further.
Meanwhile, the LS2(010)/glass interface shows much less order-
ing near the interface area from Figure 6d, and thus, no Q, con-
centration change is observed in Figure 8 either.

The forming of ordered structures of LS2-glass in the interface
model is affected by both orientation and termination of crystal
part. The z-density profiles show that the orientation of crystal
surface (or seed) determines the positions of those crystal-like
high sharp peaks in the interface region for all four LS2-crystal
surface models calculated in this study. These positions indicate
that the ordered layers formed in glass replicate the layer
sequence of corresponding crystal part in terms of atomic
arrangement and the inter-planar spacing. Together, they repre-
sent the initial stage of crystal growth accordingly. This conclu-
sion is mainly from the same or similar atom concentration and
density of crystal and glass parts, resulting in a homogeneous
crystal growth.

In all the LS2-crystal/LS2-glass interface models, the LS2(010)
crystal shows unique layer arrangement along surface normal
directions, containing layered structures with oxygen ions that
separate these [SiO4], layers. Each of these O ions in surface-
terminated layers, as shown in Figure 1c, is bonded with only
one Siion in LS2-crystal and surrounded by Li ions. When form-
ing interface with LS2-glass, the O ions within a Li-rich environ-
ment in the terminated layer of (010) behave as non-bridging
oxygens in glass. As a consequence, relatively more Li ions seg-
regate, and a much less ordered SiO,, structure of adjacent glass
part is found compared with the other three orientations studied
in this work. The consecutive Si-O-Si-O chains in LS2-crystal
(110), (100), and (001) clearly benefit the crystal growth in terms
of Siand O in LS2-glass. Therefore, the crystal orientation mainly
affects the magnitude of crystallization but not very sensitively
within the Li,O-SiO, crystal/glass system, demonstrating crystal

Figure 8. Q, distribution of Si in LS2-glass along interface normal direction for a) LS2(100)/glass and b) LS2(010)/glass interfaces. Only Q, in glass part

is shown, and the region in gray shade represents the crystal part.
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growth in varying degrees. In limited experimental studies,
the Li,Si,Os crystal growth occurs preferentially along the
[001] direction!***® and shows a needle-shaped structure.l®"]
Although such preferable growth direction cannot be determined
in this study, the present results show impact of different orien-
tations on crystal growth at the early stages.

As high sharp peaks in z-density profile represent ordered
crystalline structures of corresponding species, the magnitude
of crystallization on that basis can be compared at least in the
first order. Among all the four interface models, SiO-terminated
LS2(110) side shown in Figure 5b results in the most distinct O
and Si peaks for the glass side that shares the same width and
height with the ones from the crystal part. In addition, as shown
in Figure 5, on the SiO-terminated LS2(110), there are three O
peaks and two Si peaks completing the Si,O; layer and forming
the next Si,O; layer, which show the greatest extent of ordered
structures compared with others. In addition, the coordination of
Si ions in crystal surface terminations has a huge impact on the
magnitude of crystallization of LS2-glass. As shown in Figure 7d,
although both sides of LS2(001) are terminated with Si,Os, the
one with under-coordinated Si ions shows remarkably high struc-
tural ordering of both Si and O species, whereas on the other
side, the four-coordinated Si layer results in lower and wider
Si and O peaks from glass. Consequently, the terminations of
LS2-crystal surfaces that contain zero-coordinated O or under-
coordinated Si would result in a relatively faster crystal growth
in the adjacent LS2-glass. Note that all the crystal surface models
in this work are as-cleaved and kept fixed to create limiting con-
ditions to study the orientation and termination effects. For real
and simulated materials in vacuum or ambient environment, the
O layer that does not bond with any Si in terminated layer is
difficult to form due to the large dipole moment along surface
normal direction. The atoms of surface layers would have large
reconstructions when such surface slabs are relaxed in vacuum
to saturate the dangling bonds in crystal surface. In this work, the
vacuum layer between crystal and glass parts gets filled after
interface formation. As a result, the dangling bonds from termi-
nated layers are saturated, allowing for a highly polar surface to
exist and be stable within the interface model.

5. Conclusion

The interfacial structures of lithium disilicate glass with a variety
of surface orientations of lithium disilicate crystals were studied
by MD simulations. The analyses of short- and medium-range
structures and z-density profile were used to characterize the
bulk and interfacial structures. Ordering of the structure as in
crystallization on the glass side near crystal surface was observed
clearly. It was used to understand the initial stage of LS2-crystal
growth. Besides high sharp peaks in z-density profiles of silicon
and oxygen, change of Q,, distribution also provided evidence of
crystallization. For the LS2-crystal/glass interface, an increase in
the Q; and Q, concentrations was found on the glass side of the
interface region, indicating the formation of LS2-crystal-like
structures.

Finally, the influence of crystal orientation and surface termi-
nation on the ordering and crystallization on the glass side of
interface was compared for various interfaces. It was found that
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the formation of ordered structures in LS2-glass side followed the
layer orientation of crystal part. As for the effect of nature of ter-
mination layer, under-coordinated Si ions within the outer crystal
layer result in higher ordered structures and enhanced crystalli-
zation than the terminated layers containing four-coordinated Si
and non-bridging O ions in the Li,0-SiO, crystal/glass system.
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Amorphous Sb;Te; thin films are synthesized using electrodeposition in different
thicknesses to explore their solid electrolytic nature with respect to some noble
metals. Au and Pt are used as the substrate materials and thermally diffused into
the Sb,Te; films under passivated and nonpassivated conditions. Rutherford
backscattering spectrometry is used to study the Au and Pt diffusion into the
films as a function of depth. It is found that Au diffuses into the Sb,Te; thin films
even at room temperature. In contrast, there is no observable diffusion of Pt at
room temperature. At a higher temperature (i.e., 200 °C), both Au and Pt diffuse
into the Sb,Te; thin films and Au diffusion is more significant than Pt. The
findings suggest that amorphous Sb,Te; can be used as a good solid electrolyte
to permit the diffusion of some noble metals such as Au and Pt.

1. Introduction

Amorphous chalcogenides have been widely used in different
device applications."™ More importantly, they have played a
major role in memory applications such as phase-change mem-
ory (PCM) and conductive-bridge random access memory
(CBRAM).I*”) Among the amorphous chalcogenides, Sb,Te; is
a well-known prototypical PCM material. Moreover, Sb- and
Te-based amorphous materials have been used as CBRAM
switching materials.®! In both memory applications, the amor-
phous chalcogenides are sandwiched between two electrodes
with one of them being an electrochemically inert element such
as Au, Pt, or W. Therefore, understanding the solid electrolytic
nature of Sb,Te; with respect to the contacting electrodes
(e.g., Au and Pt) is important. Moreover, the atomic diffusion
in this simple binary material could provide a new insight into
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understanding the ionic diffusion observed
in CBRAM during the electron-conducting
filament formation. In addition, for future
device applications there is a considerable
demand for high-aspect-ratio-structured
devices such as nanowire-based PCM.?!
The most widely used method for synthesiz-
ing PCM and CBRAM materials is sputter-
ing.[>% However, sputtering is incapable of
creating high-aspect-ratio structures to fulfill
the future needs. Among all the synthesis
methods, electrochemical deposition has an
excellent capability of growing high-aspect-
ratio structures. Therefore, it is important
to study electrodeposited materials to under-
stand their solid electrolytic nature.

In this study, we have focused on exploring the solid electrolytic
nature of stoichiometric Sb,Tes thin films synthesized by an elec-
trochemical method. Au and Pt atoms were diffused into Sb,Te;
films with and without thermal annealing. Scanning electron
microscopy (SEM), energy dispersive X-ray spectroscopy (EDXS),
Rutherford backscattering spectroscopy (RBS) and X-ray diffrac-
tion (XRD) were used to characterize the morphology, composi-
tion, compositional depth profiling, and atomic structure,
respectively. It is hoped that this study will enhance the under-
standing of noble metal diffusion in amorphous chalcogenide thin
films and provide some implications for their device applications.

2. Results and Discussion

According to our previous studies of electrodeposited binary
Sb-Te thin films, by carefully controlling the deposition parame-
ters, one can obtain an amorphous Sb-Te thin film with control-
lable morphology, composition, and structure.'” Figure 1a,b
shows the SEM micrographs of Sb,Tes thin films after 45 s of
deposition on Au and Pt, respectively. The films are more or less
uniform and free of pinholes, so a density as 6.5 gcm > was used
in the Rutherford Universal Manipulation Program (RUMP)
modeling. Moreover, the composition of the electrodeposited thin
film was confirmed by analyzing the EDX spectra (an example of
such spectra is shown in Figure 1c). For the Sb,Te; films depos-
ited on Au and Pt, both are amorphous as confirmed by the XRD
(data not shown).

To understand the Au and Pt diffusion into the Sb,Te;
thin films, first, RBS spectra of the same thickness of Sb,Te;
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Figure 1. SEM micrographs of Sb,Tes thin films electrodeposited for 45 s on a) Au and b) Pt. c) The EDX spectra of Sb,Tes with contribution of the
substrate K (*) and the Ti (+) peak in the background. The micrographs confirm the pinhole free and smooth deposition.

Figure 2. Schematics of Sb,Tes thin film electrodeposited on a) Au and b) Pt to represent different thicknesses and unpassivated, passivated and
passivated—annealed regions for RBS study. Increase of deposition time was related to the thickness of deposited Sb,Tes, and the main areas of interest

were 3, 6, 9 in (a) and 2, 5, 8 in (b) for 45 s.

films but different processing conditions (passivated—annealed,
passivated, and nonpassivated) were studied. Figure 2 shows the
schematics of an amorphous Sb,Tes thin film electrodeposited
on Au (Figure 2a) and Pt (Figure 2b) with three different proc-
essing conditions: nonpassivated, passivated, and passivated—
annealed. Different deposition times represent different
thicknesses of the Sb,Te; thin film. The main focus of the analy-
sis is on the 45 s of deposition which is marked as 3, 6, and 9 for
Au and 2, 5, and 8 for Pt in Figure 2a,b, respectively. As men-
tioned in the Experimental Section, the acquired RBS spectra
under different processing conditions are shown in Figure 3.
Moreover, the modeled results of these experimental data are
given in Table 1 in which multiple layers with various thick-
nesses have been defined to acquire compositional depth profil-
ing starting from the outermost or surface layer (i.e., layer 1)
to the glass substrate (i.e., level 5 for nonpassivated films, level
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4 for both passivated and passivated—annealed films). For the pas-
sivated films, the layered structures can be seen in the RBS spec-
tra for Au (Pt)/Sb,Te;/Au (Pt) from Figure 3b (for Au)
and Figure 3e (for Pt). However, the bottom layer Au peak is
not resolved from the Sb,Te; peak and it appears as a shoulder
toward the high-energy side of that merged peak in the RBS spec-
tra. In contrast, for the Pt, just one atomic number difference is
sufficient to resolve the RBS spectra from Sb,Te;.

Au has been observed on the surface up to a depth of a very
few angstroms (layer 1) in the nonpassivated film deposited on
Au, and we believe that is due to improper masking during the
Au sputtering. Nevertheless, the high Au incorporation in layer 3
relative to layer 2 (note: both layers are within the Sb,Te; film) in
the nonpassivated film implies Au has diffused into the Sb,Tes
film from the bottom Au layer. In contrast, no Pt was detected
in the nonpassivated Sb,Te; film electrodeposited on the Pt
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Figure 3. RBS spectra for the passivated—annealed, passivated, and nonpassivated regions, where Sb,Te; thin films were electrodeposited for 45 s on
a,b,c) Au and d,e,f) Pt, respectively. “S” (surface), “T” (top), and “B” (bottom) were used to denote different levels of thin films. For the passivated
systems, the Au peak from the substrate layer and the Sb,Tes peaks overlapped, but the three-layer structure can be clearly seen for the Pt system. Similar
observations can be made for the nonpassivated sytems. However, with thermal annealing, the Au system blended significantly compared to the
Pt system, and was unable to retain its layered structure. Moreover, oxidation is confirmed for both Au- and Pt-passivated annealed systems.

Table 1. Compositional variation of nonpassivated, passivated, and passivated—annealed regions with respect to modeled multiple layers. Layer 1 is the
top (surface) layer, and the larger the layer number, the closer the layers are to the glass substrate (the bottom layer). NA thickness is referring to the Si
substrate.

Region Layer Thickness [nm] Sb Te Au Oau Pt Opy Ti Zn Si
Nonpassivated 1 25 0.40 0.60 0.15 0.15 0.00 - - - -
2 17 0.40 0.60 0.03 0.10 0.00 - - - -
3 155 0.40 0.60 0.60 - 0.00 - - - -
4 60 - - 1.00 - 1.00 - - - -
5 NA - - - 2.00 - 2.00 0.50 0.50 1.00
Passivated 1 25 - - 1.00 - 1.00 - - - -
2 265 0.40 0.60 0.01 - 0.00 - - - -
3 80 - - 1.00 - 1.00 - - - -
4 NA - - - 2.00 - 2.00 0.50 0.50 1.00
Passivated—annealed 1 112 0.40 0.60 0.40 1.00 0.90 0.80 - - -
2 75 0.40 0.60 0.80 0.30 0.20 0.20 - - -
3 276 0.40 0.60 1.80 1.00 0.90 0.80 - - -
4 NA - - - 2.00 - 2.00 0.50 0.50 1.00

substrate. In other words, Pt is more stable than Au against dif-
fusion in amorphous Sb,Te; at room temperature. A similar
trend is observed in the Au- and Pt-passivated films. In the pas-
sivated Sb,Tes films, a small amount of Au was detected through-
out the Sb,Te; film, whereas no Pt was seen within the film.
As the main purpose of the passivation was to stop the oxygen
diffusion into the Sb,Te; films, it is important to study the
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distribution of oxygen along the depth of the films under differ-
ent processing conditions. To specifically probe the oxygen as a
function of depth, alpha particles with oxygen resonance energy
(3.035 MeV) were used. From the RUMP analysis of the experi-
mental data, it was found that the outermost layer of the Sb,Te;
film electrodeposited on Au has higher oxygen incorporation
than the next layer in depth (nonpassivated layer 1 vs 2);
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therefore, it is more likely that the oxygen incorporation initiated
from the surface and diffused into the thin film. In contrast,
no observable surface oxidation can be seen from RBS for the
nonpassivated Sb,Te; film electrodeposited on Pt.

To study the effect of passivation on stopping the oxygen dif-
fusion, the nonpassivated Sb,Te; films were passivated/coated
with Au or Pt within 2h of the electrodeposition. As shown
in Table 1, no oxygen incorporation was found in both the
Au- and Pt-passivated films, suggesting that the passivation effec-
tively stopped the oxygen diffusion from the surface to the film.

The passivated—annealed region for Au consists of crystallized
and phase-separated materials. Furthermore, the complete
vanishing of the layered nature in Au/Sb,Te;/Au (as shown
in the RBS spectrum in Figure 3c) is due to the intermixing
of the materials, which confirms the high mobility of the partici-
pating atoms under thermal activation. Unlike Au, the mobility
of Pt seems to be insignificant, and Pt was able to preserve its
layered structure, as shown in the RBS spectrum (Figure 3f),
even after the thermal annealing. Coincidently, the trends
observed for the Sb,Tes thin films deposited for 45 s are the same
for all other different deposition times. This effective blending of
atoms or promising solid electrolytic nature is due to the very
large thermal vibrations in crystalline phases of the Sb-Te sys-
tem which randomize the atomic distribution similar to a liquid
phase, as discussed in Yamada.'"! However, with respect to Pt,
the high capability of blending with Au is probably due to the
negative bonding enthalpy for AuTe, and AuSb, compounds.™?
It is interesting to note that after thermal annealing, the Te con-
centration does not change along the depth of the film for both
Au- and Pt-passivated films. This is probably due to the covalent
nature of Te atoms, which are not as mobile as the metal species,
and the fact that the electrodeposited Sb,Tes films are uniform in
chemical composition along the depth of the film and thus there
is no concentration gradient to promote the diffusion. Another
interesting feature of this work is that in general, Ag and Cu
have been commonly used as active electrodes in CBRAM devi-
cest>: however, our accidental discovery of the diffusive
nature of some noble metals such as Au and Pt in a chalcogenide
solid electrolyte (i.e., amorphous Sb,Te;) could open a new area
in chalcogenide-based CBRAM devices.

3. Conclusion

In conclusion, amorphous Sb,Tej; thin films with different thick-
nesses were successfully electrodeposited to study the diffusion
of noble metals (Au and Pt) under different processing condi-
tions. The as-electrodeposited Sb,Te; films were amorphous.
Regardless of the thickness of the Sb,Te; films, Au diffusion
seems to be more significant than Pt. Even at room temperature,
Au diffusion was clearly observed for the nonpassivated thin
films. The passivation of Sb,Te; films with Au or Pt is effective
at stopping oxygen diffusion from the surface to the film. The
effect of thermal annealing at 200°C is more significant for
the Au-passivated film, with observed intermixing of the multi-
layer. In contrast, the passivated—annealed Pt system was able to
preserve its layered structure even though diffusion of Pt also
occurs at that temperature. Overall, amorphous Sb,Te; is a good
solid electrolyte to permit the diffusion of Au and Pt.
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4. Experimental Section

Amorphous Sb,Tes thin films were electrodeposited potentiostatically
(Princeton Applied Research Model 273A) using a standard three-
electrode cell at room temperature under —600 mV and 200 rpm. The
electrolyte for the electrodeposition was prepared according to similar pro-
cedures described elsewhere by using SbCl; (Acros Organic 99.5%) and
TeO, (Acros Organic 99+%) as precursors.">'® To avoid any dissolvabil-
ity issues, SbCl; and TeO, were dissolved in sodium citrate (NaCit) and
concentrated HNOj3, respectively. After electrolyte preparation, the relative
species concentrations for the final volume (80 mL) were SbCl;:TeO,:
NaCit:HNO; = 7.5 mM:7.5 mM:0.21 m:1 M and pH was adjusted to 2.3
by adding 1 m NaOH.

Au and Pt were deposited onto #1 SiO, glass slides with a thickness
of 200-300 nm by DC magnetron sputtering (Denton Vacuum 502-A)
and used as the working electrodes (WEs). A standard wafer cleaning
procedure was performed for the WE prior to the electrodeposition. A satu-
rated calomel electrode and Pt mesh were used as the reference and counter
electrodes, respectively. To obtain different thicknesses in the same sample,
different dip levels were maintained with respect to the deposition time. For
the first 45 s of electrodeposition, the Au working electrode was dipped in
the electrolyte to cover an approximate area of 15 x 10 mm?, and then the
dipping area was reduced to 10 x 10and 5 x 10 mm? by raising the working
electrode, respectively, to deposit material for a total of 75 and 105 s. Similar
steps were performed to deposit different thicknesses on Pt at deposition
times of 45 and 90 s. After electrodeposition, one-third of the deposition
was masked and sputtered with Au (Pt) (same as the back layer) to passivate
the deposition and half of the passivated area was separated and annealed
at 200 °C for 100 min. Figure 2 shows the schematics of an Sb,Tes thin film
electrodeposited on a) Au and b) Pt to different thicknesses and exposed,
passivated, and passivated—annealed regions for RBS study. Both samples
have different regions to study with respect to nonpassivation, passivation,
thermal treatment, and thickness of the deposited material.

The morphology and composition of depositions were studied using field
emission scanning electron microscopy (FESEM) (Hitachi S4500) and EDX
(Thermo Fisher Scientific NORAN System SIX X-ray Microanalysis in Hitachi
S2460N), respectively. Cu Ka XRD under transmission mode (SAXSess,
tabletop small-angle X-ray scattering system) was used to study the struc-
tural changes of the deposition before and after thermal treatment. To probe
the Au and Pt diffusion in Sb,Tes; by compositional depth profiling, RBS was
used. RBS experiments were performed at Edwards Accelerator Laboratory,
Ohio University, using o particles with energies of 3.035 and 3.070 MeV
and an angle of 168° with respect to the incident beam. The RUMP analysis
package was used to model the acquired RBS spectra.
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Effect of lon Irradiation on Amorphous and Crystalline
Ge-Se and Their Application as Phase Change

Temperature Sensor
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Research on phase change materials is predominantly focused on their
application as memory devices or for temperature control which requires low
phase change temperature. The Ge—Se binary chalcogenide glass system with its
wide glass-forming region is a potential candidate for high-temperature and high-
radiation phase change applications. Herein, the concept of employing
Ge,Sejg0_x glasses to monitor high temperature (450-528 °C) using the phase
change effect, is reported. Materials selection, device structure, and performance
of prototype sensors are analyzed. In addition, the effect of heavy ion irradiation
by Xe ions with energies of 200, 600, and 1000 keV (fluence ~10'* cm?) on the
Ge,Sej00_x (x= 30, 33, 40) thin films and phase change devices is studied. The
irradiation effect on the amorphous and crystalline structure of the thin films is
evaluated by Raman spectroscopy and X-ray diffraction (XRD). Although the
changes in the structural units of amorphous films are negligible, in crystalline
films orthorhombic-GeSe, crystals are found to be most affected by irradiation
and a new phase, orthorhombic GeSe is found in the thin films after irradiation.
The performance of a sensor with an active film of Ge4oSeg is also shown as an

1. Introduction

The synergy between theoretical/simula-
tion and experimental research has always
been very beneficial for better understand-
ing and knowledge about matter. So, collab-
orating with and exploring the work of
David Drabold, has been a guiding light
for author’s (M.M.) studies. Notably, pre-
liminary information about what to expect
when Ag diffuses in chalcogenide
glasses,!"™* the mechanism of diffusion,>®
how the structure of these glasses is devel-
oping,”™® and the secrets of the phase
change effect."®"" The phase change effect
and the invention of the phase change
memory devices based on chalcogenide
glasses in 1968""% established a new era
in the development of the information stor-
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age and the study of recrystallization of the
disordered systems.'*'  Although the
effects on which the phase change memory
devices rely on are well studied, namely,
crystallization of the disordered active
material by a slow increase in its temperature by external stimuli
(e.g., heating by Joule effect,"” optical irradiation,!® or external
heating sources!'”)), they still pose many questions. However,
this did not stop the growing research of these materials and
newer applications, extending from resistive switching electronic
memory!"®*! toward optical memory.?>*") One of the most
applied methods to study phase transition (amorphous to crystal-
line) is by measuring resistivity, since the amorphous phase of
chalcogenide glass demonstrates dielectric behavior, whereas the
crystalline exhibits excellent conductive characteristics. Usually,
there is a well-measurable contrast of the resistivity between the
phases and is reproducible. The nonisothermal switching to the
crystalline phase is typically a speedy process,’?”! which advances
numerous applications based on it. The speed can be attributed
to a very short distance, the atoms have to travel for rearrange-
ment® because by this solid—solid transition, the system
achieves its equilibrium. Moreover, even if the stimuli which
transform the system to its crystalline condition are ceased,
the material keeps its crystallinity—in this case, its high conduc-
tivity state, thus making the effect nonvolatile.****! Furthermore
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retaining the solid state, during this phase transition process, the
total number of covalent bonds does not change during crystalli-
zation. This is an additional reason for the good reliability of devi-
ces. The reverse switching goes, however, through melting the
material followed by quenching.”® Indeed, quenching sounds
quite obscure to appear, having in mind that the heating results
only in the film, which is located on a substrate at room temper-
ature. However, cooling of the film occurs very fast given that its
volume is orders of magnitude smaller than that of the much
cooler substrate. Because of this volume difference, the heat dis-
sipation from the film appears quite fast and the film vitrifies.

Due to the lack of order, high number of defects and availabil-
ity of lone-pair electrons on chalcogenide atoms, the electrical
properties of chalcogenide glasses are radiation hard. The reason
behind this is that the intrinsic defects, carriers and the defects
caused by irradiation'””! populate in very close proximity and they
recombine rapidly. The intrinsic defects manifest themselves as
“gap states” in the bandgap of the chalcogenide glasses.[*®*"!
Near the center of the gap, the states are highly localized so,
the electron exchange or hopping probability is low. It was pro-
posed®-% that in chalcogenide glasses, these defect states are at
dangling bonds D°, and the lattice (not in the crystalline but in
the network sense) distortion is powerful enough to produce
charged centers D™ and D~ out of D° Moreover, the lone-pair
electrons form the upper portion of the valence band and the
D™ charged centers interact with the neighboring lone-pair elec-
trons. This interaction distorts the environment. The localized
states play a vital role in making the chalcogenide glasses radia-
tion hard and indifferent to doping up to some extent. These
states behave like recombination centers and traps in the
bandgap. A high number of these traps contribute significantly
to capture free carriers produced by ionizing radiation. So, it is
difficult to move the Fermi level (Ef) either by doping or by irra-
diation. This is the so-called “Fermi level pinning” phenomenon
by which the electrical properties of the material remain stable.
This effect is manifested at the performance of many types of
devices based on chalcogenide glasses which demonstrate stable
operation under irradiation with visible light,*") high-intensity
X-rays,*?) gamma irradiation,?*! and irradiation with 50 MeV
protons?®* and low-intensity Ar™.>*!

All the aforementioned are incredibly interesting and impor-
tant properties of chalcogenide glasses and the thermally induced
phase change effect in them motivated our study of their func-
tion as a temperature sensor in a high-radiation environment to
replace traditionally used sensors in nuclear facilities, like the
“Melt Wire Sensors”. Melt wire sensors are used to measure tem-
perature post factum as they do not supply real-time information.
The suggested temperature sensor offers real-time temperature
measurement, reversibility and reuse, as well as the option
for fabrication of an array. By the combination of several devices
built up by different compositions of chalcogenide glasses
with different crystallization temperatures, the array can provide
data regarding the temperature development. A similar design
has been patented by IBMP® in 2012. However, its fabrication
and application are very much limited by the active material
Ge,Sb,Tes, which crystallizes at 160 °C. This article is focused
on the investigation of the performance of glasses from the
Ge-Se system. Although this system is slightly away from the
major phase change memory materials’ group studied for
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electronic switching,?”) where low crystallization temperature

and fast switching are the key attributes, it has been chosen
because of the relatively high crystallization temperature and
thermal stability. These make the glasses a good candidate for
temperature monitoring of the cladding of light water reactors
(LWRs) and for metallic or ceramic sodium-cooled fast reactors
(SFRs) within a temperature range of 450 to 528 °C. In an earlier
article, we presented a detailed study of the crystallization of
Ge,Se100_x (¥ = 30,33,40) glasses!'”! along with a prototype tem-
perature sensor based on the optical effects of phase change.
In this article, the focus is on the effect of ion bombardment
(emulating neutron irradiation) on the material property and
the performance of electrical phase change temperature sensors.
The material in the devices changes its solid-state condition
(the material crystallizes) after external heating and this effect
is measured through the conductivity change by analyzing the
current—voltage (I-V) characteristics of the devices. The data
about the effect of irradiation with Xe ions over the structure
of the active material (Ge—Se glasses) are described and discussed
based on three different compositions from the studied system:
GejzpSe;o—which is a Serich member of the Ge-Se glasses,
Gej3Ses;—the stoichiometric composition, and GeyoSego—a
Ge-rich material. In the end, the performance of several devices,
made with Ge-rich material with reversibility, is demonstrated
(both as-prepared and irradiated).

Xe ion’s choice is based on the fact that xenon is chemically
inert, nonradioactive, and one of the typical fission products,
offering a cost-effective and safer alternative to neutron irradia-
tion. Moreover, since the thermal neutron cross sections of nat-
urally abundant Ge, Se, and Al isotopes used in the sensor are
quite low (Ge 0.4, Se 0.61, and Al 0.231),%* the possibility of
nuclear transmutation is low and so this article is focused on
ion-induced damage only. The other advantages of ion irradiation
are as follows: higher damage rate (10* times) compared to reac-
tor irradiation reducing the experimental duration to days instead
of decades; the irradiated samples are not radioactive, so postir-
radiation characterization cost is reduced; and ion irradiation
experiments can be controlled better to some extent (e.g., temper-
ature, damage rate, and damage level) than reactor irradiation and
there is the provision to observe the damage in situ. However, the
emulation of neutron irradiation using ion is a new idea and the
experiments must be tailored according to the materials and
higher control of parameters is needed. This article can be used
as a guideline for material testing by emulating reactor irradiation
with well-controlled ion irradiation.

2. Experimental Section

2.1. Glass Synthesis

The standard melt quenching technique was used to synthesize
bulk chalcogenide glasses. After weighing accurately, the
required amounts of pure 5 N elements were loaded into fused
silica ampoules. Then, the ampoules were sealed under vacuum
(=10 *mbar) and placed in a programmable tube furnace.
To assure the melting of the components, the furnace was
programmed depending upon the characteristic temperatures
of each composition according to the phase diagram of the
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Ge—Se system. At the last step, for good glass homogenization,
the ampoules were kept at 750 °C for 144 h.*?) This temperature
was on an average 20-50 °C above the melting of the synthe-
sized compositions. The importance of the glass melt homoge-
nization arose from the fact that at equilibrium presented in the
phase diagrams, glass-forming compositions were usually bor-
dered by congruently melting crystalline phases,*”! which can
nucleate in melts when quenched and produce microscopic het-
erogeneities.**?l To ensure the slow aging of the glasses,
which was a warranty for the stability of both bulk glasses
and thin films, it was important to avoid the formation of micro-
scopic heterogeneities. After 168 h, the ampoules were taken
out of the furnace and rapidly cooled in a water-sand bath at
room temperature.

2.2. Thin Films and Devices Preparation

The chalcogenide glass thin films were prepared by thermal evap-
oration in a Cressington 308 R coating system on thermally oxi-
dized (SiO,) substrates. The pressure inside the chamber was
kept at 10"®mbar and the evaporation rate was 0.3As™.
A quartz crystal microbalance was used to estimate the thickness
of the films in situ. For device fabrication, circular aluminum
electrodes were also deposited by thermal evaporation with
the help of a shadow mask on the top of the chalcogenide glass
film. Figure 1 shows a schematic of a device and its operation.!*”)

2.3. Energy Dispersive Spectroscopy

Energy dispersive spectroscopy (EDS), used to confirm the exact
composition of the produced films, was conducted using a FEI
Teneo scanning electron microscope (SEM) with an Oxford
Instruments Energy + EDS system. Each sample was measured
at five different locations for the collection of an accurate average
value and the standard deviation. The study showed that the com-
position of the thin films deviated +1.5 at% from the composi-
tion of the bulk material.

Figure 1. Device structure and operation.

Phys. Status Solidi B 2021, 258, 2000429

2000429 (3 of 12)

www.pss-b.com

2.4. Raman Spectroscopy

To identify any changes in the bonding and physical structure of
the materials after irradiation, Raman analysis was performed in
a Horiba LabRAM HR Evolution Raman Spectroscopic System
in backscattering mode, using a parallel-polarized 632.817 nm
He:Ne laser, focused to a spot of 6 pm, with a power of 17 mW.
Samples were observed at room temperature and under standard
atmospheric pressure.

2.5. X-ray Diffraction Spectroscopy

To investigate the crystalline phases of the thin films, X-ray dif-
fractometer was used. The measurement was done on a Rigaku
MiniFlex600 (4 = 1.5406 A) at 40kV and 15 mA. At 10 °C min "'
scanning rate, the data were collected at room temperature, in a
range of 20 =10°-65°.

2.6. Devices Characterization

The devices were characterized in a semiconductor parametric
analyzer (Agilent 4155B). I-V characteristics were measured
from 0 to 3V at a resolution of 30 mV/step and the compliance
current was set to 50 nA. To achieve a phase change of initially
amorphous active material, the devices were kept for 15 s at each
temperature, including the onset of crystallization temperature.
Crystallized devices were pulsed with a pulse generating unit
(PGU) at different duration for amorphization with square wave
amplitude 2V, period 1 ps, and ON time: 200 ns.

2.7. lon Irradiation

Samples from each composition were bombarded with
Xe™/ Xe™/ Xe™ ions, having an initial ion energy of 200,
600, and 1000 keV and an achieved fluence of 10'*cm ™2 which
corresponded to ~5 displacement per atom (DPA) at each energy
level. Ton bombardment was performed with 1.7 MV Tandem
Particle Accelerator (in Michigan Ion Beam Lab) at an angle
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normal to the surface of each sample using a 100 nA beam
current and chamber pressure of 108 Torr.

2.8. Displacement Per Atom Calculation

With the help of The Stopping and Range of Ions in Matter
(SRIM) simulation software, the calculation of the DPA was
done. SRIM is a group of programs that calculate the stopping
and range of ions (up to 2 GeV amu ) into the matter. The soft-
ware used a quantum mechanical treatment of ion-atom colli-
sions (assuming a moving atom as an “ion”, and all target
atoms as “atoms”). To make the calculation efficient, statistical
algorithms that allowed the ion to make jumps between calcu-
lated collisions and then averaging the collision results over
the intervening gap were used. Among the programs, the
Transport of Ions in Matter (TRIM) accepted complex targets
made of compound materials with up to eight layers. It calculated
the final 3D distribution of the ions as well as kinetic phenomena
associated with the ion’s energy loss like target damage, sputter-
ing, ionization, and phonon production.™**!

For simplicity of the simulation, TRIM had the option to uti-
lize “Kinchin—Pease Approximation” to calculate ion-induced
damage. In this article, this approximation was used where no
spatial extension of the damage after the first recoil was initiated
since full cascade was not calculated. So, all the damage was cal-
culated, assuming it only occured during the initial collision."*!
Moreover, ions were incident on the thin films and devices at a
normal angle and since the fluence (10'* cm™?) was much lower
than the atomic density (10** cm ™) of Ge-Se, the sputtering was
neglected. At room temperature, most of the implantation dam-
age normally “self-anneals”, because the atoms have enough
energy to allow simple target damage to regrow into its original
form at room temperature. However, since there are no thermal
effects in TRIM, the damage which was calculated was the one
that would happen for implantation at 0 K. Although, ignoring
the thermal effects changed the quantity of final damage, the
basic damage types still occurred.

Ion irradiation introduced displacements of atom in a mate-
rial. Both vacancies (empty lattice site which was originally occu-
pied) and replacement collisions (atom sites with a new atom
identical to the original atom) were considered as displacement.
From full cascade simulation, it was seen that for all the irradia-
tion conditions, replacement collision was one order of

Table 1. Calculation of DPA.

www.pss-b.com

magnitude lower than total vacancies produced and so it was
not considered.

An example of DPA calculation is given in the following
(and all results are displayed in Table 1):

Let us take a damage rate DR =3.6#/(A - ion) (for maxi-
mum damage rate from SRIM simulation for GeyoSego, from
Figure 8);

Atomic density, N = 3.4 x 1022 cm~3 (calculated from SRIM,
considering density 4.38 gcm ?, from Figure 7);

Current =1 pA (from experimental setup);

Charge of the ion, g = +1 for +1 ions, and e= 1.6 x 107 1°C,
Q=qx¢

Sample area, A = 4cm? (from experimental setup).

Then, to induce (for example) 5 DPA of damage on 250 nm
Ge4oSego on SiO, with 600keV Xe'™ ions, is going to take

DPA x Q x N x A
(Current x DR)
=3108s = 52min

Time =

Time x Current
QOxA
=4.88 x 10" cm—2

Fluence = -2

3. Results

As mentioned before, it is expected that during irradiation,
microstructural deformation and defects will be recombined
up to some extent. Raman spectroscopy of the amorphous thin
films confirms this hypothesis. It is seen that the Ge;oSey, glass
Figure 2a is built predominantly by corner sharing (CS) and edge
sharing (ES) tetrahedra and Se chains (CH). The presence of
such structural units is proved by the high-frequency bands
A, and A,© at 200cm ™' (CS) and 219 cm ™! (ES), respectively.
The occurrence of Se chains is demonstrated by the vibration
spectra at 230-280 cm ™ L.[***®) After irradiation with 200keV,
the Raman spectra demonstrate an increased areal intensity of
the Se-Se chain mode and breaking of the ES building blocks,
which at higher irradiation are restored and at irradiation with
1000 keV, their aerial intensity related to the areal intensity of
the CS units is close to the initial one before irradiation although
their absolute values are smaller, Figure 2a. The crystalline
structure, Figure 2b, firmly demonstrates phase change and

Energy [keV]  Ge at% (x) Damage rate [#/(cmion)] Time [s] Fluence [cm 2] Charge, Q [C] Area, A [sz] Current, | [pA]  Density [atoms cm 3] DPA
200 30 3.40 x 10® 900 492 x 10" 1.6x 107" 4 0.35 3.36 x 102 4.98
200 33 3.35x 10® 900 4,92 x 10" 1.6 107" 4 0.35 3.34 x 102 4.94
200 40 3.60 x 10® 900 4.92 x 10" 1.6x 107" 4 0.35 3.45 x 10% 5.14
600 30 3.25 x 10° 3108 4.88 x 10" 3.2x107" 4 0.201 3.36 x 102 4.72
600 33 3.30 x 10® 3108 488 x 10" 3.2x107" 4 0.201 3.34 x 102 4.82
600 40 3.40 x 10® 3108 488 x 10" 3.2x107" 4 0.201 3.45 x 102 4.81
1000 30 3.00 x 10® 11160 5.81 x 10" 48 %10 4 0.1 3.36 x 102 5.19
1000 33 3.05 x 10° 11160 5.81 x 10" 48x107"° 4 0.1 3.34 x 10% 5.31
1000 40 3.25 x10° 11160 5.81 x 10" 48x107"° 4 0.1 3.45 x 10% 5.48
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Figure 2. Raman spectra of GespSejo under different irradiation.
a) Amorphous and b) crystalline.

crystalline structure characteristic for the low temperature (LT)
polymorph form of GeSe,.!*”) However, this crystal structure
loses stability after irradiation, the Raman modes undergo low
energy shift, which is characteristic of the modes arising from
a more disordered structure. With the increase in the irradiation
energy, the formation of ES breathing mode becomes more
prominent, which is an indication for crystallization of the LT
polymorph form of GeSe.

In addition to CS, ES, and Se—Se peak, Ges;Seg; thin films
exhibit a distinct peak in Figure 3a around 178 cm ™, which indi-
cates vibrations of Ge—Ge bonds representing the formation of
ethane-like structure Gey(Se;)5)s (ETH).*¥ After irradiation, a
reduction of both Ge-Ge and Se-Se aerial peak intensity is seen
along with an increase in ES peak intensity, suggesting structural
reorganization and consuming the wrong bonds for the forma-
tion of ES structures. The Raman spectra of as-prepared crystal-
lized films shown in Figure 3b exhibit only well-expressed CS
vibrations, characteristic for the high temperature (HT) GeSe,
polymorph form. After irradiation, structural transformation
occurs by which formations of ES vibrations are well shaped
on the Raman spectra, indicating crystallization of LT GeSe.
This effect is accompanied by a decrease in the areal intensity
of the Se—Se chain mode.

As expected, the ETH structure dominates in the Raman spec-
tra of the GeyoSeq films in Figure 4a. Moreover, the vibrational
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Figure 3. Raman spectra of Ge;3Ses; under different irradiation.
a) Amorphous and b) crystalline.

band in the range of 270 to 310cm™" can be fitted with one

Gaussian, which implies the presence of only one type of struc-
tural unit. The size of the vibrational mode and the composition
suggest that it is unrealistic to consider this vibrational band is
occurring from Se-Se chains which are energetically not favor-
able.* Tt is more logical to consider this vibration as rather related
to asymmetric vibrations of tetrahedral structures containing Ge
and Se. So, we suggest that these vibrations are related to asym-
metric ES breathing mode. Based on this hypothesis, the Ge-rich
glasses are anticipated to be quite phase separated. Up to 1000 keV
energy, these films keep their basic structure. However, at irradia-
tion with 1000 keV, the structure is totally destroyed, representing
only CS and ES vibrations simultaneously with a substantial
decrease in the areal intensity around 267 cm™". The nonirradi-
ated crystals suggest the formation of the LT GeSe, in
Figure 4b. After irradiation, there is a growth of the areal intensity
at lower energy, which suggests a strong development of CS and
ES structural units, leading to the formation of the LT GeSe.
The X-ray diffraction (XRD) spectra of the crystallized thin
films are shown in Figure 5a—c. The XRD data confirm the
Raman results in this that they demonstrate a presence of the
LT and HT GeSe, phase at the initial crystallization, which then
is transformed into an LT GeSe phase. Hexagonal Se is present
in all thin films and its crystal size is related to the availability to
form wrong bonds after irradiation. In many cases, GeSe crystals
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Figure 4. Raman spectra of GesSego under different irradiation.
a) Amorphous and b) crystalline.

are also present and although their appearance seems to be very
sporadic, it needs in-depth discussion. In GesoSeyo, GeSe is not
present in the as-prepared film. It only emerges after 200 keV
irradiation and after 600 and 1000 keV, the GeSe peak is missing,
Figure 5a. In Ges;3Segy, the GeSe peak emerges after 200 keV irra-
diation and is missing only for 600 keV, Figure 5b. In GeyoSeso,
all three peaks are present for each condition, Figure Sc. But for
600 keV, the GeSe peak suggests the formation of crystals with
the smallest size. To further understand the effect of irradiation,
the size of the crystals was calculated (Table 2).

4. Discussion

Traveling through solids ions interact/collide with stationary
atoms and change their initial trajectory. While traveling, they
also lose energy in radiative processes. Since the radiative pro-
cesses like bremsstrahlung and Cherenkov radiation are very
limited for ions, they can be neglected. In addition, ions can pick
up electrons from various shells and become a very slow-moving
ion going through cascade collisions and ultimately stop. So,
there are two types of energy transfer mechanisms involved
i) elastic scattering: collision of nuclei, and ii) inelastic collision:
excitation and ionization of atoms. Typically, when ion energy is
below 10keV amu !, elastic scattering dominates."”
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TRIM simulation showed the penetration range of the Xe ions
in different compositions. The TRIM simulation of the Xe ions’
interaction example of which is shown in Figure 6 for GesoSeso
demonstrates that at the chosen fluence, ions with energy
200keV (1.53keVamu™') penetrate only in the chalcogenide
glass film, the ions with energy 600 keV (4.58 keV amu ') reach
the SiO, film and stop close to the interface ChG/SiO,, and those
with 1000 keV (7.65 keV amu ™) energy penetrate the SiO, sub-
strate. It should be noted here that Figure 6 shows both the range
of the ions (d) and actual depths (a—c).

This is characteristic for all studied compositions with small
variations in the particular penetration depth, which depends
upon the density of the chalcogenide glass (Figure 7) which is
one other factor to be considered.”"

The simulation shows that the longitudinal penetration range
increases with ion energy and decreases with the density of the
material. The peak damage rate calculated from TRIM shows an
opposite to the penetration pattern in Figure 8. Damage goes
lower with energy and is proportional to the density. We suggest
that with more energy, the ions penetrate further and more inter-
action happens at the interface or in the substrate. Also, ions
interact more with denser materials, since they come in contact
with a higher number of atoms, therefore higher damage rate in
Ge4OSe(,0.

Another important factor here is the size of the atoms com-
pared to the ions. The Xe™ ion (1.08 A) is smaller than Ge atoms
(1.25 A) but similar to Se atoms (1.03 A).5? The effect is clear
from the simulation, Figure 9, which shows only for Ge-rich
glass GeyoSego, Ge target vacancy was higher than for Se. This
phenomenon plays an important role in irradiated crystalline
films.

Due to the amorphous nature of the glassy films, the effect of
irradiation is not so prominent. But the crystalline films showed
the effect of the irradiation clearly. Since Se can be displaced
more than Ge, due to the ion—atom size equality, it was expected
that the Se-rich composition GeszoSe;o will be most affected by
the irradiation. For this composition, two important factors inter-
play during the interaction with ions. On one hand, the structural
stability of the Se-rich GesoSe;o amorphous films, Figure 2a,b.
This is mainly based on their floppiness,”*! which allows an easy
arrangement of the structural units during external stimuli by
changing the angles under which the tetrahedra are organized
without affecting the basic ratio of the structural units. On the
other hand, the cation—cation distance, in this case, is smaller
than in the stoichiometric composition as revealed by X-ray pho-
toelectron spectroscopy (XPS) studies®™ and so the interaction
with the Xe ions will be much stronger compared to with smaller
ions, such as Kr ions, for example.**! Figure 5a shows that a very
dominant peak of orthorhombic GeSe is present after irradiation
with 200 keV ions. This is an indication of the formation of Se
deficient structure. However, the GeSe peak is missing at irradi-
ation with 600 and 1000 keV. In addition to having the smallest
size of GeSe crystals compared to the other two compositions,
this can also mean that the GeSe crystals form near the glass-sub-
strate interface, and since higher energy ions penetrate further,
these crystals are affected. The Raman spectra at these conditions
exhibit well-expressed ES structure formation. This indicates the
presence of crystals with structure combining CS and ES build-
ing blocks, which is characteristic of the LT polymorph form of
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Figure 5. XRD of irradiated and as-prepared crystallized thin films. a) Ge3oSe;o, b) GessSegs, and c) GeypSego.
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Table 2. Crystal thickness from XRD.

Composition  lon energy Crystals Peak [26]° Crystal grain
[keV] thickness [nm]
GespSezo 200 Orthorhombic GeSe 32.32 41.34
Ge3pSeyo 200 Monoclinic GeSe, 29.6 35.44
GespSeyo 200 Hexagonal Se 42.98 38.82
GespSero 600 Monoclinic GeSe, 29.7 29.34
GesoSero 600 Hexagonal Se 43.08 23.72
GespSeyo 1000 Monoclinic GeSe, 29.66 58.68
GespSezo 1000 Hexagonal Se 43.1 44,94
Ges3Segy 200 Orthorhombic GeSe 32.34 119.32
Ges3Segy 200 Monoclinic GeSe, 29.66 47.78
Ges3Segy 200 Hexagonal Se 43.08 21.86
Ges3Seqr 600 Monoclinic GeSe, 29.62 59.25
Ges3Segy 600 Hexagonal Se 43.1 94.87
Ges3Seg; 1000 Orthorhombic GeSe 32.26 60.77
Ges3Segy 1000 Monoclinic GeSe, 29.6 71.42
Ges3Seg, 1000 Hexagonal Se 43.04 47.42
GeyoSego 200 Orthorhombic GeSe 32.32 145.35
Ge4oSego 200 Monoclinic GeSe; 29.64 43.69
GeyoSego 200 Hexagonal Se 43.12 40.66
GeyoSeso 600 Orthorhombic GeSe 323 250.53
GeyoSeso 600 Monoclinic GeSe, 29.66 43.24
GeyoSeso 600 Hexagonal Se 43.04 37.11
GeyoSego 1000 Orthorhombic GeSe 323 51.67
GeyoSego 1000 Monoclinic GeSe, 29.6 37.33
GeyoSeso 1000 Hexagonal Se 43.14 121.99

GeSe."”>% 1t indeed has been registered on the XRD spectra,
Figure 5a with growing crystal size as a function of the irradiation
energy.

Regarding the Ges;Ses; composition, the interaction with
the Xe ion affects mainly the Ge—Ge bonds (bond enthalpy
263.6 k] mol™")*”! in the ETH-like structure and facilitates the
reaction of the newly formed Ge dangling bonds with Se atoms
from the Se chains. The irradiation with higher energy leads to
phase separation and redshift of the tetrahedral breathing
modes, giving rise to the appearance of the A; breathing mode
at 200 cm ™, characteristic for the LT phase of GeSe,,*® and well
expressed Se-chain mode. It is important to note that in the crys-
talline phase, the A;“ mode is appearing at 218 cm . Figure 3a
shows the presence of ES tetrahedra and this structure is pre-
served during the irradiation. The predominant formation of
hetero-bonding in the network explains the structural stability of
this composition after irradiation, as presented in the Raman
data, Figure 3b. Indeed due to the Ge/Se ratio, which in the ideal
case would lead to the formation of a particular number of only
CS and ES tetrahedra, the structure of both—the amorphous and
crystalline phases, remains very stable during the irradiation with
Xe ions after the Ge—Ge bonds collapse. This new structure
occurring after irradiation brings about to formation after crys-
tallization of LT GeSe, Figure 5b. We suggest that the formation
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is due to the interaction of the Ge—Se network with the Xe ions.
Xe replaces some of the Se atoms and depletes the Ge—Se matrix
of selenium as discussed for Se-rich composition. A similar
effect has been registered in the study by Abdel-Rahim
et al®® with increasing Ge concentration in the films. Here,
one more phenomenon needs explanation—the lack of forma-
tion of GeSe at irradiation with 600keV. We suggest this is
due to the reasons already explained about the Ge;oSe;o compo-
sition but in this case, there is a clear appearance of GeSe crystals
at 1,000keV irradiation. The stoichiometric composition
Ges3Seq; is the least dense among all the studied glasses,
Figure 7. Nevertheless, its density is still higher than that of
Si0, (2.27gcm ) and Si (2.33 gem ). So, there would
be massive penetration of Xe ions which reach the Si substrate
where repulsion of charged species can occur. It is for this reason
that the Raman spectrum at the highest irradiation energy shows
biggest damage of the amorphous structure, Figure 3b and con-
sequently forms Se-depleted GeSe crystals, Figure 5b.

The amorphous Ge-rich composition GeyoSeq displays big
structural stability, although there are expectations that the inter-
action with the Xe ions will be the strongest due to its closest
packaging and highest density.*®! However, Wang et al.®" gave
evidence that the Ge-rich structure is quite phase separated. As
revealed by TRIM simulation, Figure 9, in the area of Ge—Ge
bonding, the interaction with the incoming ions would be limited
because of the bigger size of Ge atoms and therefore the lower
density seen by the Xe ions. The networks beyond the chalcogen-
ide film (the SiO, film and the Si substrate), which are reached by
the ions with the energies of 600 keV and 1000 keV, respectively,
provide channels for these ions because of their lower density.
Therefore, Xe ions interact only with the higher density clusters
in the chalcogenide glass matrix and escape to the lower density
regions (SiO, and Si) affecting the chalcogenide network only
at the highest energy used. Similarly, in the crystalline phase,
unstable crystalline organization before irradiation is seen.
But after irradiation, the structural organization is left unbroken
even at highest irradiation energy giving rise to LT GeSe crystal-
line in accordance with the results reported by Wang et al.[*¢!
Figure 9 shows that for this composition, the number of the
Ge vacancies is much higher than the number of Se vacancies
which is an exception compared to the other compositions.
Although from the chemical point of view, we consider GesoSego
as Ge-rich, from the atomistic point of view, there are more Se
than Ge atoms in all regarded compositions. Moreover, Se is
heavier than Ge and it would have been more intuitive if Ge
showed more vacancies at even Ges;Ses;. We propose that
for x <33, the damage/vacancy is “size-dependent” and for
x > 33, the damage is “mass-dependent”. From Figure 9, itis also
evident that with higher density, we get higher damage. So, the
whole ion—matter interaction is a multivariate multiphysics prob-
lem that becomes much more complex when it comes to irradi-
ating crystalline materials. In addition to all of these phenomena,
surprisingly, the crystalline materials have been known to change
to a different crystal phase after irradiation!®*** and such tran-
sition is observed in our case. Experiments suggest that ion irra-
diation is also a stabilizing process for such a phase transition.!*”)
In this case, the main reason for this stability is that the ES struc-
ture requires less energy to form and their formation opens the
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Figure 6. lon penetration depth in chalcogenide glass a) Ge;oSezo, b) GessSegs, €) GeyqoSeso from simulation, and d) penetration range.
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Figure 7. Molar volume and packing fraction of Ge-Se glasses as a
function of composition (cf. ref. [51]).

Figure 8. Peak damage rate versus composition.

Figure 9. Vacancy produced in germanium and selenium atoms.

structure!®® which reduces the opportunity for crystal damage by
the incoming Xe ions.

A proof of concept for the application of phase change effect
for temperature monitoring under irradiation with Xe ions was
given by testing a batch of prototypes of a phase change
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Figure 10. Ge,Sego device characterization. a) As-prepared; irradiated
with Xe ions of b) 200 keV, c) 600 keV, and d) 1000 keV.

temperature sensor, Figure 10. Those are devices based on
GeyoSego composition. The -V characteristics of devices are sta-
ble without any significant changes in the current up to the onset
of crystallization. After 15 sec of heating at the onset of
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crystallization temperature, the current of the devices rises sig-
nificantly (ON state) compared to the one for the amorphous
(OFF state) phase (Ion/Iosr= 10%) and from the I-V characteristic
it is evident that the conduction mechanism has also changed, as
in the ON state shows Ohmic characteristic. The as-prepared
devices were reversed (RESET) by electrically pulsing them
for 10min. A closer look at the I-V characteristic shows
that the reversed devices’ conductivity is within the frames of
the initial device performance (inset of Figure 10). Further
research is required to optimize and establish the parameters
of reversibility.

This process should be much easier for the irradiated cases
having in mind the amorphization of the crystalline phases
occurring during the ion—chalcogenide films interaction. The
OFF state conductivity of the irradiated devices is very stable.
This is not a surprise considering the structural stability of this
composition demonstrated in the Raman spectra obtained at dif-
ferent irradiation doses. Because of the structural inhomogeneity
of this composition and the expected fluctuation of the interac-
tions with the Xe ions, the average of the OFF state current is not
a function of the irradiation energy which is within 10">nA and
keeping the ON/OFF current ratio stable.

5. Conclusion

The collected data presented here draw a complete picture of the
application of Ge-Se chalcogenide glasses in a high-radiation
environment as a temperature-sensing material. From TRIM
simulation, ion irradiation parameters are chosen to study the
effect of chalcogenide glass, glass/insulator interface, and Si sub-
strate. This article reveals that irradiation with Xe ions, although
introducing some small changes in the structure of the studied
amorphous phases, they remain stable even at high-irradiation
energies. More expressed structural changes occur in the
crystalline phases which in the course of irradiation change their
structure from LT/HT GeSe, to LT GeSe. This stabilizes it and
opens up the structure reducing the damaging effects in it.
From XRD data, the evidence of ion-irradiation induced
crystal-crystal phase change in crystalline Ge-Se thin films is
found. The emergence of Se-depleted, orthorhombic-GeSe
transition has been attributed to complex interaction of Xe ion
size, energy, density, and temperature. From the presented devi-
ces, it is seen that the OFF currents are within 10~ > nA with or
without irradiation and the ON/OFF current ratio is 10° which is
considerably high.
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Space-Projected Conductivity and Spectral Properties of the

Conduction Matrix

Kashi N. Subedi,* Kiran Prasai, and David A. Drabold

Herein, the Kubo—Greenwood formula is utilized to project the electronic
conductivity into real space, and a Hermitian positive semidefinite matrix I is
discussed, which is called the conduction matrix, that reduces the computation
of spatial conduction activity to a diagonalization. It is shown that for low-density
amorphous carbon, connected sp” rings and sp chains are conduction-active
sites in the network. In amorphous silicon, transport involves hopping through
tail states mediated by the defects near the Fermi level. It is found that for liquid
silicon, thermal fluctuations induce spatial and temporal conductivity fluctua-
tions in the material. The frequency-dependent absorption of light as a function of
wavelength in an amorphous silicon suboxide (a-SiO; 3) is also studied. It is
shown that the absorption is strongly frequency dependent and selects out
different oxygen vacancy subnetworks depending on the frequency. I is diag-
onalized to obtain conduction eigenvalues and eigenvectors, and it is shown that
the density of states of the eigenvalues for FCC aluminum has an extended
spectral tail that distinguishes metals from insulators and semiconductors. The
method is easy to implement with any electronic structure code, providing

formula (KGF). This was later generalized
as the “Fluctuation-Dissipation theorem”
that mathematically connects dissipative
processes with equilibrium fluctuations.”!
The ultimate roots of this work extend
through time to Einstein and his work
on Brownian motion and diffusion.®

In this article, we briefly review our
recently proposed method to estimate the
spatially projected conductivity (SPC),"”
apply it to a range of materials, and provide
insights both into the materials we study
and the method itself. The rest of this arti-
cle is organized as follows. In Section 2, we
review the KGF. In Section 3, we discuss
background material on computing spatial
transport information from computer mod-
els of materials. In Section 4, we describe
our method, and in Section 5 we offer
computational details and the models used.

suitable estimates for single-particle electronic states and energies.

1. Introduction

Practical calculation of electron transport in materials!" always
involves assumptions and approximations. The most natural
and oldest approach is to use Boltzmann’s equation,”” which
is ideal for a crystalline system with relatively weak impurity
or thermal disorder. Implicit to such a picture is the assumption
that k is a good quantum number associated with the assumed
lattice. A different way of framing the problem is due to Kubo,?’
who in 1957 computed the linear response (current) to an exter-
nal electric field. The resulting expression for the electrical
conductivity, further approximated within a single-particle pic-
ture of the electronic structure,* is called the Kubo-Greenwood
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In Section 6, we explore five different sys-
tems: a low-density phase of amorphous
carbon (a-C), amorphous and liquid silicon
(I-Si), amorphous silicon (a-Si) suboxide,
and for a useful contrast, FCC aluminum. We draw conclusions
in Section 7.

2. Kubo Formula

For calculations of charge transport in topologically disordered
systems (amorphous or liquid), for which there is no underlying
lattice, it is natural to adopt the Kubo approach. Mott and Davis!®!
and Moseley and Lukes® offered an appealing physical deriva-
tion of the KGF that we tersely repeat here. Consider a system
with an applied (external) AC electric field E. The system absorbs
photons from the electromagnetic field, and this drives electronic
transitions near the Fermi level, ep. Associated with this field,
there is an electric current density j. The Joule heat produced
by the electric field per unit time is £j - E, where £ is the cell
volume. The rate at which energy is absorbed from electronic
transitions is y = 3¢ er;(wy; P; — wir Py). Here ¢y, is the energy
difference between initial and final states, wy; is the transition
probability per unit time between final state f and initial state
i, and Py is the occupation probability of the initial (final) state.
Next, one assumes that y = 2j - E. By using Fermi’s Golden Rule
to estimate the transition probabilities, and defining the conduc-
tivity ¢ from the identification that ¢E?/2 is the mean rate
of energy loss per unit volume, one obtains the KGF for
each k-point k®* (written here in a form most convenient for
our purposes)

© 2020 Wiley-VCH GmbH
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ow(@) = gilkw)> |l (1)
i,j a

In the shorthand notation of Equation (1), we averaged over
diagonal elements of the conductivity tensor (a represents
Cartesian directions), i and j index Kohn—Sham orbitals (or other
single-particle states) y;)(x) with associated energies ¢;), p* is
the momentum operator (for direction a: p* = —ihd/0x,)
and g;;(k, ) = 2z€*[f,(k) — f;(k)]6(¢; (k) — €;(k) — hw)/(3m*we2),
and fis the Fermi-Dirac distribution. The matrix elements of
the momentum operator are pf} = (y;|p”|y;). This is devised for
amorphous materials which are assumed to be isotropic; it is
equally easy to implement this method for a particular direction
to explore anisotropy of conduction. It is remarkable that this
expression for the conductivity, which exactly coincides with the
study by Greenwood, does not require an explicit expression
for the current density. By carefully deriving the current density
j, one discovers that this derivation, and also Greenwood’s, veils
significant approximations involving the DC limit, and more sub-
tly, the spatial homogeneity of carrier density. We will not further
dwell on these technical issues here, and adopt the “standard” KGF
(Equation (1)). See, for example, Equation 19 in the study by Zhang
and Drabold™ and associated discussion. For a full many-body
picture, see the previous studies by Zhang and Drabold."'?

The Kubo formula has been heavily used in liquids,™*¢
amorphous semiconductors,’”! and mixed systems.'®? In its
usual application, the KGF is applied to a static disordered lattice.
As such, it provides no information about thermal disorder and
its consequences to conduction. For applications of the KGF in
disordered systems, the electron—phonon coupling is large for
localized single-particle states,’?>*! especially those orbitals near
the Fermi energy. In a room temperature thermal molecular
dynamics simulation, energy levels may fluctuate with a ther-
mally induced root mean squared fluctuation o 3> kT.?%%’]

Above the Debye temperature, it is sensible to estimate the
temperature-dependent conductivity by undertaking a long
constant-temperature molecular dynamics (MD) simulation
and averaging the KGF over the trajectory. This seems to give
reasonable results for the temperature dependence of pure
and hydrogenated a-Si, and explains the high-temperature coef-
ficient of resistance and functionality of doped a-Si:H as a mate-
rial for night-vision device applications.*"

Apart from the approximations mentioned earlier, there are
many technical details for properly using the KGF, including finite
size effects and such details as the broadening of the § function in
Equation (1). A recent review details many issues about the use of
KGF in hot condensed matter.” The KGF is a valuable tool, link-
ing as it does transport experiments to the quantum mechanics of
materials, but in its usual implementation gives just one function
(the AC conductivity) or one number (the DC conductivity). It pro-
vides no spatial information about the conduction.

3. Computing Spatial Information about
Transport

For heterogeneous systems, a basic question is: “what parts of

the network are conducting?” Some emerging computer mem-
ory technologies (resistive random access memory [RAM] and
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conducting bridge RAM) involve specific conduction pathways,
and our microscopic understanding of such systems might be
improved by a detailed atomistic understanding of the flow of
charge through the systems. Conducting bridge RAM can be
made from many amorphous insulating hosts (such as GeSe;
or Al,O3, heavily doped with a transition metal like Ag or
Cu). These are technologically important electrochemical devices
for which basic questions arise about whether transport is simply
through metal filaments or a more intricate process involving
transport through metal-rich regions.”® We have provided
insight into this elsewhere.l”?°2% Another example of keen cur-
rent interest is physical unclonable function (PUF) devices for
computer security, made from a-Si suboxide materials, as we
discuss on more detail in Section 6.4. Another example of
interest is conductance fluctuation in amorphous systems.?*%

With this tool in hand, the idea might also be pushed
in an engineering direction as a common inverse problem of
materials science: “what is the structure that I need to have a
particular conductivity?”, or “what is the structure required to
have a particular absorption of light of frequency w, eg., for
the design of waveguides?” The inverse problem is always
challenging: a robust tool of the form R — ¢ (given coordinates
what is the conducting path) is required before we can handle
% — R (given the conducting path we seek, what coordinates—
structure—will yield it?).

Some exisiting schemes vyield insight into the spatial
character of conduction. A principal message of the KGF is that
the DC conductivity arises from transitions between states at or
near the Fermi level. To obtain a nonzero conductivity, it is nec-
essary that the momentum matrix element not vanish between
the relevant occupied and unoccupied states (Equation (1)). If two
such states y; and W do not overlap, there is no contribution to
the conductivity: transitions between spatially nonoverlapping
orbitals are forbidden. So, to the extent that there is a large over-
lap between the two states, there is likely to be a larger momen-
tum matrix element too. This is the idea behind a primitive
approximation, the “q; —¢;” method that we use in ref. [27].
An even simpler scheme is to compute the charge density around
the Fermi level®''—it must be that the spatial conductivity
involves those parts of space where this charge density is large,
but this totally ignores the momentum matrix elements which lie
at the heart of the KGF—these matrix elements are a legacy of the
current—current correlation function, and it is not desirable to
neglect these contributions. Other ideas related to spatial decom-
position of conductivity have emerged in the literature before,
including a computation of current densities for a randomly dis-
ordered system,?? using the methods of Baranger and Stone.[*’]
Also, within a Landauer picture, the concept of transmission
eigen-channels was introduced and later implemented with non-
equilibrium Green’s functions.**

4. Theory
4.1. SPC
The KGF (Equation (1)) gives the conductivity as a weighted sum

of the modulus squared momentum matrix elements. The sums
on Latin indices are over single-particle, for this article, Kohn—
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Sham orbitals. The spatial dependence of the states is obviously
important, but only insofar as this modulates the momentum
matrix elements. Thus, it is desirable to rewrite the KGF express-
ing the matrix element quadratures as sums on a real space grid
to find a spatial decomposition. Suppressing the explicit depen-
dence of ¢ on k and w, we write

o= / & / ¥ gyl ()i () @)
ija

Next, define complex-valued functions
&i(x) = wi ()p"y;(x) (3)

on a discrete real-space grid (call the grid points x), and suppose,
for simplicity, that the grid is uniformly spaced in 3D space with
spacing h. Approximating the integrals as sums on the grid, and
obtaining the operation of p* from centered finite differences, we
easily arrive at

o~k D ()G ) )

x,x' o

We find it useful to introduce what we will call the conduction
matrix I’ defined as

I(x,x') thg,Jé;; x) (&) ()

I' is Hermitian and positive semidefinite. Note that I" has the
dimension of conductivity, and we have summed out the Kohn—
Sham orbitals, leaving only spatial dependence. It follows from
Equation (4) thate = > I'(x,%") as h — 0. We take the SPC to
bel(x) = |>., I'(x,x")|. To obtain a real value for the scalar field
¢, the modulus operation is required: while the full double sum
is, of course, real, summing only one index of I" yields a function
that is, in general, complex. {(x) is of interest as it is positive, and
by construction indicates the conduction-active parts of the
system. Similar forms are possible for the SPC. If, for example,
only one of the matrix elements is computed on a grid, then if
¢y = h3gijp‘§, then for 7(x) = >, ¢;€j(x), |7] also serves as an
estimate for SPC, identical to ¢ as h — 0.

4.2. Spectral Properties of the Conduction Matrix

The eigenvalue problem for I' reads: I'ly,) = A,|y,), for which
# = 1,ng. ng is the number of points in the spatial grid (thus,
for example, n, = n® for n points in each Cartesian direction
in 3D). Diagonalization provides a spectral representation:

= Zu ‘)(M>AM<){l4 ’
o= AN+ Y 2xr)] (6)

x, %', x#£x

Equation (6) introduces the concept of conduction eigenvalues
and modes. The spectral decomposition of ¢ of Equation (6) cat-
egorizes the conductivity into a finite and, in practice, small
(compared with the dimension of I'") set of conduction channels.
Because of trace invariance of I, } A, =) A(x), for
A(x) =T'(x,x). The spectral form for the SPC is thus
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and {(x) = {(x). We observe that if we take a diagonal approxi-
mation A(x), by omitting the second term on the RHS in
Equation (6), the eigenvalue A, would exactly give the conduc-
tance through channel p. In such an approximation,
o~y ,A,=Tr(I), a form reminiscent of the transmission
eigen- channels B4 but note that our full expression for ¢ is
not just a trace over I in contrast with the transmission matrix
appearing in the Landauer expression for conductance.

It is of interest to determine the value of an approximate ¢
(e.g., computed from only a handful of the eigenvectors conju-
gate to the largest eigenvalues) to {. We discuss the density of
states (DOS) of I later. For complex mixed conducting/insulat-
ing phases, we find that the eigenvectors y conjugate to extremal
eigenvalues produce a remarkably compact and efficient descrip-
tion of the conduction, often reproducing the full { with only a
few tens of eigenvectors, even though dim(I) is in the tens of
thousands. For a metal (e.g., FCC Al), we again find a great accu-
mulation of eigenvalues at A = 0 but with a significant spectral
tail unseen in less metallic systems. Thus, the high conductivity
of a metal accrues from integrating over this tail. The DOS of I’
is yet another way to distinguish insulators, semiconductors, and
metals.

So far, we have computed the eigenvectors of I' by exact
diagonalization. However, it is clear that this problem is ideal
for a Lanczos technique.®>! A maximum entropy reconstruction
of the DOS of I" is also under investigation.*®

5. Computational Details
5.1. Models

In this article, we used Vienna Ab initio Simulation Package
(VASP)B”) code to carry out DFT calculations. The generalized
gradient approximation (GGA) of Perdew—Burke-Ernzerhof
(PBE)®® was used as the exchange—correlation functional.
Brillouin zone sampling was restricted to the gamma point
(k=0), and periodic boundary conditions were used throughout.

A model of low-density a-C was examined with density
1.5gcm ™ and consisted of 216 atoms.?*”!

An a-Si model with 216 atoms (p=2.33 gcm3) was taken
from the study by Djordjevi¢ et al.*” and was relaxed using a
conjugate gradient method. While relatively small by current
standards, this model is an excellent representation of the topol-
ogy of a-Si, and is 100% fourfold, though some of the sites are
strained. The a-Si model was then melted at 2000 K for 6 ps to
create representative snapshots for 1-Si.

We modeled a-Si suboxide (a-SiO; ;) in cells with 184 atoms
and density 1.68 gcm **! that was obtained using a melt-
quench scheme.*?! We began with a supercell with a random
initial configuration at the experimental density and desired
stoichiometry, which was then heated above melting point.
The supercell was then cooled to room temperature in successive
steps. The final model was obtained by performing a relaxation
to minimize the forces acting on each atom to below
~0.005eV A~
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A cubic model of crystalline FCC Al (c-Al) with 500 atoms was
constructed.

We use various values of grid spacing (h) throughout this
aricle. We find that the SPC is fairly insensitive to h, and has
checked the results presented here by considering a few different
choices for h and verifying that the predicted SPCs were
consistent.

5.2. Methods

To carry out the calculations, we used Kohn—Sham orbitals com-
puted with VASP.M*! The ¢ (of Equation (4)) was obtained using
finite central differences with 6r = 0.05 A. To estimate the SPC
(¢), we adopted a discrete grid with variable dimensions depend-
ing upon the supercell used. We selected a temperature of
T=1000K for the Fermi-Dirac distribution and approximated
the delta function in g; by a Gaussian with width 0.05eV.
The numerical value of the conductivity is sensitive to these
choices, the SPC plots far less so.

The extent of the localization of eigenvectors was quantita-
tively gauged by calculating the inverse participation ratio
(IPR) defined as

(e, (4)*
= @) @)

The value of .7 lies between 0 and 1. Higher .7, signifies that
the eigenvector y, is more spatially localized.

6. Results and Discussion

6.1. Low-Density a-C

Carbon materials have produced two Nobel prizes in the last
quarter century. a-C has applications including protective
coatings, radiation protection, electronic circuits, and bio-
medicine.** ¢ Carbon-based electronics is a major field of
research in materials science.*’~>° Carbon in different forms

www.pss-b.com

such as carbon nano tubes (CNTs) is being studied for PUF
applications.” Carbon-based electrodes are used as electro-
chemical sensors for biological applications.?

a-C at low densities (< 2 gcm ™) consists primarily of sp” sites,
with some sp and sp® sites. Bhattarai et al. have shown that a-C at
low densities (p = 0.92-1.6 gcm™3) exhibits sp* configurations
with ~66-81%, sp chains with ~14-33%, and sp> configurations
with ~0-9%.1*%) The presence of sp* and sp configurations may
render the materials electrically conductive and optically absorb-
ing. Intuitively, it is clear that the connectivity between the sp, sp”,
and sp® subnetworks might also play a role in conduction. For
densities below 1gcm™2, it has been shown that the material
consists of warped and wrapped regions of amorphous graphene,
with considerable ring disorder.F

In this subsection, we discuss SPC in low-density a-C
(1.5 gcm ™) and also provide spectral information from the con-
duction matrix by diagonalizing it. We discretized the supercell
into 40 x 40 x 40 grid points (h=0.355A) and obtained the
conduction matrix I'(x,x’) which has dimension of 64 000.
The conductivity path was obtained by calculating space-
projected conductivity at each grid point as discussed in
earlier section (Section 4.1). The SPC is projected as an isosur-
face (yellow blob) in left plot of Figure 1. As a technical
exercise, we also compare the results to the diagonal
approximation A(x).

The isosurface in the left plot shows that SPC is due to both sp
and sp* configurations in the network. It reveals active participa-
tion of sp chains in the network that form a clear connected con-
ducting path and follow sp* configurations to a pentagonal ring.
Pentagonal and the hexagonal ring structures that are connected
with sp chains form the other active sites for conduction. These
rings are highlighted in the middle plot of Figure 1 that show only
those atoms contributing significantly to conduction. The arrows
indicate the continuous conduction path along the C atoms dis-
played in the left plot. sp®> configurations do not appear as SPC
sites. As a consequence, they do not contribute to charge trans-
port, as expected. To provide a simpler picture of the conduction,
we projected A(x), the diagonal approximation of ¢, as an isosur-
face in the right plot of Figure 1. A is primarily centered on the

Figure 1. a-C: Left and right images correspond to the SPC ({) and the diagonal approximation A(x) projected on grids as an isosurface plot (yellow
blobs), respectively. The middle plot corresponds to the structural topology of the network in one region of the supercell that forms a continuous
conduction path. The straight and the curved lines with arrowhead are guides to the eye to indicate the conduction path. The colored spheres represent
C atoms with different configurations; red (sp’), blue (sp®), green (sp), and purple (singly bonded).
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atomic sites and shows discrete path. The isosurface blobs show
that A picks almost the same sites that are active in ¢. So, A quali-
tatively provides a similar picture of the conduction path as ¢
shown in left plot of Figure 1 for a-C.

Next, we discuss the spectral properties of conduction matrix,
I'(x,x'), for a-C by diagonalizing it as discussed earlier
(Section 4.2). The DOS from the eigenvalues and the extent of
the localization of the eigenvectors measured by IPR (.¥) were
calculated and are shown in Figure 2.

The DOS in Figure 2 reveals an overwhelming fraction of
eigenvalues very near A =0. These states are mostly localized
as represented by the values of .# shown by the scattered red
dots. We find a few eigenvalues significantly shifted from
A =0 in the spectrum; only eigenvectors corresponding to these
extreme eigenvalues are important to the DC conductivity. To
better estimate the number of such eigenvectors, we calculated
the spectral form of SPC, ({), defined in Equation (7), from the

Figure 2. a-C: Logarithmic spectral DOS of I' matrix. The left scale
represents the DOS of the eigenvalues displayed in a log scale (solid black
line) and the right scale corresponds to the extent of localization of eigen-
vectors measured as IPR (%) (red circles). Large . implies a spatially
localized eigenvector of I .

www.pss-b.com

largest 75 and 100 eigenvectors, and these are shown in Figure 3.
Both isosurface plots in Figure 3 show almost the same path
as ( that is displayed in the left plot of Figure 1. This shows that
75-100 eigenvectors suffice to obtain the conduction path in a-C.

To see how two eigenvectors conjugate to the largest eigenval-
ues contribute to transport, see Figure 4. We see that from
A,lx,|% these extremal eigenvectors either form a short channel
or lie within spatially separated parts of the network. The eigen-
vector corresponding to the second largest eigenvalue (left plot in
Figure 4) picks out mostly the sp sites. The sp* configurations
which are adjacent to the sp configurations are other active sites
for this eigenvalue. The extremal eigenvector selects both sp” and
sp sites. Both eigenvectors pick more or less the same sp” sites in
the network that are the active sites for the conduction as shown
by ¢ shown in left plot of Figure 1.

The physical conclusion is that sp chains play an important
role in electronic transport in phases of carbon that possess
them. The SPC that emerges reveals charge transport through
interconnected sp chains and sp” rings. It is expected that the
the relative fraction of these conducting constituents is strongly
density, impurity, and sample preparation dependent.

6.2. a-Si

a-Si plays an important role in technological applications, such as
thin-film transistors, photovoltaics, infrared imaging devices,
and active-matrix displays.¥ Being an electronic material,
understanding the conduction mechanisms is of obvious impor-
tance. In this subsection, we discuss the conduction-active sites
in the material and also discuss the spectral properties of
the conduction matrix I. The supercell was partitioned into
42 x 42 x 42 grid points (h=0.39A) and the I" matrix was
obtained. The SPC at each grid was then calculated and is shown
as a heat map plot in Figure 5.

Earlier works on the electronic bandtails (Urbach tails) of a-Si
have shown that the valence tail states are built from chains or
clusters of Si atoms with bonds shorter than average and
conduction tail states are due to chains of Si atoms with longer
bonds.”># It is therefore to be expected that these tail states
(and gap states due to badly strained fourfold sites or coordina-
tion defects) will play a role in conduction.

Figure 3. a-C: Spectral form for SPC ({,) projected on grids as an isosurface plot (yellow blobs). Left and right plots correspond to the ¢, from the sum of
last 75 and 100 eigenvectors, respectively. Same cutoff for the isosurface has been used in both plots and the left plot in Fig. 1. Same color code is used to
describe atoms as in Fig. 1. {; from extreme 75-100 eigenvectors is equivalent to ¢ and is sufficient to essentially exactly determine the SPC in a-C.
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Figure 4. a-C: Eigenvectors projected on grids as an isosurface plot (yellow blobs). Left and right plots correspond to the second largest
(A, =22.04Scm™") and the largest (A, =31.98Scm™") eigenvalues, respectively (refer to Figure 2). Same color code is used to describe atoms

as in Figure 1.

Figure 5. a-Si: SPC ({) projected on grids as heat map plot (labeled by
colorbars on left of the plot) scaled with maximum value in each plot.
The size of the hot spheres is scaled with the magnitude of the SPC value.
The colored spheres represent Si atoms with different bonding environ-
ment; the blue and heliotrope colored spheres represent fourfold coordi-
nated Si atoms with one and two very long Si—Si bonds, respectively.
The green colored spheres represent typical Si atoms with normal
bondlengths. The bond cutoff distance of 2.72 A was chosen.

Figure 5 shows the SPC for a-Si. Analysis of the SPC shows
special weight for atoms with bonds shorter than 2.32 A and
longer than 2.43 A (the average bond length is about 2.35 A).
The heat map shows that the SPC also sits at strain defects
(fourfold atoms with large variation in bond angles or bond
lengths from tetrahedral symmetry). The conduction involves
all the states near the Fermi level (ef), thus involving tail states
(of long and short bond structures) and, of course, defect states
near er. We diagonalized I” to understand the spectral informa-
tion of the conduction eigenvalues and the eigenvectors. The
DOS of the eigenvalues and the extent of localization (.#) of
the eigenvectors were calculated and are shown in Figure 6.

Figure 6 shows a very large accumulation of eigenvalues near
A = 0. Much about the transport can be obtained from only a few
extremal eigenvalues and conjugate eigenvectors of I to
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Figure 6. a-Si: Logarithmic spectral DOS of I" matrix. The left scale cor-
responds to DOS of the eigenvalues displayed in a log scale (solid black
line) and the right scale corresponds to the extent of localization measured
as IPR (F) (red circles).

approximatethe SPC of the material. We plot |y|? for the largest
two eigenvalues in Figure 7. We find that these eigenvectors
select out specific sites in the network. The eigenvector corre-
sponding to the second largest eigenvalue (left plot in
Figure 7) picks the atomic sites with short-bonded Si atoms with
maximum bond length of 2.32 A. The eigenvector corresponding
to the largest eigenvalue picks entirely different parts of the net-
work. This eigenvector follows a path among those atoms that
form adjacent strain defect sites,*® nominally fourfold but with
one or two long bonds shown in blue and heliotrope, respectively,
and also involves filaments of long Si—Si bonds with minimum
bond length of 2.43 A. This calculation reinforces the predicted
short-bond (long-bond) association with valence (conduction)
tails, and shows an interesting conduction mixing of the defects
and tail structures (long- and short-bond subnetworks). In a sys-
tem with dangling (threefold) or floating (fivefold) configura-
tions, yielding states near ep, we would expect these sites to
also participate in the resulting {(x).
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Figure 7. a-Si: Eigenvectors projected on grids as an isosurface plot (yellow blobs). Left and right plots correspond to the second largest
(A, =0.26Scm™') and the largest (A, = 0.34Scm™") eigenvalues, respectively. For atoms, the color code is same as used in Figure 5. As the atoms
picked by the eigenvectors that are adjacent to each other are separated by the periodic box, we shifted the coordinates to make these atoms include in the
same side of the box to make the connectivity clear. The left panel emphasizes short bonds, right panel long bonds, and defects.

In future work, we will explore defect-rich phases of
amorphous Si including dangling and floating bonds (as well
as nominally fourfold structures with strain defects) and explore
the role of defects in conduction. There is no doubt that such
defects will play a role, as their electronic energies are well known
to be in the gap, and for dangling bonds especially, near the mid-
dle of the gap. We speculate that there may be interesting SPC
linkages between such defects and the filamentary structures
associated with the Urbach tails,®® perhaps reminiscent of
the sp-ring mixing of a-C. Conductivity will certainly depend
on delocalization that accrues from mixing/banding between
defect state: such effects are included in our computations.

6.3. Conductivity Fluctuations in I-Si

1-Si is a metal in contrast to a-Si or ¢-Si which is tetrahedral
semiconductors. Although it is metallic, the first neighbor
atomic coordination number is between 5 and 6,1’ hinting
at a prevalence of covalent bonds in the liquid state of Si and
differentiating it from other metals in terms of structural
topology.®!! In the liquid state, thermal fluctuations cause the
structure to continuously change and so too the SPC in the
network. To model the liquid metal, we annealed the a-Si model
at 2000 K for 6 ps.

The thermal fluctuations induce fluctuations in the Fermi
level (eg) and also the electronic gap associated with it. The fluc-
tuation of the frontier of highest occupied molecular orbital
(HOMO), lowest unoccupied molecular orbital (LUMO), and
the Fermi level with simulation time is shown in Figure 8 for
a brief time interval.

From Figure 8, we see that the minute gamma-point gap
opens and closes with time due to the thermal fluctuations.
We chose four configurations as shown by different markers
in the inset plot of Figure 8 where such feature exists. For these
snapshots, we find that the coordination environment does not
drastically change within the network for this short time interval.
A majority of the Si atoms are fivefold and sixfold coordinated
(~56-57%); fourfold and sevenfold coordinated Si atoms account
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Figure 8. |-Si: A snapshot showing fluctuations of energy levels near the
Fermi level (in eV) plotted against simulation time. The inset plot shows a
specific region (shown by the curly brace) with closing and opening of the
electronic gap. The markers correspond to the time step for the atomic
configurations that were selected for the SPC calculations.

for ~233-35% of the total coordination; and eightfold coordinated
Si atoms account for 5.1-9.7% of the network. For each of these
configurations, we obtained the SPC on a 40 x 40 x 40 grids
(h=0.41 A) and these are shown as heat map plots in Figure 9.

The heat map plot of SPC shows that the fluctuation in the
energy levels results in slight variation in the SPC. For all mod-
els, we find that the SPC is quite extended, indicating the metallic
character of the material. All coordinations seem involved in the
conduction, suggesting a truly delocalized metallic form of
conduction.

We also picked four temporally well-separated snapshots at
simulation times 1.95, 3.15, 4.35, and 5.55 ps to capture the
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Figure 9. I-Si: SPC ({) projected on grids as a heat map (labeled by colorbars on left of each subplots) for atomic configurations at that are temporally
close to each other shown by the marker signs in the inset plot of Figure 8. a—d) The atomic configurations shown by star, triangle, square, and the plus
signs in the inset plots of Figure 8, respectively. Atom color represents Si with different instantaneous coordination as labeled and shown at the top of the

figure. The cutoff distance of 3.10A is used to define the coordination.

variation of the conduction path on longer time scales. The SPC
for each of these snapshots is shown on grids as a heat map in
Figure 10. The dominating regions appear in different parts of
the cell for these snapshots, an expected kind of “local conduc-
tance fluctuation” as the Si atoms diffuse in the liquid state and
continuously change their local bonding and thus local electronic
structure. The variation in the conduction path is displayed, and
colored spheres in each plot of Figure 10 indicate the fluctuation
in the local atomic environments. We find that, within the top 6%
of SPC values in Figure 10a, one of the conduction paths is along
the chain with fourfold, fivefold, sixfold, sevenfold coordinated Si
atoms in the middle region of the network. Similarly, in
Figure 10b, we find a continuous path along fourfold, fivefold,
sixfold, sevenfold, eightfold Si atoms where four of such sixfold
coordinated atoms contributing to the path. In Figure 10c, there
exists a conduction path along a chain of five Si atoms that are all
sixfold coordinated. We also find the conduction path along the
chain of fourfold, fivefold, sixfold coordinated Si atoms where
three of such fivefold coordinated Si exist in the chain. In
Figure 10d, we find one of the conduction paths along six Si
atoms with fivefold, sixfold, sevenfold, eightfold coordinated
Si atoms forming a chain where three of them are fivefold coor-
dinated. So,the SPC calculations from these snapshots show that
the most conduction-active sites in 1-Si are fivefold and sixfold
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coordinated. We find Si atoms with fourfold, sevenfold, and
eightfold coordinated forming the other sites of conduction.
It would be of interest to properly analyze these fluctuations with
suitable space-time correlation functions.

6.4. a-Si Suboxide: Application for Finite @

Optical materials are critically important, and there is always
a demand for novel optically functional and transparent materi-
als. Electromagnetic waves of different frequencies may be
absorbed by different parts of the inhomogeneous material.
Having a priori information on the absorption-active sites/
regions in the material could be helpful to engineers, for
example, to design waveguides or other optical devices.
Optical PUFs are an ongoing research topic for computer secu-
rity applications.[®

Silicon suboxides, a-SiO, (0 < x < 2), have complex structures
and two different pictures of suboxide structure are mainly dis-
cussed: random mixture!®® and random bonding.!** The former
model suggests the segregation of Si in silica separated by the
interfacial boundary and the latter model suggests a continuous
random network of tetrahedral units of SiSi,O,_, where y=0
to 4. The complexity of the network makes the material electron-
ically interesting and, of course, span a-Si to amorphous silica.
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Figure 10. I-Si: SPC ({) projected on grids as a heat map plot (labeled by colorbars on left of each subplots) for configurations at intervals of 1.2 ps.
a—d) The SPC plot at simulation time 1.95, 3.15, 4.35, and 5.55 ps, respectively. Atoms color represents Si with different coordination environment and we
adopt the same convention as in Figure 9. The cutoff distance of 3.10 A is used to define the coordination. Note the spatial fluctuation in the heat maps

over these snapshots.

If one imagines starting in a-SiO,, a superb insulator, one can
imagine a process of randomly depleting O atoms from the
network. If x is close to 2, O-vacancies will be widely separated
with little conduction. As O depletion proceeds, more and more
hopping will accrue and the conduction paths will be determined
by the locations and electronic structure associated with the
O-vacancy subnetwork. The electrical conductivity therefore
has a stochastic character depending on the existence and details
of a hopping pathway involving the vacancies. For small enough
systems, the stochasticity in conduction path affects the observed
DC conductivity, and makes an excellent PUF, as we report
elsewhere.[*”]

In this article, we look very briefly at an AC version of this, and
show that light absorption is very sensitive to wavelength, and in
particular, show that different vacancy subnetworks contribute to
the absorption. This suggests that an “optical PUF” might be pos-
sible for the silicon suboxide materials. We limit the discussion to
a qualitative indication of how different parts of the network par-
ticipate for two different wavelengths, and we note for complete-
ness that to really carry out such calculations realistically better
excited states should be computed with more intricate methods.

In this subsection, we discuss light absorption in a-SiO; 3 at
two frequencies. To enable this, we calculated the space-projected
conductivity on 40 x 40 x 40 grids (h = 0.39 A) for two different
wavelengths with 1 = 2000nm and 4 = 1600 nm. The SPC for
both cases are shown in Figure 11. It is of interest that the
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absorbing parts of the models are qualitatively different, and
more to the point, the computation predicts which parts of the
matrix will absorb light of a specified wavelength. The isosurface
plots in Figure 11 show that the absorption meanders along adja-
cent O-vacancy sites in the network because different frequencies
pick out different paths g in the network. As such, changing the
frequency and changing the path make it likely that external
observables, such as absorption, will also change, making the sys-
tem potentially attractive for PUF applications.

6.5. FCC Aluminum

So far we have discussed conduction in noncrystalline semicon-
ductor materials. In this subsection, we consider FCC aluminum
(c-Al), a metal, with a focus on the spectral properties of the con-
duction matrix I. I'(x, x') for the 500 atoms Al cell was obtained
on a 42 x 42 x 42 grids (h=0.48 A) so that dim(I") = 74 088.
I" was exactly diagonalized to obtain eigenvalues (A,) and the
eigenvectors (y,).

Figure 12 shows the DOS of the conduction eigenvalues and
the extent of the localization of the conjugate eigenvectors ().
The DOS in Figure 12 shows that a majority of the eigenvalues lie
near A = 0. This is clear from the inset that shows the evolution
of the conduction eigenvalues in increasing magnitude where
only the last ~24 088 among 74 088 eigenvalues have magnitude

p
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Figure 11. a-SiO, 5: SPC ({) projected on grids as isosurface (yellow blobs) plots. Left and right plots correspond to 7w = 0.62 and 0.76 eV, respectively.
Multcolored spheres refer to Si atoms within the conduction-active region having different coordination environment shown as legends at the top of the
figure. Top 3.7% SPC values are included in both plots. The gray colored spheres represent Si and O atoms that lie outside the conduction active region for

the given cutoff. The small size spheres represent O atoms.

Figure 12. c-Al: Logarithmic spectral DOS of I" matrix. The left scale cor-
responds to DOS of the eigenvalues displayed in a log scale (solid black
line) and the right scale corresponds to the extent of localization measured
as IPR (#) (red circles). The inset shows the magnitude of conduction
eigenvalues in ascending order.

greater than 10~ Scm ™!

of I' are effectively zero.

In contrast with our previous examples, the spectrum shows
the presence of an extended tail in the DOS that reveals a signa-
ture of metallic conduction in Al. This is supported by the inset
plot where the eigenvalue increases in a linear fashion at
different regimes. The inset also provides a tentative picture
of the transition from an insulating to conducting spectral char-
acter near the high-A end of the spectrum between indices

. Even in a metal, most eigenvalues
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~60 000-67 000. Beyond index ~67 000, we observe that the
density of eigenvalues increases in a more quadratic manner.
The presence of the tail in the DOS requires many eigenvectors
to be considered to obtain the conduction path in Al (which is, of
course, fully delocalized through the cell). A small spectral gap
appearsnear A, =1.3 S cm ™! from a physical origin that we have
not yet determined. The other difference we find is the localiza-
tion of the conduction eigenvectors where the modes are more
extended for Al compared with what was observed in a-Si and the
low-density a-C model.

Figure 13 shows the conduction eigenvalues (A,) plotted
against IPR (.#). We see that for small IPR, there exists a fairly
clear inverse relation between eigenvalues and the IPR. We also
see A, near zero for low IPR. The eigenvectors corresponding to
such eigenvalues can involve many sites, but always without
forming any connected pattern and therefore corresponds to
the nonconductive structures.

Figure 13. c-Al: The correlations of the eigenvalues with IPR (%) shown by
the scattered plots as heatmap. The colorbar at the central top of the figure
refers to the magnitude of eigenvalues.
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Figure 14. c-Al: Conductivity projected on grids weighted by the eigenval-
ues from all eigenvectors as a heat map plot (labeled by colorbars on the
left) scaled with maximum value. The spheres represent Al atoms.

To visualize the conduction (really to see how a metallic
conducting continuum emerges from this theory), we projected
the conductivity from all the eigenvectors weighted by their
eigenvalues and this is shown as a heat map plot in Figure 14.
The electrons in c-Al are highly delocalized, as a result the
projected values are essentially the same throughout the cell
as shown in Figure 14. This is, of course, quite different from
the semiconductors like a-Si and low-density a-C where only
some parts of the material serve as the conduction-active sites
in the network that we discussed in the earlier subsection.

The other interesting property we find in the spectrum of the
DOS in c-Al (refer to Figure 12) is the presence of the degenerate
eigenvalues toward the large A end of the spectrum. This is
absent in the spectrum of a-Si and the low-density a-C. The
degeneracy is surely a manifestation of the degeneracy present
in the electronic levels, accruing in turn from the crystalline

www.pss-b.com

symmetry (Only the k=0 point is used to sample the
Brillouin zone, perhaps reasonable for a 500 atoms cell for this
application, though in general this would be a doubtful approxi-
mation for a metal with its Fermi surface.). To visualize the
conduction channel formed by the family of such degenerate
eigenvalues, we projected the eigenvectors onto real space grids.
Figure 15 shows the projection of eigenvectors for one of such
family of the degenerate eigenvalues as a heatmap plot. The left
plot shows that the eigenvectors split into four conduction chan-
nels within the supercell. The channels possess an inversion
symmetry at the center of the supercell. The middle and the right
heat maps correspond to the eigenvectors for other two eigenval-
ues in the family which direct along different directions, namely,
along x and y direction.

7. Conclusions

We presented a method to compute a conductivity projected onto
real space grids, and we analyzed the spectral properties of the
conduction matrix for a representative systems. For low-density
a-C, we find that the sp* and sp configurations form active con-
duction sites. The conduction path is formed between the sp
chains and the pentagonal or hexagonal graphene rings in the
network. For a-Si, we find SPC is distributed at nearby atomic
sites at different parts in the network, suggesting the possibility
of hopping mechanisms for the electronic conduction. For a-Si,
we find that the extreme eigenvectors pick atomic sites with
different topology, involving tail states and strain defects for this
fourfold WWW model. We also studied fluctuations in the
energy levels in 1-Si and provided the conduction path for few
configurations. We showed that the fourfold, fivrfold, sixfold,
and sevenfold Si atoms form the conduction sites in the I-Si.
We showed that diagonalization of I'(x,x’) provides essential
information about the nature of the conduction eigenmodes
in different materials and helpfully categorizes the “paths”
according to eigenvalue. From the spectrum of DOS of conduc-
tion eigenvalues, we always find a very large weight near A = 0.
So, for materials like a-Si and a-C, only a few eigenvectors are
sufficient to define the conduction path. For c-Al, we find that
despite a significant accumulation of eigenvalues near A =0,

Figure 15. c-Al: Isosurface plots for eigenvectors corresponding to the degenerate eigenvalues (A, = 1.0013 Scm™"). The isosurface plot displayed as a
heat map (labeled by the colorbars on left of each subplots) includes the values within 0.001 times the maximum value on the grids. Al atoms are

represented by gray spheres in each plot.
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there is a spectral tail in the DOS and the channels correspond-
ing to these states are extended. So, for metals, many eigenvec-
tors are necessary to describe the conduction. We also observe a
degeneracy in the conduction eigenvalues in the DOS of c-Al
absent in the amorphous systems. We analyzed eigenvectors
for one such degenerate eigenvalue near the extreme side of
the spectrum and showed that these eigenvectors form a well-
defined conduction channel. We also provided an example of
a silicon suboxide (a-SiO;;), where we projected the SPC for
(@ > 0) and showed that the O-vacancy sites form the major sites
of conduction in such material.

In our previous works, we studied conduction mechanisms
in few resistive memory materials, namely, a-Al,05 : Cu”?® and
a-Ta,05:Cu.”®! In both cases, we find that the Cu atoms
segregate and form a cluster-like structure in the highly ionic
host. We obtained the SPC and showed that these clustered Cu
atoms form major conduction-active sites in these materials, indi-
cating the metallic conduction in such systems. In a-Ta,Os:Cu,
we also find that the under-coordinated Ta atoms (O-vacancies)
that are neighbors to Cu atoms are other sites of conduction.
In a-Al, 05 : Cu, we showed that the connectivity of the Cu atoms
in the network is vital to enhance the conductivity in the material.
We also showed that in such a mixed (insulating/conducting)
system, only a few eigenvectors of I" are required to characterize
conduction in the system.

No article is complete without caveats. It is not easy to extract
quantitative conductivities for amorphous solids. Electron—
phonon couplings are not included in static lattice computations
and such temperature dependence is hardly a small effect. This is
probably one reason why there are more computations of elec-
trical conductivity in liquid metals, where dynamical effects
(changes in electronic structure and therefore conduction due
to atomic motion) are treated with Born—Oppenheimer dynam-
ics. Also, in principle, methods producing accurate excited states
perhaps using hybrid functionals should be used, and would
doubtless make a significant difference in the numerical value
of the conductivity. However, we emphasize that the qualitative
character of the SPC is far less sensitive to these effects than
the numerical value of the conductivity, and the method
offers a fairly robust picture of conduction activity in complex
materials.
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On the Origin and Structure of the First Sharp Diffraction

Peak of Amorphous Silicon

Devilal Dahal, Hiroka Warren, and Parthapratim Biswas*

Dedicated to Professor David A. Drabold on the occasion of his 60th birthday

The structure of the first sharp diffraction peak (FSDP) of amorphous silicon
(a-Si) near 2 A" is addressed with particular emphasis on the position, intensity,
and width of the diffraction curve. By studying a number of continuous random
network (CRN) models of a-Si, it is shown that the position and intensity of the
FSDP are primarily determined by radial atomic correlations in the amorphous
network on the length scale of 15 A. A shell-by-shell analysis of the contribution
from different radial shells reveals that key contributions to the FSDP originate
from the second and fourth radial shells in the network, which are accompanied by
a background contribution from the first shell and small residual corrections from
the distant radial shells. The results from numerical calculations are complemented
by a phenomenological discussion of the relationship between the peaks in the
structure factor in the wavevector space and the reduced pair-correlation function
in the real space. An approximate functional relation between the position of the
FSDP and the average radial distance of Si atoms in the second radial shell in the
network is derived, which is corroborated by numerical calculations.

The FSDP is ubiquitous in many disor-
dered condensed-phase systems.
Numerous experimental > and theo-
retical>>'?!  studies have reported the
(near) universal presence of the FSDP in
glasses and liquids/melts. In glasses, the
origin of the FSDP can be largely attributed
to the presence of layered structures,!'
interstitial voids,®™® chemical disorder,!
and large ring structures® in the networks,
which constitute a real-space description of
atomic correlations on the nanometer
length scale. Elliott®! has shown that the
FSDP in binary glasses can be interpreted
as a prepeak in the concentration—
concentration structure factor, which is
caused by the presence of the chemical
ordering between constituent atoms in

1. Introduction

Professor David Drabold has contributed significantly in the field
of amorphous materials. It is therefore an opportune moment to
contribute to his Festschrift on a topic that is very close to his
heart. The first sharp diffraction peak (FSDP) is a distinct feature
of many noncrystalline solids, which are characterized by the
presence of a peak in the low wavevector region (1-2A™") of
the structure factor of the solids. Although the origin of the
FSDP in many multinary glasses is not yet fully understood from
an atomistic point of view, it has been shown that the FSDP is
primarily associated with the presence of the short-range order
and medium-range order, which entail voids, chemical ordering,
large ring structures, local topology, and atomic correlations
between constituent atoms in the amorphous environment of
the solids.!"™
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the networks. Likewise, the interstitial

voids have been found to play an important

role in the formation of the FSDP in
tetrahedral amorphous semiconductors,*! for example, amor-
phous silicon (a-Si). On the other hand, Susman et al.® have
reported that in binary AX, glasses, the A-A and A-X correla-
tions within the extended ring structures can give rise to the
FSDP. Busse and Nagel!! have suggested that the existence
of the FSDP in g-As, Se; can be ascribed to the interlayer atomic
correlations in the glassy network. Experimental studies on
GeSe; and GeSes glasses by Armand et al.l'¥ have indicated that
the Ge—Ge atomic correlation on the length scale of 6-7 A is the
primary cause of the FSDP, which is supported by molecular
dynamics studies by Vashishta et al.l”}

The behavior of the FSDP in covalent glasses often shows
an anomalous dependence with respect to temperature,***!
pressure,'*'* and composition.*!*! Following the well-known
Debye-Waller!*®! behavior, one may assume that the peaks in
the structure factor should decrease with the increase of the
temperature of the system. However, the first (sharp) diffraction
peak of many glassy systems has been found to remain either
invariant or become more intense and narrower at high temper-
ature.”'”! A notable exception is vitreous silica (v-SiO5), which
does not follow the behavior stated earlier. The intensity of
the FSDP of v-SiO, has been observed to decrease with increas-
ing temperature, due to the thermally induced motion of the
atoms and the associated diffused scattering,!'® leading to the
broadening of the first peak.™?! Likewise, the position and width
of the FSDP have been observed to vary with the pressure or

© 2021 Wiley-VCH GmbH
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density of the glasses.!"*'”! Neutron diffraction!'” and molecular

dynamics studies of densified v-$i0,/% have indicated that the
intensity and width of the FSDP can change with the density of
the samples/models. These changes can be attributed to the frus-
tration induced by the reduction of Si—O—Si bond angles and the
changes in the Si—Si and O—O atomic correlations on the length
scale of 4-10 A when the system is densified. A similar conclu-
sion can be made for GeO, glass when the glass is
densified.”” The addition of extrinsic atoms in glassy networks
has been also found to affect the FSDP. Lee and Elliott!™*! have
noted that the inclusion of extrinsic atoms in v-SiO, can change
the chemical ordering of the interstitial voids in the glassy
network, which can alter the shape/width of the FSDP.

The great majority of earlier studies mostly examined the
origin and behavior of the FSDP in borate, chalcogenide, oxide,
and silicate glasses.”*** However, there exist only a few stud-
iesl>*%! that address the structure of the FSDP in tetrahedral
amorphous semiconductors, such as a-Si and a-Ge. Elliott and
co-workers!*** have addressed the problem at length, but their
studies are primarily focused on the origin of the extended-range
oscillations (EROs) in a-Si. The results from their studies, which
are based on the (Fourier) inversion of experimental structure-
factor data of Fortner and Lannin!®® in the vicinity of the FSDP
and highly defective a-Si models of Holender and Morgan,?”)
suggest that the EROs arise from the preferential propagation
of second-neighbor correlations in the network, which in turn
can significantly affect the intensity of the FSDP up to a radial
length scale of 20 A. However, no systematic analysis of the
results with respect to the size of models is provided and, thus,
in the absence of direct numerical evidence, it is not clear to what
extent the intensity of the FSDP is truly affected by atomic cor-
relations originating from radial distances beyond 15 A.

The key purpose of this article is to provide a systematic study
of the structure of the FSDP, with an emphasis on the position,
intensity, and width of the peak, with the size of the models.
In addition, the origin of the FSDP in a-Si is addressed by obtain-
ing a quantitative estimate of the contribution of atomic pair
correlations from different radial shells and their effect on the
intensity and position of the FSDP. The relationship between
the peaks in the structure factor and its real-space counterpart,
the reduced pair-correlation function (PCF), is addressed, and an
approximate functional relation between the position of the
FSDP in a-Si and the radial distance of the atoms in the second
radial shell of the amorphous network is obtained. Throughout
this study, we shall use the term “FSDP” to refer to the first peak
of the structure factor of a-Si at Q = 1.9-2 A™" in discussing our
results. Likewise, the term “principal peak” will be used to indi-
cate the second peak at Q; = 3.6 A™". For a-Si, this terminology
has been used previously by others,*** and it is consistent with
the fact that the peak at Qy is indeed the first peak of S(Q) and
that it is reasonably sharp and strong with a value of the intensity
S(Qp), which is ~67% of the intensity of the principal peak. A
further justification of the use of the terminology will be evident
later from our discussion of the results in Section 3.1.

The rest of the study is planned as follows. Section 2 provides a
brief description of the simulation method for producing atom-
istic models of a-Si via the modified Wooten—Winer—Weaire
(WWW)282% method, the calculation of the radial PCF, and
the structure factor for these models. This is followed by results

Phys. Status Solidi B 2021, 258, 2000447

2000447 (2 of 11)

www.pss-b.com

and discussion in Section 3, with an emphasis on the origin
and structure of the FSDP. The conclusions of this study are
presented in Section 4.

2. Computational Section

For the purpose of generating atomistic models of a-Si, we have
used the well-known WWW method. The details of the method
can be found in previous studies.?*?°! Here, we have used the
modified version of the method, developed by Barkema and
Mousseau (BM).?" In the modified WWW approach, one starts
with a random configuration that consists of N atoms in a
cubic supercell of length L. The volume of the supercell is
chosen in such a way that the mass density of the model corre-
sponds to ~2.28 g cm ™, as observed in a-Si samples produced in
laboratories.2%31] Initially, following the BM ansatz, the nearest
neighbors of each atom are so assigned that a tetravalent network
is formed.”? This is achieved by choosing a suitable nearest-
neighbor cutoff distance, up to 3 A, between Si atoms. The result-
ing tetravalent network is then used as the starting point of the
WWW bond-switching algorithm.”® New configurations are
generated by introducing a series of WWW bond switches, which
largely preserve the tetravalent coordination of the network and
the energy of the system is minimized using Monte Carlo (MC)
simulations. The acceptance or rejection of a proposed MC move
is determined via the Metropolis algorithm®**! at a given temper-
ature. Here, the energy difference between two configurations
is calculated locally by using the Keating potential** which
employs an atomic-index-based nearest-neighbor list of the
tetravalent network during MC simulations. In addition, the
total energy of the entire system is relaxed from time to time
using the Stillinger-Weber potential.*® Finally, the configura-
tions obtained from the modified WWW method were relaxed
using the first-principles density-functional code Siesta.*®! For
the models with 216 atoms to 3000 atoms, a full self-consistent-
field calculation, using the generalized-gradient approximation
(GGA)P”) and a set of double-zeta basis functions, was con-
ducted. The remaining models of size from 4096 atoms to
6000 atoms were treated using the non-self-consistent Harris-
functional approach®® in the density-functional theory
(DFT) with a single-zeta basis set in the local density approxima-
tion (LDA).P®) To conduct configurational averaging of
simulated data, we have generated ten models for each size
starting with different random configurations using independent
runs.

Once the atomistic models are generated, the calculation of
the structure factor proceeds by computing the reduced PCF.
The latter is defined as G(r) = 4xrng[g(r) — 1], where g(r) and
ny are the PCF and the average number density of a model,
respectively. Assuming that the distribution of the atoms in a
disordered network is isotropic and homogeneous, the structure
factor, S(Q), can be written as

S(Q) =1+ é A ” G(r)sin(Qr)dr

~1 —O—é/ORC G(r) sin(Qr)dr
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where R, is the length of the half of the cubic simulation cell. The
conventional periodic boundary conditions are used to minimize
surface effects and to calculate the PCF in Equation (1).

3. Results and Discussion

Equation (1) suggests that the shape of the FSDP can be fully
determined via the Fourier (sine) transformation of the reduced
PCF G(r), provided that G(r) — 0 as r — R.. As the shape of the
FSDP is primarily determined by the structure factor in the vicin-
ity of Q, ~ 2A7%, it is apparent that one requires sufficiently
large models of a-Si to satisfy the aforementioned condition,
for an accurate determination of the FSDP. To this end, we first
validate the structural models of a-Si, obtained from the modified
WWW method. As the latter is a well-established method, we
restrict ourselves to the PCF, the bond-angle distribution
(BD), and the coordination number (CN) of Si atoms in the net-
work. It has been shown elsewherel*” that knowledge of the
PCF, BD, and CN of the atoms is sufficient to establish whether
a structural model can produce the correct electronic and
vibrational properties of a-Si or not. The full structure factor
and the normalized BD, obtained from a set of 3000-atom models
of a-Si, are plotted in Figure 1, and 2, respectively. For the
purpose of configurational averaging, the results were averaged
over ten independent models of an identical size. The simulated
values of S(Q) in Figure 1 can be seen to agree well with the
corresponding experimental data reported in Laaziri et al.*"
Likewise, the full width at half-maximum (FWHM) of the BD
in Figure 2, ~21.4°, matches with the observed value of 18-24
obtained from the Raman “optic peak” measurements.*!) The
FWHM of the BD for the WWW models is also found to be
consistent with those obtained from high-quality molecular
dynamics simulations,***}! and data-driven information-based
approaches,*** developed in recent years. A further characteri-
zation of the models is possible by examining the statistics of the
CN of Si atoms, the dihedral-angle distribution, and the presence
of various irreducible rings in the amorphous structures.
However, as the WWW models have been extensively studied
and validated in the literature, we will not linger over the

25 e

S(Q

P
2 4 6 8 10 12 14 16 18 20
2 -1
Q@A)

Figure 1. The structure factor of a-Si obtained from simulations and
experiments. The simulated data are from 3000-atom WWW models of
density 2.28 gcm ™3, whereas the experimental data correspond to those
from Laaziri et al.?"! The simulated data were obtained by averaging over
ten models from independent runs.
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Figure 2. The normalized BD for a-Si, obtained for 3000-atom WWW
models. The FWHM corresponds to a value of 21.4°. The distribution
was obtained by averaging over ten independent models.

validation issue and get back to the central topic of this study
by listing the coordination-number statistics of the atoms and
some key structural properties of the WWW models in
Table 1. The corresponding results for the DFT-relaxed models
are provided in Table 2.

3.1. Characterization, Origin, and the Structure of the FSDP in
a-Si

Figure 3 shows the structure factor of a-Si obtained from four
different models, of size from 216 to 3000 atoms, and experi-
ments.>” As before, the simulation data were obtained by
averaging over ten independent models for each size, whereas
the experimental data refer to as-implanted samples of a-Si in
Xie et al.”>” An examination of Figure 3 leads to the following
observations. First, it is apparent that the 216-atom model shows
a marked deviation from the experimental data near the FSDP,
indicating noticeable finite-size effects originated from small
models of linear size of ~16 A. By contrast, the larger models,

Table 1. Structural properties of a-Si models before DFT relaxation.

Size Bond angle and width Coordination number® Bond length
N (0) A0 N4 ns ns n
216 109.25 9.11 100 0 0 2.35
300 109.25 9.32 100 0 0 2.35
512 109.26 9.41 100 0 0 2.35
1000 109.27 9.16 100 0 0 2.35
2000 109.27 9.31 99.95 0 0.05 2.35
3000 109.26 9.39 99.94 0 0.06 2.35
4096 109.26 9.26 99.95 0 0.05 2.35
5000 109.27 9.31 99.97 0 0.03 2.35
6000 109.26 9.39 99.96 0 0.04 2.35

AIThe number of i-fold-coordinated atoms (in percent) in the network is indicated as
n;. Bond lengths and bond angles/widths are expressed in angstrom (A) and degree,
respectively. The results were obtained by averaging over ten configurations using a
nearest-neighbor cutoff value of 2.8 A.
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Table 2. Structural properties of DFT-relaxed models of a-Si.

Model size?  Bond angle and width Coordination number Bond length
N ) A ny n3 ns n
216 109.11 10.14 100 0 0 2.36
300 109.15 10.22 100 0 0 2.36
512 109.13 10.45 100 0 0 2.36
1000 109.15 10.14 100 0 0 2.36
2000 109.14 10.3 99.95 0 0.05 2.36
3000 109.13 10.4 99.96 0.01 0.03 2.36
4096 109.02 10.82 99.95 0.01 0.04 2.37
5000* 109.01 10.9 99.94 0.01 0.05 237
6000* 109.01 10.92 99.95 0.01 0.04 2.37

AThe total number of i-fold-coordinated atoms (in percent) present in the relaxed
networks is indicated as n;. Average bong lengths and bond angles/widths are
expressed in angstrom (A) and degree, respectively. Asterisks indicate the use
of single-zeta basis functions and the non-self-consistent Harris-functional
approximation for relaxation of large models.

16 T T T T T T T T T T T T

— Exp.
~— N=216
N =1000
+— N =2000 i
== N = 3000 4

P T R H T SR B
0.21.6 1.7 1.8 1.9 2 2.1 2.2

Q@A™

Figure 3. The structure factor of a-Si in the vicinity of the FSDP from
simulations and experiments. Experimental data (e) correspond to
as-implanted samples from Xie et al.,*® whereas simulated data refer
to 216-atom (¢), 1000-atom (=), 2000-atom (a), and 3000-atom (m)
unrelaxed WWW models.

consisting of 1000-3000 atoms, have produced the peak intensity
more accurately. Second, all the models consistently underesti-
mate the position of the experimental FSDPP% at Oy =1.99 A7%,
by an amount of 0.045 A~'. One can surmise a number of pos-
sible reasons for this discrepancy. These include the inadequacy
of the classical potentials, the uncertainty of the actual
density of the a-Si sample(s) used in experiments, and a possible
sample-to-sample dependence of the experimental results. The
last point can be appreciated by noting that the experimental val-
ues of Qy, for as-implanted samples of a-Si, reported by Fortner
and Lannin,* Xie et al.,P% and Laaziri et al.P! differ from
each other by ~0.07 A™" (see Figure 11). Finally, a first-principles
total-energy relaxation of the models, using the density-
functional code Siesta,*® somewhat remedies this issue at the
expense of the reduction of the peak intensity. This is shown
in Figure 4, where we have plotted both the reduced pair-
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Figure 4. Effects of approximate first-principles relaxations on the position
and intensity of the FSDP of a-Si for a 3000-atom model before (m) and
after (o) relaxation. A small shift of the diffraction peak toward higher
values of Q is accompanied by a slight reduction of the peak intensity
in the relaxed model. The corresponding reduced PCFs near the first peak
are shown in the inset.

correlation function (see inset) and the configurational-average
structure factor from ten 3000-atom models before and after
total-energy relaxation. The increase of the peak height of G(r)
upon relaxation is not surprising in view of the fact that
first-principles relaxations minimized the total energy of the sys-
tem by reducing the bond-length disorder at the expense of a
minor increase of the bond-angle disorder. The latter is reflected
in the root-mean-square (RMS) width, A, of the BD before and
after relaxation in Table 1 and 2, respectively. By contrast, the
shape of the structure factor near the FSDP remains more or less
the same after relaxation, except for a small shift of the FSDP
toward higher values of Q.

Having addressed the overall shape of the structure factor and
the FSDP for a number of models of varying sizes, we now exam-
ine the origin of the FSDP in terms of the real-space structure of
a-Si networks. Although it is well understood that the FSDP in
a-Si arises from the medium-range order in the network, which
entails a length scale of a few to several angstroms, a quantitative
characterization of the contribution from different radial shells is
still missing in the literature. We address this aspect of the
problem by examining the role of radial atomic correlations in
forming the FSDP, via the Fourier transform of the reduced
PCF, and provide a quantitative measure of the contributions that
originate from the increasingly distant radial shells in the amor-
phous environment of silicon. This can be achieved by writing

S(Q)=1+F(Q)=1+> F(QR;,R) 2)
i=1

where

FA(Q R Ripy) = é A R G(r) sin(Qr)dr G)

In Equation (2), F;(Q; R';, R'i.1) is the contribution to F(Q)
from the reduced PCF, G(r), at distances between R’; and
R';,1. The contribution from a given radial shell can be obtained
by a suitable choice of R’; and R';,, where R;,; > R/;, and an
appropriate set {R'y,...,R,} covers the entre radial
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(integration) range to obtain the full F(Q). For example, a choice
of Riy=0A and R,=28A yields F,;(Q;R:,R;), and
R, =2.8A and R'; =4.9 A provides F,(Q; R'5, R’3). The origin
of the FSDP and the principal peak can be studied by computing
various F;(Q) in the vicinity of 2 and 3.6 A™!, respectively. The
appropriate values of R/; for different radial shells can be
obtained by inspecting the reduced PCF of a-Si. This is shown
in Figure 5 by plotting the configurational-average G(r) obtained
from a set of ten 3000-atom models. We should emphasize that
the radial shells correspond to the radial regions between two
neighboring minima in the reduced PCF. Except for the first
radial shell, the radial regions, defined by a pair of consecutive
minima in G(r), are not necessarily identical to the correspond-
ing atomic coordination shells due to the overlap of the atomic
distribution from different coordination shells.

Figure 6 shows the contribution to F(Q) in the vicinity of
2 A~ from the first six radial shells. The plots for different radial
shells are indicated by the corresponding shell color as shown in
Figure 5. It is evident that the chief contribution to the FSDP
comes from F,(Q), which is followed by F4(Q) and F¢(Q) in
the descending order of magnitude. F,(Q) and F4(Q) play a

3000-atom model

N W~ OO

"2 3 4 5 6 7 8 9
r(A)

10 11 12 13 14 15

Figure 5. The reduced PCF, G(r), of a-Si obtained from configurational
averaging of ten 3000-atom WWW models. The presence of the first six
radial shells, which extend up to a distance of ~12A, is highlighted in
different colors.
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Figure 6. The contribution to the FSDP, F;(Q), near Qo, originating from
the first six radial shells and the total F(Q) (blue). The results correspond
to 3000-atom WWW models, and are averaged over ten configurations.
The color of the plots corresponds to the color of the radial shells in
Figure 5.
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crucial role in determining both the intensity and the position
of the FSDP, whereas F3(Q) and F5(Q) contribute very little
or not at all. By contrast, F;(Q) monotonically changes in the
vicinity of the FSDP and thus contributes to the intensity
(and the shape) of the FSDP near Q, to some degree but does
not play any noticeable role in determining the position of Q.
It is therefore apparent that the position of the FSDP in a-Si
is primarily determined by the information from the second
radial shell, followed by the fourth and sixth radial shells,
whereas the rest of the distant radial shells provide small pertur-
bative corrections. The enumeration of the radial shell-by-shell
contribution to F(Q) is a significant result to our knowledge,
which cannot be quantified from a phenomenological
understanding of the Fourier transform of G(r) in Equation (1).
A similar analysis reveals that the contribution to the principal
peak at 3.6 A~ mostly arises from F,(Q), F1(Q), F4(Q), and
F3(Q), in the decreasing order of magnitude. Once again,
F1(Q) is found to provide a positive but monotonically decreas-
ing contribution with increasing Q in the vicinity of the principal
peak. Thus, the peak at 3.6 A™" is principally determined by the
first four radial shells in the reduced PCF. This observation
amply justifies the use of the term “principal peak” to describe
the peak at 3.6 A™! in the structure factor of a-Si. Figure 7 shows
the results for the principal peak using the same color code as
in Figure 5.

3.2. Relation Between Peaks in S(Q) and G(n

The results presented in the preceding section on the basis of the
partitioning of F(Q) reveal that the information from the second
and fourth radial shells largely determines the structure, that is,
the position, intensity, and width, of the FSDP in a-Si. We now
provide a physical interpretation of the numerical results and
demonstrate that the emergence of the first two peaks in
S(Q), near 2 and 3.6 A™', respectively, can be deduced simply
from knowledge of the reduced PCF and the behavior of the inte-
gral, involving the sinc(x) (i.e., sinx/x) function, which defines
the structure factor. Noting that the structure factor can be
written as

—
—FQ
— F,Q

F(Q=FQR;R;,)

i+

. ' . ¢ o 1 1]
26 28 3 32 34 36 38 4 42 44 46
-1
Q@A)
Figure 7. The contribution, F;(Q), to the principal peak at Q; =3.6 A"
from the first six radial shells of the reduced PCF. The total F(Q) is shown

in blue color for comparison. The results were obtained via configurational
averaging of data from ten 3000-atom models.
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S(Q) =1+ F(Q) = 1+ [o* G(r) sin(Qr)dr

-1 R. sin(Qr) (4)

=1+ [y<rG(r) [T} dr
it is elementary that the peaks in F(Q) (and hence S(Q)) should
appear approximately for those values of Qr for which both
sin(Qr)/Qr and rG(r) are maximum. Here, the r values in
Qr are given by the maxima of rG(r). As the maxima of
sin(Qr)/Qr and sin(Qr) are very close to each other! for
Qr > 0, and the maxima of G(r) and rG(r) practically coincide,
one may use the maxima of sin(Qr) and G(r) in determining the
approximate location of the first two peaks in S(Q). This implies
Qr must satisfy sin(Qr)=1, or Qr = (4m + 1)z/2, where
m=0, 1, 2, ... etc. As the first two maxima of G(r) are given by
1~ 2.35 and r, ~ 3.8 A, respectively, and m = 0 does not admit
a physical solution, the first major contribution to the F(Q) comes
from the second radial shell for r, = 3.8 A and m = 1. This gives
Qo = 57/(2 x r;) = 2.07 A7, Likewise, the next contribution, for
m = 2, comes from the fourth radial shell with a peak at r, ~
7.24 A in G(r). This yields Q, = 97/(2 x r,) =1.95 A~". A simi-
lar analysis shows that the principal peak (Q,) gets its share from
the first radial shell, for m = 1, at Q; = 57/(2 x r;) =3.34 A1,
which is followed by the second radial shell, for m =2, at
Q,=97/(2x1,)=372A"", the fourth radial shell, for
m=4, at Q,=171/(2xr,)=3.69A"", and the third
radial shell, for m=3 and r; =572A, at Q, =13z/
(2 x r3) =3.57 A", The exact position of a peak in S(Q) is
determined by the sum of the contribution from the relevant
radial shells, which introduces a minor deviation from the
earlier individual estimate due to the approximate nature of
our calculations. Table 3 displays a summary of the results
obtained from the previous reasoning. The estimated position
of the peaks in F;(Q), for i=1-6, is listed in the table. The first
column corresponds to the maxima (r;) of G(r) up to a radial
distance of 11A, whereas the second row lists the values of
Qr=(4m+1)z/2 for m=1-6. The remaining six rows,
between columns 1 and 8, indicate the peak positions in F;(Q)
that are obtained by dividing the Qr values by the corresponding
r; value from the first column. The estimated positions of the
FSDP and the principal peak for a number of combinations of
(r;,m) are indicated in Table 3 by asterisks and daggers,
respectively.

www.pss-b.com

Conversely, assuming that the FSDP is located at
Qy~ 2A7Y, one arrives at the conclusion, by dint of our
logic, that the contribution to the FSDP should come from
r=@Am+1)r/(2x Q) ==x/4,57/4,97/4, and 13z/4, etc.,
for m = 0-3. The first value of r, for m =0, does not provide a
physical solution but the remaining values at 3.93, 7.07, and
10.21 A approximately correspond to the second peak, fourth
peak, and sixth peak of G(r) (cf. Figure 5). A similar analysis
can be done for the principal peak. The argument presented here
suffices to explain why the information from the distant radial
shells, for r > 15 A, cannot contribute significantly in the forma-
tion of the FSDP. At large radial distances, when the reduced
PCF rapidly vanishes and the concomitant numerical noises
in G(r) become increasingly stronger, sin(Qr)/Qr cannot find,
or sample, suitable values of r with a large G(r), for Q values near
the FSDP, to satisfy the aforementioned condition. This leads to
small F;(Q) for the distant radial shells. We have verified that the
analysis presented here is consistent with the results from
numerical calculations of F;(Q).

The results and discussion presented so far indicate that the
radial information from the reduced PCF of up to a length scale
of 15 A plays a significant role in the formation of the FSDP. To
further establish this point, we conducted a systematic study of
the structure of the FSDP in terms of the intensity and width of
the peak. The variation of the peak intensity with the size of the
models was studied by plotting the value of S(Qy) against R. for a
number of DFT-relaxed/unrelaxed models, consisting of 216
atoms to 6000 atoms. Because R. is given by the half of the linear
size of the models, Figure 8 essentially shows the dependence of
S(Qp) on the radial pair correlations up to a distance of R,
through the Fourier transform of G(r). It is clear from the plots
(in Figure 8) that the intensity of the FSDP for both the relaxed
and unrelaxed models varies considerably until R. increases to a
value of the order of 14 A. This roughly translates to a model of
size of ~1000 atoms. For even larger values of R, the peak inten-
sity is more or less converged to 1.48 for the unrelaxed models
but considerable deviations exist for the value of DFT-relaxed
models from the experimental value of S(Qp) of 1.52 in Xie
et al.’® The deviation of the peak intensity from the experimental
value for small models of a-Si can be readily understood. Because
G(r) carries considerable real-space information up to a radial
distance of 15 A, possibly 20A for very large models, small

Table 3. Estimated values of the peak position, Q, in F;(Q), obtained from Qr = (4m 4 1)z/2 for m=1-6,2 and the maxima of G(r) (first column) in

angstrom (A).

Maxima 1 2 3 4 5 6 “~m

of G() 7.854 14.137 20.42 26.704 32.987 39.27 ~or

2.35 3.347 6.02 8.69 11.36 14.04 16.71 Peaks in F;
3.8 2.07* 3.721 5.37 7.03 8.68 10.33 Peaks in F,
5.72 1.37 2.47 3.577 4.67 5.77 6.87 Peaks in F;
7.24 1.08 1.95%* 2.82 3.697 4.56 5.42 Peaks in F,
9.16 0.86 1.54 2.23 292 3.6 4.29 Peaks in Fs
10.74 0.73 1.32 1.9% 2.49 3.07 3.66 Peaks in Fg

AThe positions of the FSDP and the principal peak (PP) in F; are indicated by asterisks and daggers, respectively. The radial shells that contribute to the FSDP and the PP can be

directly read off the first column.
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Figure 8. The dependence of the intensity of the FSDP, 5(Qy), with the
radial cutoff distance, R., for a number of models of different sizes, as
indicated in the plot. The experimental values of S(Qo) reported in the
literature are shown as horizontal dashed lines: 1) S(Qg) =1.52 from
Xie et al;P% 2) S(Qo) =1.55 from Laaziri et al;®" and 3) S(Qo) =1.37
from Fortner and Lannin.®

models with R. values less than 15 A cannot accurately produce
the peak position using Equation (1). On the other hand, the peak
intensities for the DFT-relaxed models deviate noticeably (~0.2—
12%) from their unrelaxed counterparts and the experimental
values for as-implanted samples in Xie et al.,** Fortner and
Lannin,??® and Laaziri et al.>"! This apparent deviation for the big-
ger models is not particularly unusual and it can be attributed, at
least partly, to 1) the use of approximate total-energy calculations
in the relaxation of large models, via the non-self-consistent
Harris-functional approach using minimal single-zeta basis func-
tions; 2) the intrinsic difficulties associated with quantum-
mechanical relaxations of large models; and 3) the sample depen-
dence of experimental results, showing a considerable difference
in the value of S(Qp) for as-implanted samples in Figure 8, which
is as high as 0.18 from one experiment to another. Thus, the
results obtained in this study are well within the range of the
experimental values reported in the literature.[?%3%3"

The FWHM of the FSDP for different models is plotted
against R in Figure 9. A somewhat high value of the FWHM
for the large DFT-relaxed models is a consequence of the reduc-
tion of the peak intensity. As the intensity of the peak reduces,
the FWHM increases slightly due to the widening of the diffrac-
tion plot away from the peak. An inspection of Figure 8 and 9
appears to suggest that the values of FWHM and S(Qy) are some-
what correlated with each other. In particular, a-Si models exhib-
iting smaller values of S(Qp) (in Figure 8) tend to produce
somewhat larger values of FWHM (in Figure 9), irrespective
of the size of the models and DFT relaxation. This is apparent
in Figure 10, where FWHM and S(Qp) values for all configura-
tions and sizes are shown in the form of a scatter plot. A simple
analysis of FWHM and S(Q) data by computing the Pearson cor-
relation coefficient, ryy, confirms the suggestion that FWHM
and S(Qp) values are indeed linearly correlated with each other
and have a correlation coefficient of ryy = —0.9. The linear least-
square fits of the data are also shown in Figure 10 by a solid (red)
line. The great majority of the FWHM and S(Q) values in
Figure 10 can be seen to cluster along the straight line within
a rectangular region bounded by the experimental values of
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Figure 9. The FWHM of the FSDP at Q, for a number of models before (m)
and after (e) DFT relaxations. The horizontal dashed lines indicate the
experimental values of 0.54 A™" (green), 0.57 A" (black), and 0.77 A"

(indigo) for as-implanted samples of a-Si from Xie et al,B% Laaziri
et al.," and Fortner and Lannin,?® respectively.
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Figure 10. A scattered plot showing the presence a clear correlation
between the FWHM and S(Qo) of the FSDP for a number of models of
varying system sizes. The solid (red) line corresponds to the linear
least-squares (LS) fit of the data, whereas ryy = —0.9 indicates the
Pearson correlation coefficient for the data sets. The horizontal and
vertical dotted lines indicate the experimental values of FWHM and
S(Qo), respectively, obtained for as-implanted samples of a-Si.

FWHM and S(Qp), from 0.54 to 0.77 A" and 1.37 to 1.55,
respectively.

Likewise, the dependence of the position of the FSDP with R,
for the unrelaxed and DFT-relaxed models is shown in Figure 11.
For the unrelaxed models, Q, is observed to converge near
1.95 A™', whereas the corresponding value for the DFT-relaxed
models hovers around 1.97 A. In both the cases, Qj is found to be
within the range of the experimental values, from 1.95 to
2.02A™", as shown in Figure 11.

In summary, a systematic study of a-Si models, consisting of
216-6000 atoms, firmly establishes that the structure of the
FSDP in a-Si is mostly determined by radial pair correlations
up to a distance of 15 A, as far as the size of the largest models
used in this study is concerned. Further, the major contribution
to the FSDP arises from the second and fourth radial shells,
along with small residual contributions from the distant radial
shells at a distance of up to 15 A.
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Figure 11. The dependence of the position of the FSDP, Qy, with the size
of the models before (m) and after (o) DFT relaxations. The horizontal lines
correspond to the experimental value of Qp for as-implanted samples
of a-Si from Xie et al.B% (green), Laaziri et al.B" (black), and Fortner
and Lannin®® (indigo).

3.3. The FSDP and the Radial Shell Structures of a-Si

Earlier, in Sections 3.1 and 3.2, we have demonstrated that the
position of the FSDP, Q,, is primarily determined by F,(Q) and,
to alesser extent, F4(Q). This leads to a possibility of the existence
of a simple functional relationship between Q, and a suitable
length scale in the real space involving the radial atomic
correlations in the network. In this section, we will show that
an approximate relationship between Q, and the average radial
distance, (R,), of the atoms in the second (radial) shell does exist.
To this end, we first provide a rationale behind the origin of this
relationship, which is subsequently corroborated by results from
direct numerical calculations.

The first hint that an approximate relationship may exist fol-
lows from the behavior of Q, with the (mass) density, p, of the
models. In Figure 12, we have plotted the variation of Q, against
p for a-Si. For this purpose, the density of a set of 3000-atom

23T T T T T
— Unrelaxed
221 — DFT-relaxed|
t -- Expt 1 1
21 Q,=2.02 -- Expt2 E
: Q,=1.99 -- Expt3 1

232

P R PR
2.2 2.24
Density (g.cm'3)

228

] ST

2.12 2.16

Figure 12. The variation of the peak position (Qo) for 3000-atom models
of a-Si with its mass density before (w) and after (o) DFT relaxations.
The value of Qg has been observed to vary linearly with the density of
the model. The experimental values of Qg (horizontal dashed lines)
correspond to as-implanted samples of density 2.28g.cm™ from
Laaziri et al.?" (black), Xie et al.?? (green), and Fortner and Lannin/?®!
(indigo).
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models is varied, within the range 2.12-2.32 gcm 2, by scaling
the length of the cubic simulation cell and the position of the
atoms therein. This involves a tacit assumption that for a small
variation of the density, by ~+5%, the atomistic structure of the
network would remain unchanged and that a simple scaling
approach should suffice to generate low/high-density models.
Given that the WWW models of a-Si do not include any extended
defects and voids in the network, the scaling assumption is
reasonably correct and suitable to produce models with a small
variation of the density. Figure 12 displays the results from our
calculations, which show a linear relationship between Qp and
the density, p, of the models. This linear variation of Q, with
p is not particularly unique to a-Si; a similar behavior has been
observed experimentally by Inamura et al.™*'”) for densified
silica.

The results from Figure 12 and the experimental data from
Inamura et al.'**”) suggest that Q can vary approximately line-
arly with the average density, p, of the models/samples. As p is
inversely proportional to the cubic power of the simulation cell
size (L) for a given number of atoms, Qy also varies as 1/L* when
the density is varied by rescaling the volume. Thus, for homoge-
neous and isotropic models with no significant variation of the
local density, which the WWW models satisfy in the absence of
extended defects and voids, it is reasonable to assume that
Qpx1/ rg., where r;(p) is the distance between any two atoms
in the network, at sites i and j, of average density p. In view
of our earlier observation that the position of the FSDP is largely
determined by F,(Q) (see Figure 6), one may posit that r; values
between R, and R3’ in G(r) mostly affect the peak position at Qp.
These considerations lead to the suggestion that by substituting
r}, by its average value of (r}) = (R3) for the atoms in the second
radial shell, Q,(R3) should remain constant, on average, upon
density variations via volume rescaling. Likewise, one can invoke
the same reasoning and may expect Qu(R:) should be also
constant, but only approximately, due to the limited role and
contribution of the atoms in the fourth radial shell in determin-
ing the position of Q.

The efficacy of our argument can be verified by results from
direct numerical calculations. A plot of Q(R3) (and Q,(R3)) ver-
sus the average density p in Figure 13 (and Figure 14) indeed
confirms our prediction. It may be noted that the observed
(absolute) deviation, A, of Qy(R3) values in the density range
2.15-2.3gcm? in Figure 13 is of the order of +0.465, where
o is the (largest) standard deviation obtained by averaging results
from ten independent models for each density. By contrast, the
corresponding deviation for Q,(R3) in Figure 14 is found to be
more than two standard deviations, as indicated in the plot.
The large deviation of Q,(R}) values is not unexpected in view
of the small contribution of F4(Q) (to the FSDP) that originates
from the fourth radial shell. Thus, the results from Figure 13 lead
to the conclusion that Qy is approximately proportional to the
inverse of the average cubic power of the radial distance, (R3),
of the atoms in the second radial shell in a-Si. It goes without
saying that the use of (R,)3, instead of (R3), does not change
the conclusion of our work, as the difference between these
two values is found to be ~1.92-2.1A° for mass density
in the range 2.15-2.3gcm ™, which simply shifts the plot
(in Figure 13) vertically downward by a constant amount.
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Figure 13. The relation between Qo and (R3) of the atoms in the second
radial shell. A constant value of Qy(R3) with respect to the density of a-Si
models indicates that Qq is approximately proportional to the inverse of
(R3). The horizontal black line indicates the average value of Qy(R3) within
the density range shown in the plot.
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Figure 14. The dependence of Qy and (R) for the atoms in the fourth
radial shell of a-Si in the density range 2.15-2.3 g cm >, The large deviation
of Qu(R3) values, indicated by A ~ 2.55, from a constant value suggests
that no simple relationship between Qg and (R3) exists.

We end this section by making a comment on the possible role
of distant radial atomic correlations, or EROs, in G(r) on the
FSDP, based on our preliminary results from 6000-atom models.
Although the presence of EROs in ultralarge models of a-Si
beyond 15 A is an undisputed fact,*® a direct determination
of the effect of the EROs on the FSDP in a-Si is highly nontrivial
due to the presence of intrinsic noises in G(r) at large radial dis-
tances. Numerical calculations using 6000-atom models of a-Si
indicate that only a minute fraction of the total intensity of
the FSDP results from the radial region beyond 15 A. These cal-
culations do not include any possible artifacts that may arise
from the noises in G(r) at large distances. The observed deviation
in the peak intensity, due to the truncation of the radial distance
at 15A and at higher values, is found to be ~1-2%, which
is less than one standard deviation () associated with S(Qp),
obtained from wusing the maximal radial cutoff distance
R.(=L/2), as far as the results from 6000-atom models are
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Figure 15. The structure factor, S(Q), in the vicinity of the FSDP from
6000-atom a-Si models. The change in S(Q) due to varying radial cutoff
distances, r;, is found to be less than one standard deviation
(AS(Qp) =~ 0.856 for r;=15A, and 0.46¢ for r;=18 A). The standard
deviation, o, is obtained from using the maximal radial cutoff L/2, which

is given by 24.85 A. The results correspond to the average values of S(Q)
obtained from ten configurations.

concerned. Figure 15 shows the variation of the intensity near
the FSDP for five different cutoff values from 15 to 18 and
24.85 A. Tt is apparent that the changes in S(Q) near Qj are very
small as the radial cutoff value increases from 15 to 18 A. These
small changes in the intensity values are readily reflected in
Figure 16, where the fractional errors, from S(Q, R.), associated
with the calculation of S(Q, r;) are plotted against Q for r;= 15—
18 A. Thus, as far as the current study and the maximum size of
the models are concerned, the EROs do not appear to contribute
much to the FSDP. However, an accurate study of the EROs in a-
Si would require high-quality ultralarge models, consisting of
several tens of thousands of atoms, and a suitable prescription
to handle noises in G(r) at large distances. These and some
related issues concerning the origin of the EROs in a-Si and their
possible role in S(Q) will be addressed in a future studies.

0.03F .
0.02} -
;u 0.()1-— -
o
z /
2] I / —er = A
< o01f y =154 -
;/ =164
0.02E =174 ]
I r=18A 1
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Q)

Figure 16. The fractional error associated with the calculation of the
structure factor in the vicinity of the FSDP with a varying radial cutoff dis-
tance, r;, from 15 to 18 A. AS(Q) is the absolute error and R, (= 24.85 A) is
the half-length of the cubic simulation cell for 6000-atom models.
The error due to the truncation of the radial distance at r; can be seen
to be around 1-2%, which is well within one standard deviation of
S(Qo) (see Figure 15).
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4. Conclusion

In this study, we have studied the origin and structure of the
ESDP of a-Si with an emphasis on the position, intensity, and
width of the diffraction peak. The study leads to the following
results: 1) By partitioning the contribution of the reduced PCF
to the FSDP, which originates from the Fourier transform of
radial atomic correlations in the real space, a quantitative mea-
sure of the contribution to the FSDP from different radial shells
is obtained. The results show that the position of the FSDP in a-Si
is principally determined by atomic pair correlations in the sec-
ond, fourth, and sixth radial shells, in the descending order of
importance, supplemented by small residual contributions from
beyond the sixth radial shell. 2) A convergence study of the posi-
tion, intensity, and width of the FSDP, using a set of models of
size from 216 to 6000 atoms, suggests that the minimum size of
the models must be at least 1000 atoms or more for the results to
Dbe free from finite-size effects. This approximately translates into
a radial length of 14 A, which is consistent with the results
obtained from the radial-shell analysis of the reduced PCF.
3) A theoretical basis for the results obtained from numerical
calculations is presented by examining the relationship between
the peaks in the structure factor and the reduced PCF. Contrary
to the common assumption that the peaks in the structure factor
and the reduced PCF are not directly related to each other, we
have shown explicitly that the knowledge of the reduced PCF
alone is sufficient to determine not only the approximate position
of the FSDP and the principal peak but also the relevant radial
regions that are primarily responsible for the emergence of these
peaks in the structure factor, and vice versa. 4) The study leads to
an approximate relation between the position of the FSDP and
the average radial distance of the atoms in the second radial shell
of a-Si networks. For homogeneous and isotropic models of a-Si
with no significant variation of the local density, it has been
shown that the position of the FSDP is inversely proportional
to the cubic power of the average radial distance of the atoms
in the second radial shell. The result is justified by providing
a phenomenological explanation—based on experimental and
computational studies of the variation of the FSDP with the aver-
age density of a-Si samples and models—which is subsequently
confirmed by direct numerical calculations for a range of densi-

ties from 2.15 to 2.3 gcm ™.
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The thermal conduction across material interfaces is studied using a generalized
Langevin equation (gLE) theory. A general statistical formula of thermal inter-
facial conductance (TIC) is derived at the slow fluctuation limit in terms of the
time auto-correlation functions of interfacial heat current (QACF) (q(t)q(0)) and
the heat capacity Cy. At the bulk limit of Cy — oo, this general TIC formula
reduces to the previously proposed Green—Kubo type of TIC formula. Beyond the
bulk limit, the TIC of a material with finite G, can be calculated using the first and
second moments of the interfacial QACF. These statistical TIC formulas provide
the basis to adopt equilibrium molecular dynamics simulations to calculate the
TIC of real material interfaces beyond the bulk limit, including the interfaces at
the nanoscale. The TIC of two types of non-Markov model interfaces with analytic
forms of QACF is predicted by the reported gLE theory, and the results of these
non-Markov interfaces are compared with those of a Markov interface.

response theory,®* transport coefficients

of bulk materials can be directly calculated
based on the time-correlation functions
(tcf) of the corresponding physical quanti-
ties at thermal equﬂibrium.[sl For example,
the thermal conductivity (k) of a material
with volume (V) can be expressed with a
time (#) integral of its ensemble averaged
tcf of heat currents (J(t)), also referred to
as the time auto-correlation function of
heat current (QACF), at a temperature of T

) 1 ® ;
K= ISILIOIWA dte™ <J(t)](0)>

. (1)

1. Introduction

At the beginning of last century, Einstein unveiled the ground-
breaking Einstein’s relation in Brownian motion.""! Built upon
Einstein’s hypothesis that both thermal fluctuation and thermal
dissipation in Brownian motion have the same stochastic origin
at the atomic level, Langevin proposed a stochastic differential
equation, now known as the Langevin equation, to quantitatively
describe the stochastic dynamics of a Brownian particle.”
This Langevin equation theory, which has now been adopted
to study a wide range of stochastic dynamics with some general-
izations, started a new paradigm of non-equilibrium statistical
theory for stochastic processes. By the end of 1960s, physicists
had made a remarkable advance in the fundamental theory of
non-equilibrium statistical mechanics. Within the theoretical
framework of fluctuation-dissipation theorem and linear
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= W[x’ dt(J(1)J(0))

where kg is the Boltzmann constant and
(...) represents the equilibrium ensemble average.
Equation (1) is commonly referred to as the Green—Kubo for-
mula of thermal conductivity. By the end of the 20th century,
computational capacity had reached the level that atomic molec-
ular dynamics (MD) simulations can be carried out to robustly
calculate QACEF for real materials. Some early successful reports
include the studies of SiC crystals,®! Si crystals,/”’ diamond crys-
tals and related materials,® and Ge crystal, amorphous Ge, and
cage-like Ge clathrates.”’ These early equilibrium MD (EMD) cal-
culations not only numerically verified many statistical assump-
tions adopted in the derivation of Green—Kubo formula, but also
proposed numeric algorithms to estimate and/or correct finite-
size artifacts in EMD simulations. Two decades later, the EMD-
based Green—-Kubo approach has emerged as a mainstream
computational method for atomic scale calculations of bulk «,
because of the rapid increase in computational power and the
steady improvement in methodology development. Extensive
studies have demonstrated that the EMD predicted values of bulk
k are in agreement with those directly extracted from the simu-
lated steady-state temperature profiles in non-equilibrium MD
(NEMD) simulations when the finite-size artifacts are properly
corrected."” As an NEMD approach typically requires a more
intensive computational load to minimize the finite-size artifacts
to the same level of an EMD simulation, the majority of MD-
based « calculations reported in recent years are based on the
Green—Kubo formula shown in Equation (1).
On the other hand, similar EMD studies of thermal conduc-
tion across material interfaces remain rather limited. Analogous
to the definition of bulk x by the Fourier Law of bulk thermal

© 2020 Wiley-VCH GmbH
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conduction, the thermal interfacial conductance (TIC) (Gy) is
defined as the ratio of net interfacial heat current (g,) and
the temperature discontinuity (AT) between the two sides of
the interface of area (A) at a macroscopic steady state

Gine = —GLAAT (2)

So far, an overwhelming majority of the reported MD-based
calculations of TIC in the literature is based on Equation (2),
using various NEMD simulations to numerically evaluate AT
and J;,, =%t The scarcity of the EMD-based TIC calculations
in the current literature is in part due to the lack of in-depth the-
oretical analyses to extend the fundamental statistical theories
developed for the bulk systems in the 1950s and 1960s to the
cases of thermal conduction across materials’ interfaces, espe-
cially interfaces at the nanoscale.

Using a classical Langevin equation to approximate the thermal
conduction across a material interface as a Markov process,
Puech, Bonfait, and Castaing (PBC) derived the first statistical for-
mula that expresses the transport coefficient TIC in terms of the
tcf of fluctuating interfacial heat current at thermal equilibrium™"

Gy = @ A " d(q(1)q(0)) (3)

Equation (3) is commonly referred to as the Green—-Kubo-type
formula for TIC, because it is obviously analogous to the Green—
Kubo formula for bulk x (Equation (1)). The derivation in the
original report of PBC was based on an over-simplification for
the random component of the interfacial heat current gy (t) being
strictly a white noise, i.e., (gg(t)qr(0)) = 2B5(t), and the tcf in
Equation (3) was referred to (gg(¢)gz(0)), not that of the total
heat current (g(t)q(0)). As additional assumptions have to be
adopted to split the total interfacial heat current g(t) into the
sum of the dissipation current gp(t) and the randomly fluctuat-
ing current gy (t), the original PBC formula is not practical for an
MD simulation study. Although heuristic, the original PBC for-
mula for TIC, in principle, has only limited applicability for stud-
ies of real and complex interfaces of materials.

In 2003, Barrat and Chiaruttini (BC)™? re-derived the TIC
formula to replace the QACF of the random heat currents
qr(t) with the QACF of the total interfacial heat currents g(t),
which can be calculated in MD simulations. BC demonstrated
that the formula in Equation (3) is valid only at the bulk limit,
i.e., the heat capacity Cy — 0. Although BC also provided some
arguments based on the concept of “memory kernel” that the TIC
formula in Equation (3) remains valid for the non-white noise/
non-Markov cases, they stop short to provide enough derivation
details for the non-Markov cases. BC also carried out an EMD
simulation study for a solid-liquid interface using a simulation
model of a finite size. Their MD results indicate that 1) the fluc-
tuating q(t) is indeed of the non-Markov type with its QACF con-
sisting of small yet finite oscillation components, and 2) the
running integral of their QACF reaches a clearly defined plateau
before decaying to zero at the t — oo limit. The clearly defined
plateau indicates that it is promising to correct the artifacts asso-
ciated with the finite Cy values in MD simulations. However,
later EMD studies suggest that the finite-Cy correction can be
more complicated for interfaces with large G, and/or small
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Cy, because the expected “plateaus” in running integral of
QACF are often poorly defined. In 2013, Liang, Evans, and
Keblinski (LEK) proposed a simple empirical correction model
to extract the TIC for a system of finite Cy from fitting to the
running integral of QACF"*!

Gre ™ = ﬁ/o " di{q(1)g(0)) ®

where a is supposed to be proportional to AC—CV;’C. The validity of this
LEK correction model (Equation (4)) has not yet been extensively
tested.

In 2012, Chalopin, Esfarjani, Henry, Volz, and Chen
(CEHVC) reported a general statistical derivation of TIC for-
mula,™ based on the local equilibrium theory (LET)!*”! to
approximate the non-equilibrium ensemble. Assuming a specific
form of non-equilibrium distribution function proposed for the
case of bulk thermal transport,'®) CEHVC analyzed the interfa-
cial heat transfer (g;;_.;) across an interface between two macro-
scopic systems, I and II, with two different temperatures T} and
Ty, and derived a formula for TIC as

Gy = ﬁ (aua (O En() = ﬁsz (-1 () E(1)) G)

where g;;_,;(¢) is the instantaneous g flowing from subsystem II
to subsystem I, and E;(t) = E;(t) + fﬁndt’qnﬂl(t’) is the fluctu-
ating total energy of the subsystem I. By setting ¢, — oo, CEHVC
obtained a TIC formula that Cy is identical to the Green—Kubo-
type formula proposed by PBC and BC (Equation (3)). CEHVC
further demonstrated that this Green—Kubo-type formula for TIC
(Equation (3)) is valid to calculate TIC of Si/Ge super-lattices, and
no finite Cy correction is needed. It is interesting to note that the
reported QACEF of Si/Ge super-lattices is characteristically differ-
ent from those reported for the solid-liquid interfaces!"® or
solid—gas interfaces.l'” The LET adopted by CEHVC was origi-
nally proposed only for bulk system, and the validity of this

approximation for the cases of %A # 0 has not been analyzed.

Clearly, some key approximations adopted in the previous sta-
tistical analyses, such as the Markov approximation, or the bulk
approximation, significantly limit the applications of the previ-
ously proposed Green—Kubo-type TIC formulas to study TIC
of real materials, especially nano-materials. In the current study,
we treat the thermal conduction across a material interface as
a non-Markov process and describe its stochastic dynamics with
a generalized Langevin equation (gLE)." Our goal is to derive a
general statistical expression of the TIC in terms of interfacial
QACEF (q(t)g(0)) for material interfaces of all length scales, from
the nano-scale to the bulk limit. Our newly derived general TIC
formula is compared with the previously proposed Green—
Kubo-type TIC formula at the bulk limit. Beyond the bulk limit,
we propose a simplified TIC formula for interfaces of nano-
materials. The simplified TIC formula beyond the bulk limit
is adopted to predict TIC of two model interfaces of the non-
Markov type.
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2. Generalized Langevin Equation

2.1. Non-Markov Dynamics

We consider a macroscopic system at thermal equilibrium with a
surrounding heat bath of temperature T via a conducting inter-
face of area A. The dynamic heat exchange between the system
and the heat bath is modeled with a gLE.! Using E(t) and g(t) to
denote the instantaneous energy of the system and the interfacial
heat current flowing into the system respectively, we have

PO _ 46 = o0 + 400 ©)

with the interfacial heat currents ¢(¢) divided into two distinct
components, i.e., the dissipation currents g, that bring to system
back to its equilibrium states and the noise-like random currents
qr that drive the thermal fluctuation.

As the stochastic dynamics of an interfacial heat exchange is
likely non-Markov, the dissipation current gy, in a gLE has to be
expressed with a memory kernel function y() to properly
account the historic effects of energy/temperature fluctuations

a(t) = — / | dr(e - P)(E) - Ee) )

Here, E,q is the equilibrium value of the fluctuating E(t), and
the variance of this fluctuation is known to be proportional to Cy,
ie, of = ((E(t) — Eeq)*) = CykpT%. Previous derivations of
PBCM and BC!'? were carried out based on an over-simplified
Markov model, whose memory kernel function is simply a &-
function, i.e., y(t —t') = 2yo8(t — ') and qp(t) = yo[E(t) — Eeg)-

As in the classical Langevin equation, we assume that 1) gy
randomly fluctuates around a zero mean, i.e., (qz(t)) =0, and
2) its value at any instance is independent of its history, i.e.,
(qr()E(¥')) = 0 for t > ¢ The fluctuation—dissipation theorem
for a non-Markov process?®* also states that

(4R (D4r(0)) = oty (t) = Cuks Ty (1) ®)

As discussed in the Section 1, (gg(t)qr(0)) # (q(t)q(0)).
To calculate the memory kernel function y(t) of a material’s
interface using numeric techniques, such as EMD simulation
methods, additional analyses are needed to connect y(t)
function with the interfacial QACF of the total interfacial heat
current (q(t)q(0)). Nevertheless, the gLE theory for thermal
conduction across a material interface, as expressed in
Equation (6)—(8), is applicable to a wide range of materials
interfaces, whose length scales range from the nanoscale to
the bulk limit, and interfacial bonding types range from rigid
valance/ionic bonds to flexible van der Waals (vdW) forces or
hydrogen bonds.

2.2. Macroscopic TIC at Slow Fluctuation Limit

Within the gLE theory of interfacial thermal conduction, the
memory kernel function y(t) (Equation (7) and (8)) manifests
the fundamental relation between the heat dissipation at an inter-
face and the thermal fluctuation of an interfacial current. Here,
we also refer to y(t) as the dissipation kernel function and
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consider it as a general and dynamic characterization of the inter-
facial heat transfer properties. In comparison, the TIC defined in
Equation (2) represents a macroscopically averaged static trans-
port coefficient, which should correspond to a coarse-grain aver-
age of this dynamic dissipation kernel function y(%).

To analyze the relation between the dissipation kernel func-
tion in the gLE and the fluctuating currents, we take an ensemble
average at the both sides of Equation (6) and express the energy
fluctuation in terms of the temperature fluctuation, i.e.,

(E(t)) — Eoq = CyAT(t). We find an expression of (q(t)) as
follows
d
(at) = LE)
= 7/5 dty(t — ¢ )CyAT(¢) + (gr(t)) 9)

:—/t di'y(t — ¢)CyAT(Y)

Next, we compare two dynamic rates in Equation (9), i.e., the
decay rate of the kernel function y(t) versus the fluctuation rate
of temperature AT(t). At the slow fluctuation limit, we can
approximate AT(#)~ AT in Equation (9) and find that
(q) ~ —[/edty(t)]CyAT. By comparing this ensemble averaged
current with the macroscopic net current in Equation (2), we find
that the memory kernel function defined in Equation (7) relates
to the transport coefficient TIC as follows

diy(t) = ﬁ / " dt(gg (H)g2(0))

_ G [

G
“TA

(10)

Because of the distinction between (gg ()qg (0)) and the inter-
facial QACF (q(t)q(0)) (see discussion in earlier text), our TIC
formula in Equation (10) is conceptually different from that
derived by BC!'? or CEHVC™ (Equation (3)). Our newly derived
TIC formula (Equation (10)) is a generalization of the original
formula proposed by PBC,'Y) who only considered the limiting
case of Markov processes.

The derivation of our TIC formula for non-Markov thermal
conduction suggests that: 1) the concept of static TIC is based
on the slow fluctuation assumption, i.e., the fluctuation rate of
temperature at an interface is slower than the decay rate of
the interface’s dissipation kernel function, and 2) a general for-
mula for TIC beyond the bulk limit and Markov limit is a time
integral of the dissipation kernel function (Equation (10)) at this
slow fluctuation limit. For the cases where the rate of tempera-
ture fluctuation is significantly faster than the decay rate of its
dissipation kernel function, the concept of static TIC, as defined
in Equation (2), likely need be revised with frequency-dependent
transport coefficients to properly describe the such dynamic
interfacial heat transfer processes.

2.3. Statistical Formulas for TIC

As discussed in earlier texts, it is impractical to numerically cal-
culate the tcf (qg ()qz (0) ), because g is only a part of total inter-
facial current q(t). To apply EMD simulation techniques to
calculate TIC using Equation (10), we need to find expressions
of y(t) in terms of interfacial QACF (gq(t)g(0)) or other related
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tcf that can be calculated with EMD methods. For this effort, we
first define and analyze three relevant tcf that describe the fluc-
tuation of energy and heat current, which are defined as
follows

co(t) = (AE(H)AE(0)) = ((E(t) — Eeq)(E(0) — Eey)) (11)
ci(t) = <q(t)AE (0) >
(12)
:<qD(t) 0) - Eeq)>
t) =(q(t)q(0))
=(4p(t)4p(0)) + (qr (t)4r(0)) + (gp (t)q4r (0)) (13)

#(qr (1)qr (0))

Here, the auto-correlation function of energy fluctuation
(EACEF), co(t), is a continuous even function of t with
¢o(0) = 6% = CykpT?, the current-energy tcf, ¢;(t), is an odd
function that might have a discontinuity at t = 0, and the inter-
facial QACF, ¢,(t), is a continuous even function that might
include a §-function at t=0. From the practical viewpoint,
we can first explicitly calculate interfacial QACF c,(t) using

EMD simulation methods, and then derive the other correlation

functions, based on the following equations: ¢,(t) = dcgt

d &
(1) = — 0 = — T
A convenient mathematical tool to solve a gLE is the Laplace

transformation (LT). Accordingly, we express the LT functions of
co(t) or ¢ (t) in terms of the LT function of interfacial QACEF, ¢(s)

and

= /oo dte ¢y (1) (14)
0
= /m dte~Stc (t) = _20) (15)
0 N
= / " dteteq() = - LI ST ;C vhaT” (16)

Furthermore, the LT function ¢(s) can also be expressed in
terms of moments of the QACF function (u,)

- i (= (17)
n=0
where the nth moment p,, is defined as
= [ e dg0a)) = (-179(0) (18)

Next, we multiply the AE(0) = E(0) — E.q term to both sides
of Equation (9) and take an ensemble average to get

/ dt'y(t —t)co(t)

Finally, we apply LT to both sides of Equation (19) to derive an
expression for the LT of the dissipation kernel function I'(s) in
terms of Cy(s) or ¢(s)

/ dt'y(t)eo(t —t) (19)
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— ®© —st _ CI(S)
:A dte y(t)f—co(s)

_ (s
T sCykgT? — ¢(s)
Although finding the solution of y(t) using inverse LT of I'(s)
can be numerically difficult, except for a few known forms of I'(s)
functions, we note that the calculation of TIC using Equation (10)
requires only a time integration of y(t) that is equivalent to the
value of T'(s = 0). Therefore, we can directly express TIC in terms
of the integration of interfacial QACF without an explicit solution

of y(¢)

(20)

o _GTO) kT &
FTTTA T A Co(s=0)
lim h(s)

AkBT s—01 — ¢( )/(SCVkBTZ)

—st
et [ ngo)

y {1 I dtsecviz(T 3q(0)>} B

It is important to emphasize that Equation (21) unequivocally
demonstrates that the TIC of a non-Markov interface can be
uniquely derived with the EMD simulation results of interfacial
QACEF (gq(t)q(0)), assuming that the slow fluctuation approxima-
tion is valid. We now refer to Equation (21) as the general TIC
formula for all types of materials interfaces. Next, we will sim-
plify this general TIC formula at two conditions, i.e., 1) the bulk
limit, where GkA — 0, and 2) beyond the bulk limit, where & c_ isa
positive constant value.

2.3.1. Bulk Limit

We will first discuss the TIC of an interface at the bulk limit. For
the macroscopic systems considered in our derivation, the bulk
limit corresponds to the case of a system having a surface-to-
volume ratio —0. For the systems considered by CEHVC," this
bulk limit corresponds to two semi-infinite objects, I and II,
adjoined at an interface with a finite area. By taking the Cy — o
limit before taking the s—O0 limit in Equation (21), we can
derive an approximate TIC formula at the bulk limit that is iden-
tical to the Green—Kubo-type TIC formula in Equation (3). Using
Equation (20), we can also show that the dissipation kernel func-
tion at the bulk limit is simply proportional to the interfacial
QACF

1

Youlk(t) = ol (a(£)q(0)) (22)

There are direct implications on the properties of zeroth- and
first-order moments of the interfacial QACF at the condition of

G,A

CV_’O

Uy = / " dt(q()q(0) )y = GrAksT? > 0 (23)

0
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and

"= / ™ dft(q()9(0))] — oo 24)

The results of Equation (23) and (24) suggest that as %f — 0,
the (q(t)9(0)) function asymptotically approaches to - with
0<é6<1last— oco.

We caution that the adoption of the approximate TIC formula
at the bulk limit (Equation (3)) in an EMD-based study should be
justified whether the Gk ~ 0 assumption is valid. From a prag-
matic viewpoint, we need to calculate a runmng integral of QACF
over a period of 7: I(z) = [5dt(q(t)q(0)). The bulk limit can be

justified if the I(z) functlon shows a clearly defined “plateau” for
large values of 7.

2.3.2. Beyond the Bulk Limit

Most materials of our consideration have small, yet finite the

surface-to-volume ratios. As a result, % in our derivation is a

small positive number. This GkA

ratio can be considerably larger
in nano-materials because of their larger surface-to-volume
ratios. The Green-Kubo type of TIC formula does not apply
beyond the bulk limit. Instead, we can combine Equation (17)
and (21) to prove that at the condition of %A # 0, the first three

moments of (q(t)g(0)) function can be expressed as follows

#0) == [ atq(9g(0)) =0 (25)

#(0) == = [ da)a(0))] = CukT? > 0 (26)
" Y L 2Cykg T2

10 = = [T alr(aa0)) - - T <0 @)

With Equation (25)—(27), we can further simplify the general
TIC formula (Equation (21)) as

I T O W7

FTART? ¢7(0)  AksT? g o)
_ 1 =2{ s dif(g(1)q(0))]}
Akg T2 [5 dt[£*{q(t)q(0))]

Now, we refer Equation (28) as the TIC formula beyond the
bulk limit, because the heat capacity Cy is a thermal equilibrium
quantity that can be calculated independently. Consequently,
Equation (25) and (26) can also be adopted as two “sum rules”
of (q(t)g(0)) to identify and/or correct numeric artifacts in EMD
simulation results.

3. Non-Markov Interfaces
Results of MD simulation are known to contain artifacts due to
finite-size of a simulation model, the finite number of ensemble

averages, and/or the finite-period of simulation time. Effects of
these simulation artifacts to the calculated transport coefficients
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are likely more significant than those observed in the EMD cal-
culations of bulk k. The size of possible artifacts remains largely
unknown. Very few empirical models have been proposed to
identify and/or correct such artifacts. Here, we study two repre-
sentative types of non-Markov interfaces, whose interfacial
QACEF is similar to the QACF reported in some early EMD stud-
ies of real material interfaces. We focus on identifying their dis-
tinct non-Markov characters and the asymptotic behaviors of
(q(t)q(0)) for large t. These results of simple model interfaces
should serve as baseline models for studies of non-Markov inter-
faces in real materials.

3.1. Quasi-Markov Interfaces

The Markov model is an over-simplification for interfacial ther-
mal conduction in real materials. However, some previous
reports of EMD calculated interfacial QACF of solid-liquid?
and solid-gas!"® interfaces seem to be close to those of
Markov interfaces. Here, we first derive the interfacial QACF
and other related tcf of energy and current at this Markov limit
to gain insights into the properties of some quasi-Markov pro-
cesses. Then, we study the TIC of a simple model interface,
whose (q(t)g(0)) is close to that of a Markov interface.

3.1.1. Markov Interfaces

At the Markov limit of y(t) = 2y,5(t), or I'(s) = y,, the slow-
fluctuation assumption is valid, and Equation (9) can be
simplified as
t
(q(r) = — / dt Cy2ye8(t — t)AT(¢) = —CyyoAT(t) (29)
By equalizing this ensemble average of microscopic ¢(t) and
the net interfacial heat current g, in the macroscopic heat trans-

GkA

fer equation of Equation (2), we infer that y, = <%=, or this kernel

function of dissipation currents at the Marl(ov limit is:
2G,4
7(t) = 2545(1), or T(s) =

%A. Using Equation (20), we can show

that
GkAkB TZS

= K BC ° 30
¢ =7 GA/Cy (39)
and
co(t) = GyAkp T2e Gt/ Cv (31)
c1(t) = —GpAky T2 G/ Cv (32)

G2A%k, T?
0o (t) = 2GLAky T25(t) — X2~ ¢=Git/Cy (33)
'

Accordingly, the running integral of the tcf over a period of 7 is
found to be

I(r) = / " dt(q(1)9(0)) = GrAkg T2

0

34)

Our Equation (34) proves that the correction model proposed
by LEK is exact at the Markov limit.
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3.1.2. Quasi-Markov Interfaces

In comparison with the interfacial QACF (g(t)q(0)) of a Markov
interface (Equation (33)), we consider an interface as a quasi-
Markov interface if its (g(t)q(0)) has the following patterns: start-
ing with a very large, yet finite value, and decaying rapidly to a
very small value in a short period of time. We also assume that
quasi-Markov interfaces have finite values of the GCLVA ratio, and its
TIC can be expressed with Equation (28). Here, we focus on a
simple model interface of the quasi-Markov type, whose
QACEF is formulated as

2

2ro

=2

z 1+ w?r?
e 22 — —

T

= e "7 cos(wt)

(a(t)q(0)) (35)

Here o, 7, w are three positive parameters of this type of quasi-
Markov interfaces, whose LT functions can be derived analyti-
cally as

22 oS s+ 1
=e¢7erfc[— ] — (1 20— 36
P(s) =¢ erc(ﬂ) ( +w1)(rs+1)2+a)212 (36)
with erfc(x) being the complementary error function.
From Equation (36), we can derive that ¢'(0) =
—u = — [ di[r(q(1)q(0))] = v 75 — 22, $"(0) = uy =
Jedi(gq(t)q(0))] = —272 (}jri”ijf; +06?%, and the effective TIC

(a)

0.7 T T T T T T T T T
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0.2 ]

)
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t
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of this quasi-Markov interface can be solved analytically as

— —2uq?
G, = GpAky T2 = — 1
H2

1-w?t*> 2072 . 1—3w?c? (37)
71+M#_7§}/{70+#ﬁf_
We can confirm that at the limit of 6 — 0 and @ — 0, the prop-
erties of this non-Markov interface approach to those of a Markov
interface, with G, = 1.

Figure 1 shows the results of an interface of this class with
o =1, 7=10, and @ = 0.05. The similarity between the calcu-
lated (g()q(0)) (Figure 1a) and that at the Markov limit
(Equation (33)) verifies that the quasi-Markov approximation is
valid for this non-Markov interface. The calculated LT function
¢(s) of this quasi-Markov interface, shown in Figure 1b, is
also close to that of a Markov interface (Equation (30)). The
#(s) function agrees well with the ¢(s) ~ ¢'(0)s + 1/2¢"(0)s?
model at the limit of s — 0, with y; = —¢’(0) = —5.20 and
Uy = ¢"(0) = 31.0. Using Equation (37), we find the effective
TIC of the quasi-Markov interface shown in Figure 1 is about
1.746.

As discussed in a paragraph described earlier, a correction
model was proposed by LEK!"™! (Equation (4)) to fit the running
integral function of (q(#)q(0)) of EMD simulated data based on
a formula derived at the Markov limit. As shown in Figure 1c,

=2

() 06

05k data A
- — fitting
0.4 1

L o3t
<
02+ O ]

01F

15 20

0.12 0.16 0.20

(d)

1 1 1 1 1 1 1 1

20 30 40 50 60 70 80 90 100
t

0 10

Figure 1. A quasi-Markov interface described by Equation (35), with 6 =1, £ =10, and w = 0.05. a) The current auto-correlation function
QACF: ¢, (t) = ((t)g(0)), b) the LT function of QACF: ¢(s), c) the cross-correlation function between the fluctuating current and the fluctuating energy:

¢1(t), and d) the energy auto-correlation function: ¢y(t).
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the LEK model (shown with the red dashed line and labeled as
fitting) seems to fit well of the ¢, (t) function, which is the negative
of the running integral function, for intermediate values of ¢, while
c1(t) deviates from the LEK model at the t — 0 limit to manifest
the non-Markov properties of this interface. We fit the data

between £ =5 and t = 15 and estimated E;; = 1.3, which is about

20% less than the G, value we derived analytically (Equation (37)).
This comparison also suggests that if the interfacial QACF of
some quasi-Markov-type interfaces can be better fitted with the
(9(H)9(0)) formula in Equation (35), we can have a more accurate
evaluation of their TIC using the formula in Equation (37) than
using the LEK correction model (Equation (4)).

3.2. Interfaces with an Exponential Kernel Function

Here, we study a non-Markov-type model interface, whose dissi-
pation kernel function is simply an exponential function. Based
on Equation (10), we can express the kernel function y(t) and its
LT function I'(s) as

2GLA _»
— e

t) = 38
=" (38)
2G,A 1
I'(s) = 3
(s) Cyr s+2/t (39)
Again, we focus on the interfaces with finite %f ratios and

adopt Equation (28) to model their TIC beyond the bulk limit.
With Equation (39), we first derive ¢(s) of the interfaces of this
class as

- ZGkAkBTZ S
T (s+1/7) + 22 - 1]

Cyt T

(s) (40)

and then perform an inverse LT to ¢(s) to solve for (g(t)g(0)).
The derived interfacial QACF (q(t)q(0)) function has three
possible forms, depending on the value of %@A’.

At the condition of %"V‘” > 1, we have o =1 [%KVA’ -1]"3
and the interfacial QACF can be derived as

(q()9(0)) = 2G, Akg T%z e [cos(wt) — i sin(w|t])] (41)

At the condition of %KVA’ =1, the interfacial QACF can be
derived as

(42)

T

<q(t)q(0)> = 2GAkg T2 1g % <1 — m)
At the condition of%‘v‘“’ <1, we have g = % [1- %K\/Ar}l/z’ and
the interfacial QACF is

-1 -1
_ 21 |7 tP i _ TP
(q(t)9(0))=2G Ak T?* { T e 7 e

(43)
Figure 2 plots the normalized (q(t)4(0)), i.e., (q(£)9(0))/{?, as

a function of ¢ for the three conditions defined in our newly
derived TIC equations (Equation (41)—(43)). The running integral
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Figure 2. The normalized interfacial QACF function of three different %

ratios. The corresponding running integral functions of the normalized
(q(t)q(0)) are also plotted in inset.

functions of these three cases are also shown in the inset.
Although the results shown here are for the ideal case that cor-
responds to an exact exponential dissipation kernel function, the
interfacial QACF models expressed in our newly derived TIC
equations can be adopted to fit EMD calculated (g(t)g(0)) function
of real material interfaces, if their dissipation functions are expo-
nential-function-like. We note that for all three types of (q(t)g(0))
functions, the TIC can be simply expressed in terms of two
parameters, the variance of the fluctuation ¢(t), (¢*), and the
decay constant ¢

_ (@)
L= 2Aks T2

(44)

This result suggests that for a quasi-exponential-type interfa-
ces, we can fit the EMD calculated (q(t)q(0)) with models
expressed in Equation (41)-(43) to evaluate (¢*) and 7, and esti-
mate its TIC based on Equation (44).

4, Conclusion

We have extended previous work of PBC!'" and BC"? to derive a
general statistical formula for TIC beyond the Markov limit. Our
general formula reduces to the previously proposed Green—
Kubo-type formula at the bulk limit. Beyond the bulk limit,
we have shown that the TIC of a material with finite heat capacity
can be calculated based on the first- and second-order moments
of the auto-correlation function of the interfacial current. We
have adopted our statistical theory to study two classes of simple
model interfaces: the quasi-Markov interfaces and the interfaces
with exponential dissipation kernel functions, whose TIC can be
derived analytically. Our analysis results provide the theoretical
foundation to calculate TIC using EMD simulation methods for a
wide range of material interfaces, including the interfaces at the
nanoscale.
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Mean Free Path of Photoelectronic Excitations in
Hydrogenated Amorphous Silicon and Silicon Germanium

Alloy Semiconductors

Nikolas J. Podraza,* David B. Saint John, Maxwell M. Junda, and Robert W. Collins

Dedicated to Professor David A. Drabold on the occasion of his 60th birthday

Hydrogenated amorphous silicon germanium alloy (a-Si; ,Ge,H) films are
prepared by plasma enhanced chemical vapor deposition (PECVD) and char-
acterized by in situ real time spectroscopic ellipsometry (RTSE). From complex
dielectric function spectra extracted, the broadening width energy (I') of the
primary absorption feature centered near 3.7 eV is quantified using the Cody—
Lorentz oscillator model. Mean free path length of photoelectronic excitations is
calculated from I based on reasonable estimates for speed of electron—hole
photoexcitations. A model is applied with excited state lifetime assumed to be
limited by scattering from network disorder and provides a relative measure of
short-range order. The simple model applied is an extension of that widely used
to characterize broadening of optical transitions in polycrystalline semiconduc-
tors. Decreases in mean free path of up to ~30% occur with germanium. Relative
increases in mean free path with increased hydrogen during PECVD a-Si:H,
a-Sip.73Geg 27:H, and a-Siy g0Geg 40:H occur from ~5% to ~8% and with hydrogen
plasma treatment of a-Si:H by ~6%. Mean free path changes are tracked with
thickness to provide short range order evolution and the effect of the underlying
material. Mean free path of photoexcitations in electronic quality a-Si; ,Ge:H is
estimated at ~3.5 A, on the same order as interatomic spacing.

semiconductors of interest for thin film
optoelectronic technologies often exhibit
substantially different optical and elec-
tronic properties compared with their bulk
crystalline counterparts. Optical features
above the bandgap for bulk crystalline
semiconductors occur at the critical points
in the joint density of states and are under-
stood to be lifetime broadened by the elec-
tron—phonon interaction.!! In the case of
nano-, micro-, and polycrystalline materi-
als, the corresponding features are broad-
ened relative to the bulk crystal, and this
broadening can be understood to occur
homogeneously through reductions in
the lifetimes of the excited states and, thus,
in the mean free path lengths of
the photoexcited electrons and holes.*™”)
For such materials, a model proposing that
the mean free path of photoexcitations is
limited predominately by the grain size
due to scattering at grain boundaries or
grain surfaces consistently accounts for
experimental observations. For amorphous
materials, the lack of long-range crystalline

1. Introduction

Most materials of technological relevance are neither single
crystals nor epitaxial films but rather exhibit some form of
polycrystalline structure with finite crystallite size or lack long-
range order altogether and are considered as amorphous.
In particular, nano-, micro-, and polycrystalline and amorphous

order in the amorphous network itself is similarly expected to
lead to scattering of photoexcited electrons and holes. As a result,
further reduction in mean free paths of these photoexcitations is
expected to occur as a natural extension of the behavior observed
for nano-, micro-, and polycrystalline materials.®~'% However, all
amorphous samples of a given composition do not have
identical properties, indicating that variations in the short- and
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medium-range order of the amorphous network substantively
impact measured macroscopic properties.

Hydrogenated amorphous silicon (a-Si:H) and related thin
films have been implemented in device applications, including
absorbers in thin film solar cells,"' " passivation layers in wafer
silicon photovoltaics,*"** and imaging layers in uncooled infra-
red (IR) sensing microbolometers.**>”) The a-Si:H network
varies in terms of incorporated hydrogen content and bonding
configuration,**2%*¥* the presence of nanoscale voids and
vacancy structures,*®*% and film stress!*?! as deduced from exper-
imental measurements. The formation of short and long fila-
mentary structures, bond length distributions, and bond angle
distributions has been identified through advanced computational
modeling.**** The amorphous network may be further modified
by alloying a-Si:H with other group-IV elements, usually carbon or
germanium. For applications as thin film solar cell absorbers, car-
bon and germanium are added to widen and narrow the bandgap,
respectively, compared with that of a-Si:H for optimization of sin-
gle and multijunction solar cells.">'*'>'7=2% Incorporation of
either carbon or germanium into a-Si:H also alters the film resis-
tivity, temperature coefficient of resistance, and 1/f noise, which
impact microbolometer performance.*®-323437!

For plasma-enhanced chemical vapor deposited (PECVD) a-
Si:H-based materials developed for such device applications,
spectra in the complex optical response in the form of the com-
plex dielectric function (e =e&; + i¢;) obtained by in situ real
time spectroscopic ellipsometry (RTSE) have been reported to
vary as functions of deposition and processing condi-
tions, 1111416:17.21,23-26,32-34414551] g)lovine with carbon or
germanium,**=% post-deposition plasma or annealing treat-
ments,?#* accumulated film thickness,?**Y and underlying
substrate material.'**" A reduction in the width of the primary
absorption feature evident in ¢, centered at photon energies near
~3.5-3.9 eV is often attributed to increased relative order in the
material and has been directly linked to improved performance of
thin film solar cells with a-Si:H-based absorber layers.['1:1416:17]
By modeling the e spectra for the a-Si:H-based films, a link
has been proposed between changes in the mean free path length
of photoexcited electron-hole pairs in the amorphous network
and measurable macroscopic properties. This approach is based
on a model of homogeneous broadening of the primary
absorption feature as an extension of the previous studies of
polycrystalline and nanocrystalline materials.*~”

Additional broadening mechanisms due to local statistical
fluctuations in bond length, bond angle, and Si—H bonding
are inhomogeneous in nature and introduce complications
in interpretation of the optical spectra. In fact, inhomoge-
neous broadening mechanisms are expected to exhibit the
same trends with short-range order as does the homogeneous
lifetime mechanism, and, thus, would be difficult to resolve.
The introduction of inhomogeneous broadening mechanisms
is not necessary for interpretation of the e spectra, however,
which are closely fit with a single Lorentzian line shape modi-
fied at photon energies immediately above the bandgap in the
region of the mobility gap. In contrast, optical transitions near
the bandgap may be dominated by inhomogeneous broadening,
because the photoexcited electron-hole pairs here are no longer
mobile. In spite of this, both the optical absorption spectra, rang-
ing from the Urbach tail to the mobility gap, as well as the
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photoluminescence spectra, are adequately modeled in terms of
the joint densities of one-electron states at the valence and conduc-
tion band edges, without appealing to any broadening mechanisms
beyond those represented by the relatively narrow (<0.06eV)
valence and conduction band tails.??~* The potential complica-
tions introduced in these one-electron models involve not addi-
tional inhomogeneous site-dependent broadening as described,
but rather the proper choice of the energy dependence of the band
densities of states and the matrix element for the case of optical
absorption,?*” and the possible presence of electron—phonon
coupling that generates an additional phonon broadening mecha-
nism and a Stokes shift for the case of photoluminescence.?*¢!

By applying physically realistic parametric models describing
the spectra in & measured by RTSE in the present study, the
broadening width energy of the primary absorption feature is
quantified. This broadening width is assumed to be inversely
proportional to the lifetime of the photoexcitation, assigned
to be that of the photoexcited electron-hole pair. This assign-
ment is based on the understanding that ¢ spectra, in general,
can only be modeled quantitatively on an ab initio basis by con-
sidering the interaction between the photoexcited electron and
hole. From this broadening width energy, the mean free path of
the photoexcitations can be calculated, applying reasonable esti-
mates of the speed that characterizes the motion of photoexcited
electron—hole pairs.”>*! The mean free path is shown to decrease
with increasing germanium content in hydrogenated amorphous
silicon germanium (a-Si; _,Ge,:H) films as expected due to addi-
tional disorder from alloying. In series of fixed alloy composition,
the mean free path increases with the amount of hydrogen dilu-
tion of the reactive silicon and germanium carrying source gases
in PECVD. This increased mean free path correlates well with the
observed improvement in thin film a-Si:H-based solar cell perfor-
mance with similar process parameter variations. In addition,
narrowing of the absorption feature width upon treatment by a
hydrogen plasma also shows an increase in the mean free path
length due to modification of the underlying a-Si:H material. The
temperature dependence of the mean free path has been mod-
eled, accounting for the increased broadening in the absorption
feature with temperature and the empirically observed relation-
ship between the effective mass and the bandgap applied from
studies of crystalline silicon. With accumulated thickness in
a-Si:H, the mean free path either increases or slightly decreases
dependent upon the underlying substrate material and its inter-
actions with the growing a-Si:H film. Combining this informa-
tion, the mean free path length of the photoexcited electron—
hole pairs in relatively highly ordered a-Si:H, a-Sig73Geg,7:H,
and a-Sipe0Gep40:H at room temperature is estimated to be
~3.5A, of the same order as the interatomic spacing, as is
expected for amorphous materials.>*%

2. Experimental Methods and Modeling

2.1. Film Preparation
All a-Si;_,GeyH films studied here have been prepared by
PECVD and characterized by in situ RTSE. RTSE provides infor-

mation on the growth evolution and spectra in . Variations in the
spectra in ¢ are tracked among experiments comparing different
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compositions,[34’47] relative degrees of order,[* 8 and tempera-
ture.*” RTSE measurements have been performed using either
a single!®®%¥ or duall®" rotating compensator multichannel ellips-
ometer having a spectral range from 1.5 to 5.0 eV with 128 spec-
tral points or from 0.75 to 5.9eV with 695 spectral points,
respectively. PECVD conditions common to all films include
radio frequency (RF; f=13.56 MHz) plasma excitation, a deposi-
tion temperature of 475 K, a fixed 1.9 cm electrode spacing, a total
pressure of <0.5 Torr, and the minimum power possible for a
stable plasma of 0.082**¢~*8 or 0.02 W cm Y depending on
the deposition chamber. Variable deposition parameters include
the hydrogen (H,) to reactive silane (SiH,) 4+ germane (GeH,) gas
flow ratio, R = [H,]/{[SiH4] + [GeH,]}, and the alloying gas flow
ratio, G =[GeH,]/{[SiH4]+ [GeH,4]}. Unless otherwise noted,
samples have been prepared on native oxide-coated crystalline sil-
icon (c-Si) wafers.

The effects of germanium content, hydrogen dilution and
plasma treatment, temperature, accumulated film thickness,
and substrate on ¢ and the derived mean free path length of pho-
toexcited electron-hole pairs are evaluated through several film
series and experiments. Two series of films have been prepared
at fixed R =10 as functions of G, one deposited on the powered
cathode (approximately —20V self-bias)*”) from G =0 to 0.167
and the other on the grounded anodeP* from G=0 to 1.
Three series have been deposited on the powered cathode at vari-
able R but G fixed at 0, 0.083, and 0.167.4*1 A R=0 a-Si:H film
prepared on the anode has been exposed to a H; plasma under the
same PECVD conditions but without SiH, or GeH, source gases.
This film is also tracked with plasma exposure time.!*”) The mea-
surement temperature dependence of spectra in ¢ for R=10
amorphous films prepared at G=0, 0.083, and 0.167 has also
been tracked from the deposition temperature near 475 K during
cooling to near 325 K with ¢ extrapolated to a room temperature of
300 K.*”) Additional R=10.5 a-Si:H thin film depositions have
been performed under identical conditions on native oxide cov-
ered c¢Si, p-type hydrogenated amorphous silicon carbon
(a-Si;_xCxH) in the p-in thin-film solar cell structure, and
fluorine-doped tin oxide (SnO,:F)-coated soda lime glass
(Pilkington NSG TEC-15) for comparison of the effect of substrate
material.*Y Finally, R=5 and 10 a-Si:H films have also been pre-
pared on TEC-15 for comparison with the R = 0.5 depositions.®!

2.2. Optical Property Modeling

Spectra in ¢ for most films are obtained from the analysis of
RTSE data collected during PECVD growth using a global
sum-of-c minimization procedure to determine bulk film thick-
ness and surface roughness thickness.****=% The optical
response of the surface roughness layer is represented by a
Bruggeman effective medium approximation consisting of 0.5
amorphous film + 0.5 void volume fractions.*>®) Numerical
inversion is performed on single sets of ellipsometric spectra
to obtain spectra in € using the obtained bulk and surface rough-
ness thicknesses.[*”) Spectra in ¢ for plasma-treated a-Si:H are
obtained using the same measurement and analysis procedure
during plasma etching. Changes in ¢ with measurement temper-
ature are also obtained from in situ spectroscopic ellipsometry
measurements, assuming fixed final film structural parameters
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as the samples cool from the deposition temperature. Typical
film thicknesses are ~20-50 nm. More details regarding optical
property extraction are available in the previous studies.***¢~*!
Example spectra in ¢ obtained by numerical inversion for R=10
a-Si:H and R=10, G=0.167 a-Sigc0Gegs0:H are shown in
Figure 1. For the R=0.5 a-Si:H films prepared on different
underlying materials and for the films prepared on TEC-15 as
a function of R, a virtual interface analysis approach®" is used
to track changes in ¢ with accumulated film thickness using a
parametric database.!®

Over a wide spectral range from below to well above the
bandgap energy, a parametric model of a single modified
Lorentz oscillator fits the measured e spectra remarkably well.
The modification of the oscillator is designed to model the ¢ spec-
tra near the bandgap by suppressing the tail of the Lorentz oscil-
lator extending into the bandgap region and incorporating a joint
density of states function based on square root valence and con-
duction band densities of states as functions of hole and electron
energies, respectively. The Tauc—Lorentz oscillator model
assumes a constant momentum matrix element for the optical
transitions near the bandgap,’®®®"! and the Cody-Lorentz oscil-
lator model assumes a constant dipole matrix element.®® For
a-Si:H, a-Ge:H, and a-Si; ,Ge:H alloys, the Cody-Lorentz
model has been found to be a more physically realistic represen-
tation of the optical response than the Tauc—Lorentz
model.?**7%8 For this work, the numerically inverted spectra
in ¢ are parameterized as functions of photon energy (E) with
the real and imaginary parts defined as

b 552(5)
e1(E) = €4 +%P./§2 _ Ezdé
0 1
0 0< E<Eg
&(E) = (E—Eg)? AE,['E
2(E) (E—EG)(Z}+E§ ' [(EZ—EESZJH‘ZEZ] E> Eg

Figure 1. Complex dielectric function (e =& + ie;) spectra for hydroge-
nated amorphous silicon (a-Si:H) and silicon germanium alloy (a-
Siy_,Ge,:H, x=0.40) thin films obtained at a measurement temperature
of 475 K from in situ RTSE measurements using numerical inversion (sym-
bols) and parameterized by Cody-Lorentz oscillators (lines).l*”]
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The six energy-independent parameters in these equations
include an oscillator amplitude A, broadening I', resonance
energy Eo, bandgap energy Eg, transition energy from gap-like
to Lorentz-like behavior Ep, and a constant additive term to &;
denoted ¢,. The real and imaginary parts of ¢ are related through
the Kramers—Kronig integral, which can be solved analytically as
reported in the study given by Ferlauto et al®® The Cody-
Lorentz oscillator model fits to numerically inverted spectra in
€ are shown in Figure 1.

It should be noted that to fit the numerically inverted spectra
in € and determine I” in Figure 2—4, the Cody—Lorentz model of
Equation (1) has at most only five free parameters, because e, is
fixed at 1 in the model. The bulk film and surface roughness
layer thicknesses defining the structure of each thin film do
not enter into the analysis of the spectra in ¢, as these are
obtained from global sum-of-6 minimization of RTSE data prior
to fitting e to the Cody-Lorentz model. For the data sets from
Podraza et al.,[*”! the E, values are initially all within the math-
ematical fitting error for each respective series, so this parameter
is fixed at the average value for each series with all other param-
eters subsequently fit again. For the data set from Saint John,**
Ey is a variable parameter. For each of these series, the variation
in the fit parameter " used for the calculation of the mean free
path of photoexcitations is greater than the mathematical error
from the fitting procedure. The correlation between I' and its
most correlated other fit parameter describing ¢ is <0.844 in
magnitude, indicating that I' is not substantially correlated with
the other fit parameters.

For the data sets analyzed using virtual interface analysis to
track variations in e with accumulated thickness, a parametric
database linking all parameters of the Cody-Lorentz oscillator

Figure 2. (Top) Cody-Lorentz oscillator broadening parameters mea-
sured at 475K for a-Si;_,Ge,:H alloy films prepared at fixed hydrogen
(H>) to total silane (SiH4) 4+ germane (GeHy,) dilution ratio R =10 as func-
tions of GeHj, to total SiH, + GeH, gas flow ratios from data reported in
the study by Podraza et al.*”! (open circles) and Saint John?* (solid
squares). (Bottom) Change in the mean free path of photoexcitations rel-
ative to that of pure a-Si:H, assuming composition independent (open
circles and solid squares) and dependent (open triangles) speeds of elec-
tron—hole pairs.
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Figure3. (Top) Cody-Lorentz oscillator broadening parameters measured
at 475 K for a-Sig 60Geo.40:H films prepared at different hydrogen dilution
ratios from data reported in the study by Podraza et al.*”! (Bottom)
Change in the mean free path of photoexcitations relative to that of
R=10. The vertical line demarcates R at which the material begins to
nucleate nanocrystallites.

Figure 4. (Top) Cody-Lorentz oscillator broadening parameters for a-Si:H
measured at different temperatures from 325 to 475 K and extrapolated to
300K from data reported in the study by Podraza et al.”! (Bottom)
Change in the mean free path of photoexcitations relative to that at
300 K, assuming temperature independent (solid circles) and dependent
(open circles) speeds of electron-hole pairs.

model has been applied to reduce the number of fit parameters
in the analysis procedure.®®! All spectra in & reported here are
parameterized with this model; however, the primary parameter
of interest is the dielectric function broadening energy I'. In the
virtual interface analysis applied by Junda et al.,>! I' fully defines
€ when it is linked to all other Cody-Lorentz model parame-
ters.[®® Thus, in this analysis, I” has no correlations, as it is
the only fit parameter given that the surface roughness thickness
and growth rate at each time point are ascertained by global
sum-of-c minimization of RTSE data and then fixed as reported
by Junda et al.FY
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2.3. Calculation of Mean Free Path Length of Photoexcitations

The broadening I" associated with the observed single dominant
absorption feature having resonance energy E, is linked to the
mean free path length of the photoexcited electron-hole pairs,
which, in turn, is controlled by scattering of the pairs photoex-
cited in that transition. The broadening parameter I" measured
for a nano-, micro-, or polycrystalline sample may be considered
as the summation of the broadening found in a single crystalline
material without extended defects (I'crystal) as controlled by
electron—phonon interaction!" and additional broadening arising
from scattering of photoexcitations via the dominant defect scat-
tering mechanism (I’ Defects)[2‘4]

r= FCrystal + I'pefects (2)

The scattering of photoexcitations due to defects will result in
broadening associated with a particular electronic transition
and is represented as

2zvh
Ipefects = T (3)

Here, v is the speed of the photoexcited electron-hole pair,
assuming that the electron and hole remain coupled in the final
state of the transition, # is Planck’s constant, and 4 is the mean
free path of the pair within the material as limited by defect scat-
tering. For nano-, micro-, and fine-grained polycrystalline mate-
rials, the dominant defect type is likely to be the grain boundary
with the crystallite radius represented by A and I" > I'crygia1. The
combined expression is

2mvh
I'= rCrystal + T 4

For the dominant transitions in a-Si:H and a-Ge:H, the
Cody-Lorentz oscillator model parameter E, ranges from =3.5
to 3.9eV, and I ranges from ~2.5 to 4.0 eV, 344 respectively,
the latter compared with the E; transitions in bulk crystalline
Si and Ge with I'=0.1eV."*"Y Thus, because I'>>T Crystals
Equation (4) simplifies, and 2 is obtained from

_ 2nvh

1= )

Estimates of carrier speeds will be derived for these amor-
phous materials assuming one-electron states and equal speeds
for the correlated electrons and holes, the latter being a charac-
teristic of parallel band transitions in crystalline materials. For
the amorphous materials, the optical transitions are most closely
related to the lowest energy direct transitions in the correspond-
ing single crystals, which are the E; transitions. These transitions
arise from the parallel nature of the valence and conduction
bands along the A line of the band structure. The maximum
values of v= (1/h)(dE/dk) for both carriers in Si and Ge along
this line are estimated as 2.5 x 10° and 2.9 x 10° ms™", respec-
tively.”? An additional approach for estimating these speeds that
relies only on the carrier effective masses m* is the approximate
expression
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wh
T 2m*a

(©)

where a =2.35 and 2.45 A, the Si—Si and Ge—Ge bond lengths,
respectively. Although a general effective mass theory has been
developed that is applicable to crystalline and amorphous solids
and applied to shallow acceptor levels in a-Si:H,”* the average
masses instead are estimated from single crystal Si as an average
of the longitudinal masses along the A direction near the zone
boundary at L. Although these values have been given as 1.63m,
and 1.29m, for Si and Ge, respectively, at the L point,”* the bands
flatten considerably, as the center of the A line is approached.
Average values appropriate for the highest speed carriers are
~2.4m, and ~1.9m,, respectively. For photoexcitations consisting
of electron-hole pairs, it is reasonable to expect a factor of two
increase in these masses, yielding the speeds of 1.6 x 10°ms™"
for Si and 2.0 x 10° m s~ for Ge. By way of comparison, the ther-
mal speeds of electron—hole pairs at the L minimum can be deter-
mined, applying the conduction band effective mass parameters of
the previous study”* to deduce the conductivity effective masses,
assumed to be the same for both electrons and holes. The results
are 1.9 x 10° ms™" for Siand 2.2 x 10° ms ™" for Ge. It is interest-
ing that these thermal speeds for the electron—hole pairs lie between
these two estimates given previously in this paragraph.

For evaluation of the temperature dependence of 1 in
Equation (5), the empirical temperature-dependent behavior
observed in crystalline Si is applied. In crystalline Si, the temper-
ature dependence of m* is related to the experimentally mea-
sured temperature-dependent bandgap energies, Eq(T),*”!
approximately as!”>”76!

e Eg(300K)
m*(T) = m*(300 K) Eo(T) (7)
This relationship can be understood by attributing an increasing
effective mass with increasing temperature to an enhanced
electron—phonon interaction, which reduces the speed of the
carrier. The same electron—phonon interaction dominates the
decrease in bandgap with increasing temperature. Inserting
masses for the E; transitions of the single crystal into
Equation (7), it then appears relevant to amorphous semiconduc-
tors due to the similarity in the temperature coefficients of the E;
transition energies to those of the amorphous semiconductor
bandgap for both Si and Ge. For the c-Si and c-Ge E; transitions,
the temperature coefficients at 400K are —4.1 x 10™* and
—5.8 x 10 *eV K~ 1,7%71 whereas the corresponding measured
and extrapolated values for a-Si:H and a-Ge:H are —4.2 x 10™*
and —5.5 x 10 *eV K ™!, respectively.*”) The closeness of the
temperature coefficients for the crystalline E; transitions and
the absorption onset energy of the dominant oscillator in the cor-
responding hydrogenated amorphous phase supports the above-
mentioned use of E; crystalline quantities in the estimates of the
amorphous quantities.

Because of the uncertainties in the excited electron-hole pair
speeds in particular, however, it is more accurate to represent the
trends in the mean free path of the photoexcitations in terms of
positive (increase) and negative (decrease) percentage changes in
the mean free path by
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AL = <%f 1> -100% (8)

0

when comparing series of materials. In Equation (8), A remains
the photoexcitation mean free path for a sample relative to that of
a chosen sample in the series 4y. When absolute values of 1 are
desired, the speed values are each taken as an average of the two
estimates given earlier, yielding 2.1 x 10°ms™" for a-Si:H and
2.5 x 10°ms ™" for a-Ge:H. For compositions between the two
endpoints, a linear relation between the speed and composition
is used: v=vge x+ vg; (1—x).

3. Results and Discussion

Of the series of films evaluated here, the largest variations in
broadening I' are observed for a-Si; ,Ge,:H films prepared as
functions of G, which is varied to control the germanium content
x (Figure 2). The films are prepared at fixed R = 10 and remain in
the amorphous phase throughout the accumulated thickness.
Even though the films in the two series of Figure 2 are prepared
under different PECVD conditions,>**”! the trends in I" with G
overlap. For compositions reported in the previous study,*’! X-
ray photoelectron spectroscopy yielded germanium contents
0.00 < x < 0.40. The broadening parameters for a-Si:H are the
narrowest and overlap for the two series, indicating the longest
mean free path of photoexcited electron-hole pairs among the
films of each series, which are 1y for each. The broadening
energy increases with G to reach a maximum for the G = 0.8 film
with a slight reduction for a-Ge:H. This increase and subsequent
decrease in I” corresponds to an expected decrease in order with
alloying, characteristic of a-Si:H, in general, being more ordered
than a-Ge:H. Without considering compositionally dependent
excited electron-hole pair speeds, a decrease in mean free path
of photoexcitations of ~240% is observed from a-Si:H to a-Ge:H
(Figure 2b). Considering the differences in excitation speeds
assigned to a-Si:H and a-Ge:H, the mean free paths of the photo-
excitations in a-Si; _,Ge,:H and a-Ge:H are now reduced by up to
~30% with respect to a-Si:H. A reduced mean free path is
expected not only due to alloying disorder but also because hydro-
gen is less effectively incorporated into a-Si; ,Ge,:H and a-Ge:H
relative to a-Si:H.”” Such trends are expected to apply for films of
different compositions prepared by PECVD with the same R
within the amorphous growth regime. This reduction in mean
free path coincides with diminished electronic quality and stabil-
ity observed for thin-film solar cells fabricated with a-Si; _,Ge,:H
absorbers compared with those based on a-Si:H.

If R is increased to increase the amount of hydrogen present
in the plasma, I" decreases while films remain in the amorphous
growth regime as shown for G=0.167 a-SipsGepso:H in
Figure 3.*”! For a fixed alloy composition, it is reasonable to
assume that the electron-hole pair speed is constant. Using
the mean free path of photoexcitations for the R=10 sample
as 4o, an increase in mean free path of ~5% is observed up
to R=90. At R > 90, I" and the associated mean free path stabi-
lize somewhat. This stabilization coincides with the lowest R at
which films nucleate crystallites with accumulated bulk layer
thickness, as demarcated by the vertical line in Figure 3. For pro-
tocrystalline material prior to the onset of crystallite nucleation, a
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greater amount of hydrogen is expected to be incorporated into
the films compared with material prepared at lower R that
remains in the amorphous phase throughout growth. Among
a series of similar films, protocrystalline material is likely to
exhibit the highest relative degree of order. Such trends are also
observed for G = 0.083 a-Siy 73Geg ,7:H and for a-Si:H, which show
increases in the mean free path of photoexcitations of ~8% from
R=10to 40 and ~6% from R =10 to 15, respectively.*! A similar
reduction in I” is observed for R =0 a-Si:H exposed to a hydrogen
plasma for short times prior to substantial etching by that same
plasma, and this reduction corresponds to a ~6% increased mean
free path when analyzed by this method.” These increases in the
mean free path with increased R tend to suppress the observed
reduction in mean free path due to alloying when considering pro-
tocrystalline material prepared at the highest R prior to the nucle-
ation of crystallites. However, the mean free path of photoexcited
electron-hole pairs is still longer in a-Si:H compared with the alloys.
The implied reduced order in the alloys accompanies the aforemen-
tioned lower performance of solar cells incorporating alloy absorb-
ers as well as higher Urbach energies and a greater density of defect
states within the bandgap for unoptimized a-Si;_,Ge H.*® It
should also be noted that the increase in the mean free path of pho-
toexcitations upon hydrogen plasma treatment corresponds to the
effect that occurs upon subsurface modification of low R a-Si:H
when over-deposited by higher R material.***®

The results in Figures 2 and 3 discussed previously have been
obtained for I” at the film deposition temperature of 475 K. The
temperature dependence of I" for 0.00 < x < 0.40 has been pre-
viously reported*”! and used to extrapolate I to room tempera-
ture, nominally 300 K, which will be set as 4. As I" increases with
increasing temperature in a-Si:H, a reduction in the mean free
path of photoexcitations is observed by 2.5%, assuming a
temperature-independent speed of electron-hole pairs
(Figure 4). The reduction in mean free path as indicated by
I'(T) is enhanced by an increase in effective mass with T accord-
ing to Equation (7). Including this effect, the decrease in mean
free path with increasing temperature from 300 to 475 K is ~6%
for a-Si:H, 8% for a-Siy73Geg,7:H, and 9% for a-Sig 60Geg.40:H.
These increases in magnitude arise due to the simultaneous
increase in the temperature coefficient of the bandgap, indicating
enhanced electron—phonon interaction, and decrease in
bandgap, both with the incorporation of Ge into a-Si:H.

As mentioned earlier, increases in I" have been found to cor-
relate with increases in the Urbach energy defining the subgap
absorption tail of a-Si;_,Ge,:H.[®® From Ferlauto et al.®® the
Urbach energy (E,) is related to I” via different expressions for
a-Si; ,Ge,:H. For material optimized as a solar cell absorber,
the relationship is

E,(meV) = 49.0 + 4.90['(eV) — 2.12] )
and for material that is not optimized, the relationship is
E,(meV) = 49.0 + 12.9[I(eV) — 2.12) (10)

Using I for a-Si:H prepared at the maximal R prior to crystallite
nucleation and extrapolating the temperature dependence of I to
room temperature, I'=2.31 eV for R=15 a-Si:H. This broaden-
ing value is close to the value reported for a-Si:H optimized as a
solar cell absorber.!®® Applying Equation (9) yields E, =50 meV
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for R =15 a-Si:H, which is also close to E, reported for optimized
a-Si:H. Assuming the same optimization criteria for R=40
a-Sip73Geg7:H and R =90 a-Sip0Gep40:H apply, E, is calcu-
lated to be 52 and 53 meV, respectively, which are also similar
to the results for optimized a-Si; ,Ge,H. Assuming that
the material prepared at R=10 for a-Si:H, a-Siy73Geg,7:H,
and a-SipeoGeoao:H is not fully optimized, and applying
Equation (10) yields the higher E, values of 53, 58, and
60 meV, respectively. It should be noted that the criteria for opti-
mization of these materials are relative, so the general trends
observed are likely to be more relevant than the actual values.
Regardless, these calculated values of E, increase with increasing
germanium content and decrease with increasing hydrogen dilu-
tion, which are the same trends exhibited by I'". The reduction in
short-range order that leads to a widening of the Urbach tail and
an increase in E, are likely the same as that acting to reduce the
mean free path of the photoexcited electron-hole pairs.

For a-Si:H films, I'®* and, thus, the mean free path of photo-
excitations are not constant with accumulated thickness, given
the reasonable assumption of thickness independent
electron-hole pair speeds (Figure 5). For R = 0.5 a-Si:H prepared
on native oxide covered c-Si, the effect is weak with I" slightly
increasing as a function of accumulated thickness. In plotting
AA, 1 is measured relative to the value of ¢ at 10 nm of accumu-
lated thickness. This behavior implies that the thickness depend-
ences of I’ and the mean free path are also weak for the
previously discussed series of films, which were also prepared
on native oxide covered c¢-Si. For R = 0.5 films prepared on p-type
a-Si;_4C,:H or on TEC-15, I decreases and the mean free paths
increase with increasing thickness. In calculating A4, 4 at 10 nm
accumulated thickness for the R=0.5 film on native oxide cov-
ered c-Si is again used here. Initially, the mean free paths for the

Figure 5. (Top) Cody-Lorentz oscillator broadening parameters for a-Si:H
measured as the functions of accumulated film thickness, R, and substrate
as in Junda et al.’" Films include a-Si:H prepared at R=0.5 on native
oxide covered crystalline silicon (solid squares); R= 0.5 on p-type hydro-
genated amorphous silicon carbon (a-Si;_,C,:H) in a p-i-n configuration
solar cell (solid triangles); and R=0.5, 5, and 10 on TEC-15 fluorinated tin
oxide-coated glass (open triangles, open circles, and open squares, respec-
tively). (Bottom) Change in the mean free path of photoexcitations relative
to that of 10 nm thick R=0.5 a-Si:H on native oxide covered crystalline
silicon, R, and substrate.
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films prepared on the p-type a-Si; _,C,:H and on TEC-15 are sub-
stantially lower than for the film on c-Si but begin to converge at
higher accumulated thicknesses.

This substrate-dependent behavior implies that the order in
the ¢-Si substrate surface initially induces more order within
the growing a-Si:H due to the protocrystalline nature of the
film.'* As the memory of the underlying substrate is lost with
accumulated thickness, the disorder in the a-Si:H film on ¢-Si
increases slightly. Similarly, for the films prepared on p-type
a-Si; ,C,:H and TEC-15, the higher substrate disorder relative
to ¢-Si induces more disorder in the a-Si:H film.

When comparing R=0.5, 5, and 10 a-Si:H on TEC-15 relative
to that of R=0.5 a-Si:H on c¢-Si, the mean free path of
electron-hole pair photoexcitations decreases with increasing
R. This behavior is opposite to that observed for a-Si:H and
a-Si;_,Ge,:H films prepared as a function of R on native oxide
covered c-Si discussed earlier. For the TEC-15 substrate, more
hydrogen present in the plasma at higher R during PECVD
increasingly etches the underlying SnO,:F layer, resulting in a
more disordered surface, which, in turn, reduces the order
and mean free path in the growing a-Si:H films. As reported
by Junda et al.,”" modification of the SnO,:F in TEC-15 occurs
dynamically and simultaneously with a-Si; ,C,:H and a-Si:H
deposition. At small accumulated bulk film thicknesses, oscilla-
tions in I” are observed for these depositions that do not appear
for the deposition on c-Si. These oscillations arise either from
imperfect fits to the experimental data due to correlations among
the thicknesses serving as fit parameters in the model, from a
breakdown in the pseudo-substrate approximation used in virtual
interface analysis to describe the rather complicated TEC-15 sub-
strate, or from both.®Y Thus, the evolution of I" due to modifi-
cation of the underlying SnO,:F during growth is superimposed
on the thickness correlations and/or breakdown of the
pseudo-substrate approximation. These oscillations in I" dimin-
ish with thickness accumulation, which minimizes the role
of correlation artifacts, enhances the validity of the
pseudo-substrate approximation, or both. The more gradual
change in I" occurs, as each film tends toward a degree of order
characteristic of the growth process rather than imposed by the
modified substrate. These cases illustrate that the underlying
relative order of the substrate, interactions between the growing
a-Si:H film and the underlying material, and the protocrystalline
nature of a-Si:H all will influence the mean free path of
electron—hole pair photoexcitations and the associated evolution
of short-range order with increasing thickness.

Due to the approximations involved in Equation (5)-(7) and
the uncertainties in the speed and effective mass of electron—
hole pair photoexcitations applied here, it has been useful to
calculate the relative change in the mean free path of photoex-
citations instead of the absolute value. By applying I” for mate-
rial prepared at the maximal R prior to crystallite nucleation,
extrapolating the temperature dependence of I to room temper-
ature, and assuming room temperature photoexcitation speeds,
the room temperature estimates for mean free path of photo-
excitations in a-Si:H, a-Sig73Geg,7:H, and a-SigcoGeg40:H
are calculated to be 3.8, 3.4, and 3.3 A, respectively. These dis-
tances are small, but reasonable, considering the relatively large
broadenings of I'~ 2 to 3 eV in the films and their amorphous
nature.”#'% These calculated mean free paths decrease
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systematically with increasing germanium content. Error in the
measured values of I', extrapolation of I" to room temperature,
and assumptions in the calculation, however, should be consid-
ered when comparing samples.

4, Conclusion

Variations in the mean free path of photoexcited electron-hole
pairs in a-Si:H and a-Si; ,Ge,:H thin films have been tracked as
functions of composition, hydrogen dilution during preparation
and post-deposition hydrogen plasma treatment, measurement
temperature, accumulated film thickness, and underlying sub-
strate material. The addition of germanium systematically
reduces the mean free path up to ~30% relative to that of
a-Si:H. Increased hydrogen dilution up to the maximal R prior
to crystallite nucleation generally increases the mean free path
by ~5%—-8% relative to R= 10 material prepared for a given
composition. Short exposure to hydrogen plasma similarly
increases the mean free path. The temperature dependence con-
sists of a reduction in mean free path reflected in increasing I
with temperature and a larger decrease in the mean free path
due to an empirically determined increase in effective mass with
temperature. Higher disorder in materials underlying the grow-
ing a-Si:H films such as TEC-15 SnO,:F or a-Si; _,C,:H relative
to native oxide covered c-Si leads to lower mean free path of pho-
toexcitations in the over-deposited a-Si:H, although some order
is recovered with sufficient accumulated film thickness.
Combining this information allows for estimation of the room
temperature mean free path as values near 3.5A for a-Si:H,
a-Sig 73Geg 27:H, and a-Sig ¢0Geg 40:H.
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Quantitative Photoresponse of the First Photosynthetic
Biomaterials: Physical Measurements and Analysis of

Microalgae Systems

Edward T. Drabold* and David J. Bayless

Dedicated to Professor David A. Drabold on the occasion of his 60th birthday

Herein, results of photoinduced pH oscillatory phenomena of microalgae in
laboratory systems are presented. Microalgae are an extremely complex bio-
material in which light-induced quantum mechanical processes induce changes
in the surrounding aqueous environment (medium). A phenomenological
understanding of the photoresponse by a quantitative study of pH oscillations of
the medium is provided. The biochemical processes of algal metabolism and
photosynthesis and the impact of light on a nitrate-enriched medium are
examined. pH variations in the external medium and the impact on future
applications of microalgae are presented. External pH dominantly impacts
conductivity in the solution of algal biophotovoltaic devices. This is the first
dynamic study of the light-induced pH behavior of microalgae with direct rele-
vance to carbon capture, biophotovoltaic electricity generation, and quantum

due to the unique solid-state quantum
mechanical properties of chlorophyll and
surrounding protein structures.'®

Despite these discoveries, it remains
mathematically challenging to analytically
study the photoresponse of a whole biolog-
ical system.”® Thus, experimental techni-
ques are required. One of the most
photosensitive and readily studied variables
in microalgal systems is pH. Within sec-
onds of light exposure, the photoresponse
can be detected by pH change in the exter-
nal medium.”! In this initial phase, the
excited electron from the delocalized mag-
nesium—chlorin cloud of the chlorophyll’s

photosynthesis.

1. Introduction

The world faces a host of environmental challenges."™! These
include excess CO, in the atmosphere, vast wastewater pollution,
and a need to produce energy cleanly and efficiently. Research in
condensed matter science and solar energy (photovoltaics) has
successfully begun to ameliorate these environmental chal-
lenges.*! Yet, biologically, microalgae and plants have used solar
energy for millions of years to power themselves and indirectly
produce fossil fuels.”) Recent studies have shown that the quan-
tum yield of photosynthesis, which approaches 100%, could be
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either red or blue bandgap peak is sent
by varying chemical intermediates to
responsible enzymes for metabolism.!*”!
A major part of algal metabolism is the
reduction of the common anions HCO3, NO3, and PO}~ for car-
bon, nitrogen, phosphorus, and other nutrients.*” The reduction
of these nutrients from the energy provided by the excited electron
ultimately releases the oxygen in these common anions as O, or
OH™ into the external medium."'? A simple pH electrode can
then be used to study the production of OH™ from the microalgae
and the photoresponse. To illustrate this, the enzyme nitrate
reductase undertakes the reaction shown in Equation (1)

nitrate reductase

NO; + 3H,0 NH; + 20, + 20H~ (1)

The photoresponse and time dependence of the pH has sig-
nificant implications for algal carbon capture and the conductiv-
ity of the external medium.***) Mass transfer and absorption of
inorganic carbon (via CO,) into water is exponentially increased
by the presence of OH™ in the medium." As CO, is a signifi-
cant source of carbon in the algae industry, understanding and
optimizing this metabolism could significantly improve algae
production. In addition, algae have been shown to grow slower
in high-pH (<9) environments. pH has been described as the
most important variable to control in the biotechnology indus-
try."® pH cyclic phenomena can be detected in the oceans
and large bodies of fresh or salt water, where pH generally rises
during the day and falls at night in an oscillatory behavior.['*”!
pH change is dependent on a variety of variables, including con-
centration of algae, nutrient composition, light intensity, and
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water alkalinity. Researchers have not yet studied pH dynamics
in large bodies of water.

Where biophotovoltaic devices are concerned, high conductiv-
ity of the external media is required for cation—anion transfer in
the electrochemical cell.'® Therefore, the pH and its variation
impact electricity generation from the biophotovoltaics.
Limited work has been done on the dynamic nature of external
pH in biophotovoltaics. Yet, the experiments that have recorded
pH display a changing variable—where pH starting at 7 exponen-
tially grows to pH 10 near the experiment’s end.!"” Previous
experiments, at least published, have not provided continuous
pH data (every minute or second for a period of days or weeks).
These experiments also have not quantified the interplay between
microalgae growth, charge transfer, and carbon capture.
However, all these experiments describe pH affecting these
key areas under varying conditions.">®'®! This leaves pH as
a continually significant dynamic variable for the optimization
and understanding of biophotovoltaic technology.

The objective of this study is to analyze the photoresponse of
microalgal systems as a function of time, including when and
how microalgae stop or keep absorbing light indirectly from
metabolism. The novelty of this research lies in its detailed
and controlled study of pH to understand algal photoresponse
and metabolism. External pH is usually considered a challenge
in the applied algae field.*? This study attempts to understand
why microalgae pH is a challenge from a dynamic viewpoint,
how it can be resolved, and to connect the photoresponse and
metabolism to carbon capture, electrical conductivity in biopho-
tovoltaic cells, and quantum photosynthesis.

2. Results

As shown in Figure 1, the pH generally rose rapidly for the first
few hours of light exposure. After the pH reached =9, its

www.pss-b.com

derivative steadily decreased until the lights were turned off.
At this point, the pH dropped sharply as photosynthesis and met-
abolic function largely stopped. Over the 10 day period, the pH
also generally oscillated with smaller maxima and minima. This
coincided with an oscillatory increase of total inorganic carbon
(TIC) in the medium (also shown in Figure 1). The small oscil-
latory behavior at the trials’ beginning coincided with the accli-
matization and rapid growth of the microalgae. Once the pH
oscillatory minima did not reach lower than a pH of 8.5, this
led to algae growth plateauing or death, even though excess
nutrients remained in the media.

Figure 2 shows photoresponse pH data using a solution of BG-
11 media with the addition of a buffer (1 g L' NaHCO3.) Results
indicate that the photoresponse of the buffered medium was just
as immediate as in BG-11. However, the buffered medium did not
exhibit rapid pH changes, but rather linear and smaller “saw-tooth”
oscillations. Similarly to BG-11, the pH increased and then pla-
teaued. However, the pH began to decrease around day 8. This coin-
cided with decreased photosynthesis and decreased growth. Unlike
in BG-11, the TIC decreased in the buffered medium. To determine
whether the uptake of NO3 was directly lightinduced, similar
to TIC uptake, NO3 concentrations were measured every hour
over an 18h period on BG-11. Data from Figure 3 indicate that
NOj; uptake was mostly continuous, except for a possible plateau
from 3 to 6am.

A control experiment was run with ammonia as the nitrogen
source (as opposed to nitrate) to determine if nitrate metabolism
was the primary cause of the pH oscillatory behavior. All other
nutrient levels remained the same. As shown in Figure 4, the pH
decreased during light periods, as opposed to the previously
observed increase during similar conditions with nitrate. In addi-
tion, the microalgae grew poorly in the ammonia media. TIC did
not accumulate in the medium as it had when using BG-11. This
suggests oxidized nutrients, primarily NO5, are mainly respon-
sible for the oscillatory behavior.

Figure 1. Photodinduced pH behavior of BG-11 trials. Shaded areas denote lights off.
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Figure 2. Photoinduced pH behavior of buffered (1 gL™' NaHCO;) BG-11 media. Shaded areas denote lights off.

In addition to an ammonia control, an NaOH control was pet-
formed to determine whether the inorganic carbon was originat-
ing from algae or another source. NaOH was dosed into the
raceways with 50 L of BG-11 media without microalgae inocula-
tion. By the end of these control experiments, TIC reached an
average of 14 ppm in the raceways. This indicated that the inor-
ganic carbon the microalgae were utilizing was entirely from
atmospheric concentrations of ~412 ppm and reaction with
OH™. This was further proven by the fact that TIC did not accu-
mulate in BG-11 medium that was not dosed with NaOH.
Conversely, this indicates that a significant portion of the pH
decline in the night is due to uptake of atmospheric CO,, not

justrespiration. Mainly, pH decline at night is caused by the reac-
tion of atmospheric CO, with OH™ and H,O from a weak base,
HCOj, or an acid, H,CO;.

Figure 1-4 show the results of single experiments. However,
primary experiments such as algal pH oscillations in BG-11 and
TIC-enriched media were replicated eight times. As shown in
Table 1, relative standard deviations and averages were recorded
for all 16 experiments. The pH stayed reliably consistent
throughout experimentation. Values of the pH maxima and min-
ima were within a standard deviation of 3%. Values of the pH
maxima and minima for the buffered solution remained with
a standard deviation of 1%. Growth had more error than pH.

Figure 3. Eighteen hour study of each hour uptake of nitrate in BG-11 algae medium. Shaded areas denote lights off.
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Figure 4. Photoinduced pH behavior with ammonia stoichiometrically placed as the nitrogen source as opposed to nitrate. Shaded areas denote lights

off.

Table 1. A table of standard deviation (SD) of various important experimental parameters.

pH maxima pH minima Max growth pH maxima pH minima Max growth TIC increase TIC increase
(BG-11) (BG-11) (BG-11) (buffered) (buffered) (buffered) (BG-11) (enriched)
Relative SD [%] 2.1 2.6 14 0.82 0.84 25 10 18
Average - - 140 mg L' - 78mglL! 10 ppm 28 ppm

It is possible this is derived from the fact that the spectrophoto-
metric method intrinsically has an ~10% error.*”!

3. Discussion

The objective of these experiments was to determine the poten-
tial of using the photoinduced pH behavior of microalgae as
an analytical proxy for photosynthesis in controlled systems.
The study also considers applications to carbon capture, conduc-
tivity, and quantum biology.

3.1. Mathematical Modeling

pH oscillatory behavior is a readily identifiable marker of micro-
algae in systems large and small. As microalgae and cyanobac-
teria are the only photosynthesizers in water, an inexpensive
pH probe may be used to identify whether microalgae are pres-
ent. Although more research is required, if an understanding of
water buffering and light-dark scheduling is achieved, a relation-
ship could be proposed between photoinduced pH behavior and
algal concentration or growth. Although such a model may be
highly approximate, it could be applied to a vast array of sys-
tems—ranging from streams to lakes and oceans. This model
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could even be applied to harmful algal blooms to indicate the
onset of the bloom.*” Nitrate is a major pollutant causing these
blooms; therefore, similar behavior to what was displayed in the
reported controlled experiments might be expected. Alternatively,
the growth model could be applied to test the health of watershed
streams as microalgae play an important role in many water-
related ecological systems.*"! In kind, pH mathematical modeling
could be applied to controlled industrial systems.

3.2. Carbon Capture

For controlled systems, the understanding of pH oscillations
could be useful for many areas. An area of special importance
is carbon capture. The main requirement of algal photosynthesis
is access to soluble carbon. One finding from analysis of photo-
induced pH oscillation data is the dependence of pH on captur-
ing of atmospheric carbon. In terms of chemical kinetics, the
high pH at the days’ end enhanced the uptake of CO, in the
air with the basic media.™* The provision of OH™, in the mean-
time, is provided by the normal metabolic function (reduction of
nutrients) by the microalgae during the day."® This cycle, unique
to microalgae, is a major process by which they attain their car-
bon source.
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Due to capture of atmospheric CO,, a buffer began to form in
the medium as shown by the general increase of TIC in Figure 1.
This buffer in both experimental cases, BG-11 and enriched,
eventually caused the microalgae growth to plateau, or in some
cases decrease. Other experiments have shown that a buffer
forms, although without dynamic detail."*™*% The metabolism
of the microalgae is such that there is no clear regulation of
NOj uptake. This behavior is shown in Figure 3, where the
microalgae uptake NOj even at night. The buffer ultimately
results in high values of pH minima and even though nutrients
are in excess, microalgae growth stops. A common procedure in
the algae industry is to “sparge” high-concentration CO, air into
the media to increase mass transfer and CO, reaction with the
water.*!) However, the chemical equilibria suggest this will even-
tually lead to a buffer, which will lead to algal decline.'” Once
formed, the buffered media must be either treated or drained
and replaced—both expensive options. To prevent the economic
loss of these options, the biochemical equilibria of the algal
metabolism must be controlled.""

Some success has been achieved by mixing ratios of ammonia
and nitrate to balance the pH oscillations. However, more
research is required. Another possibility is not to use inorganic
carbon. Instead organic carbon, such as acetate, can be directly
incorporated into the algal metabolism without the need for
reduction (and excretion of OH™).*223] Ultimately, this research
suggests the most economical algae system that incorporates
inorganic carbon would be one that incorporates balanced pH
control from the metabolism which hybridizes passive carbon
capture approaches from atmospheric CO,, not pressurized
CO, sparging.

3.3. Biophotovoltaics

Biophotovoltaics use microalgae photosynthesis, particularly
from photolysis outside the algae cell wall, to produce electric-
ity.®! For reference, a photograph of an open-air algae

Figure 5. Photograph of an open-air algal biophotovoltaic device. The elec-
trochemical cell is made complete by a platinum-dosed carbon anode
(black film on top) and a transparent indium tin oxide anode connected
to the algae film below the cathode. The photograph was taken by the
authors, all rights reserved.
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biophotovoltaic device is shown in Figure 5. Small electrochemi-
cal devices such as algal biophotovoltaics are sensitive to pH
oscillation. Just as for carbon capture, a biochemical pH balance
is required; otherwise a buffer may form and cause decline on
the algae biofilm. The oscillatory behavior, if controlled, can
increase conductivity in biophotovoltaics and improve electricity
generation. Future biophotovoltaics could incorporate algal
nutrients to balance the metabolism and provide enough surface
area for CO, mass transfer. This research did not use a biopho-
tovoltaic device as the bioreactor system for experimentation.
Rather raceways were used to acquire a general understanding
of pH dynamics previously unreported. If the pH oscillatory
behavior was studied in a biophotovoltaic cell, special study of
biofilm suspension, the impact of irradiance levels on carbon
capture and power generation as well as accumulation of
HCOj; (buffering) could elucidate important underlying mecha-
nisms for optimization. These areas have been studied before,
but not with a focus on pH dynamics.***)

3.4. Photosynthesis

In both experiments, BG-11 and buffered, pH change was inex-
tricably tied to photoresponse, although, depending on the chem-
ical kinetics, if buffered, a “saw-tooth” pH oscillation may be
opposed to one that is more exponential. The complementary
oscillatory behavior of TIC, mostly HCOj, with the pH behavior
is highly indicative of photosynthetic processes.[ Photosynthesis
is the primary process in algae that metabolizes HCO;.

A major step forward in quantum biology will be connecting
the atomic impacts of quantum mechanics with the macroscopic
physiological “real world.”® The sensitivity of algal photosynthe-
sis to external pH may provide a simple method to study the
degree to which far more sensitive complex quantum mechanical
processes impact the efficiency of photosynthesis. It has become
clear from both experimental and theoretical research that there
is a high probability that photosynthesis uses quantum mechan-
ical processes such as coherence to improve charge transfer effi-
ciency.®® However, experiments are planned to determine
whether quantum mechanical properties improve the overall
growth and functioning of organisms, which could include com-
paring two mutants with various charge-separation efficiencies
and disrupted resonances (therefore spatially separated and non-
quantum mechanical).’®! Growth is correlated with photosyn-
thetic efficiency, but as this research has shown, pH has a far
more sensitive and instantaneous connection to photosynthesis
and metabolism. In addition, early mutants will likely be inept to
robust growth.l”®! Therefore, growth would not be an effective
output to consider in early trials. Future experiments could
use pH as a rapid physiological response, in a matter of seconds,
to determine quantum efficiencies of mutants and help deter-
mine whether quantum mechanics is effective in photosynthesis.

4. Conclusion
This study describes and explains photoinduced pH oscillatory
phenomena of microalgae with remarks on applications.

Microalgae photosynthesis initiates a cycle of reduction of
nutrients to capture atmospheric carbon for future

© 2021 Wiley-VCH GmbH


http://www.advancedsciencenews.com
http://www.pss-b.com

ADVANCED
SCIENCE NEWS

www.advancedsciencenews.com

photosynthesis and growth. This biochemical process can be dis-
played by inexpensively recording pH oscillations in the external
medium. Modeling of this process could provide a basic method
for algae growth in large or rural systems such as in watersheds
or for harmful algae blooms. In controlled systems, the biochem-
ical equilibria of the photosynthetic cycle of industrial algae appli-
cations may suffer from buffering and ultimately uneconomical
draining of systems or inefficient CO, mass transfer. Most inter-
esting of all may be the unique connection and rapid sensitivity
external pH has to photosynthesis and metabolism in algae with
application to analytical methods for better understanding quan-
tum photosynthetic processes.

5. Experimental Section

Experimental Design: Chlorella sp. was extracted from a 300 L photobior-
eactor at the Institute for Sustainable Energy and the Environment (ISEE)
at Ohio University. The photobioreactor was originally cultured with a
microalgae blend of Chlorella sp. from Clearas Water Inc. The culture’s
DNA was sequenced and verified to be Chlorella sp. For each experiment,
the microalgae were collected in 1L flasks and allowed to settle for 24 h.
Then the microalgae were cultured in 50 L BG-11 (ATCC medium: 616
Medium BG-11 for blue-green algae) in raceways. BG-11 was prepared
within the raceways by the addition of 50 L deionized (DI) water followed
by the dissolution of nutrients. pH was reduced to 7.1 by the addition of
0.1 ™ of hydrochloric acid. BG-11 was used as opposed to a freshwater
media (such as Bold's Basal) to track the pH interaction of algae in a
high-NO; medium. The medium was not autoclaved due to the scale
of the experiment.

Micro bio RM 0.5 raceways were enhanced to control variables associ-
ated with raceway algal cultivation. “Raceway” refers to the vessel holding
and circulating the algae. Raceways are open-air and have a divider in the
middle to keep media flowing continuously in a circular motion. The race-
way system was housed inside a temperature-controlled laboratory set to
an ambient temperature of 25 °C. The raceway paddlewheels rotated at 35
RPM during experimentation to gently but continuously circulate the algae.
A DIl water evaporation system was designed to maintain the desired water
level. The temperature of each medium was maintained at 25 °C by means
of immersed electric heaters."* Viparspectra V450 grow lights were used
as light sources stationed 26 in. above the raceway surface water. The light
cycle protocol was 14 h with lights on and 10 with lights off. Blue light was
used due to its enhanced long-term growth effects.l'® Raceways were
divided by reflective barriers that ensured minimal light overlap. An
Aqua Controller APEX system was programmed to control the evaporation
system and electric heaters. The APEX recorded pH at 5 min intervals to
obtain sufficient oscillatory data. pH probes were calibrated at the end of
every 10 day trial and soaked in 0.4 m HCl to remove any organic residue.

Trials were performed over an ~2 month period. Sixteen main trials
were performed—eight trials under BG11 conditions and another eight
trials under BG11 conditions with NaHCO5 enrichment to 1gL™" batch.
Control trials were performed under four separate sets of conditions over
eight trials to reinforce the main experiment. Many of the control experi-
ments had already been observed in the literature, so the individual trial
quantity was reduced to a repetition of two instead of eight. These control
trials included testing: 5 day total inorganic carbon (TIC) change when DI
water was artificially alkalized via NaOH dissolution, TIC change when
BG11 was prepared without biologicals, NO; change over the same
10day experimental procedure, and TIC change with ammonium
(NH4CI) as a nitrogen source.

Analytical and Experimental Methods: The biomass concentration was
estimated by optical density using a HACH DR 6000 spectrophotome-
ter.'”™ A calibration curve for estimating biomass concentration was
obtained by weighing dry microalgae grown under the same experimental
parameters. The absorbance was plotted versus dry biomass concentra-
tion and a calibration curve was developed. A wavelength of 750 nm
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was used as chlorophyll affects absorbance minimally at this wavelength.
Biomass concentration was estimated using Equation (2).

biomass(mgL~") = 1482.3 x ODys, )

Here, biomass is the concentration of microalgae in mg L™' milligrams
per liter and ODysy is the absorbance of light at wavelength 2= 750 nm.

Irradiance was measured in quantum units of photosynthetically active
radiation (PAR). A Stellar Net Spectroradiometer PS-200 was used to mea-
sure the PAR and spectral graph associated with each raceway. The PAR
was recorded at the center of each raceway an inch away from the
center paddlewheel axial. The PAR for each raceway was =160 pmol
photons m~2s~". Light was not evenly spread across all surface media;
however, the PAR was consistent for each raceway.

A Shimadzu TOC-VWP Total Organic Carbon Analyzer was used to esti-
mate changes in TIC levels in the raceway medium over the 10 day culti-
vation period. Measurements were made before microalgae were
introduced to the medium and after 10 days of cellular growth to estimate
the amount of TIC utilized by the algae during their growth. Samples were
centrifuged, and the upper layer solution was filtered to remove microal-
gae before analysis.

For control trials, lonic Chromatography (IC) analysis was used to mea-
sure the decrease in NOj over the 10 day cultivation period. Samples were
extracted from the raceways 15 min before lights turned on and 15 min
before lights turned off to see metabolic function as a function of light.
Samples were centrifuged at 3750 RPM and filtered. Following these steps,
the samples were kept in centrifuge tubes, blown with nitrogen gas, and
wrapped with parafilm. The samples were then placed in refrigeration. IC
analysis was later undertaken when the trial was finished. Inductively
coupled plasma (ICP) spectroscopy was used to determine whether
any undesired contaminating metals may have affected inorganic uptake
by an alkaline medium.
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Ab Initio Hydrogen Dynamics and the Morphology of

Voids in Amorphous Silicon
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Dedicated to Professor David A. Drabold on the occasion of his 60th birthday

This article presents an ab initio study of hydrogen dynamics inside nanometer-
size voids in amorphous silicon (a-Si) within the framework of the density-
functional theory for a varying hydrogen load of 10-30 atoms per void at the low
and high temperature of 400 and 700 K, respectively. Using the local density
approximation (LDA) and its generalized-gradient counterpart (GGA), the
dynamics of hydrogen atoms inside the voids are examined with an emphasis on
the diffusion of H atoms/molecules, and the resulting nanostructural changes of
the void surfaces. The results from simulations suggest that the microstructure of
the hydrogen distribution on the void surfaces and the morphology of the voids
are characterized by the presence of a significant number of monohydride Si—H
bonds, along with a few dihydride Si—H, configurations. The study also reveals
that a considerable number (about 10-45 at%) of total H atoms inside a void can
appear as H, molecules for a hydrogen load of 10-30 H atoms per void. The
approximate shape of the voids is addressed from a knowledge of the positions of
the void-surface atoms using the convex-hull approximation and the Gaussian
broadening of the pseudoatomic surfaces of Si and H atoms.

a-Si:H is altered by the light-induced crea-
tion of metastable defect states, known as
the Staebler—Wronski effect (SWE),M
which adversely affects the performance
of a-Si:H-based solar cells. Nuclear mag-
netic resonance (NMR) studies® on a-Si:
H samples have indicated that the motion
of H atoms, which are produced by the
light-induced breaking of Si—H bonds,
plays an important part in recovering the
photovoltaic stability of the affected a-Si:H
samples upon annealing at 350-400 °C.[°!
Thus, an understanding of the motion
of H atoms in a-Si in the presence of
inhomogeneities is of crucial importance
to address the photovoltaic stability of
a-Si:H upon light irradiation.

Although a number of earlier theoreti-
cal/computational studies on the micro-

1. Introduction

Hydrogen plays an important role in the electronic and optical
properties of amorphous silicon (a-Si).l! Although the presence
of a small amount (about 6-12at%) of hydrogen in a-Si
is particularly beneficial for producing device-grade samples of
a-Si:H, via passivation of coordinating defects (e.g., threefold-
coordinated Si atoms or dangling bonds), the presence of too
much hydrogen in a-Si can be detrimental to the electronic
and optical properties of a-Si:H-based devices. Thin films of
a-Si:H are often used for surface passivation of crystalline silicon,
which is useful for the generation of high open-circuit voltages in
silicon-heterojunction solar cells.”! A relatively high hydrogen
content, in void-rich environment of a-Si:H, is preferred for this
purpose to achieve high-quality a-Si:H/c-Si interfaces,”! indicat-
ing the benevolent role of H in a-Si. By contrast, the structure of

Prof. P. Biswas, D. Limbu

Department of Physics and Astronomy
The University of Southern Mississippi
Hattiesburg, MS 39406, USA

E-mail: partha.biswas@usm.edu

The ORCID identification number(s) for the author(s) of this article
can be found under https://doi.org/10.1002/pssb.202000494.

DOI: 10.1002/pssb.202000494

Phys. Status Solidi B 2021, 258, 2000494

2000494 (1 of 10)

structure of the hydrogen distribution in

a-Si:H”™? have focused on the silicon—

hydrogen bonding configurations in the
bulk environment of a-Si and their effects on structural, elec-
tronic, and optical properties of the material, there exist only a
few computational studies that directly address the role of non-
bonded hydrogen (NBH) and voids on the network structure of a-
Si:H.[1131* Sekimoto et al.™! have recently shown experimen-
tally that the presence of large amount of NBH (e.g., H, mole-
cules inside voids) can broaden the vacancy-size distribution and
enhance the size of the optical gap in a-5i.l"® The mass density of
a-Si:H has been also found to be somewhat dependent on the
number of NBH, and therefore on the distribution of hydrogen
inside nanometer-size voids. Following our recent study on the
temperature-induced nanostructural evolution of voids in a-Si
and its effect on the intensity of small-angle X-ray scattering
(SAXS),!"! the present study focuses on accurate calculations
of the atomistic dynamics of hydrogen inside voids obtained
from the density-functional theory (DFT). The emphasis here
is on the dynamical aspects of hydrogen motion inside voids
on the timescale of several picoseconds at low and high temper-
atures in the environment of a varying hydrogen concentration.
The formation and dissociation of Si—H bonds on the surface of
voids are discussed from a kinetic point of view. The movement
of H atoms inside nanometer-size voids and its resulting effects
on the hydrogen microstructure and the reconstruction of the
void surfaces are also addressed here. The presence of voids
in the amorphous matrix suggests that, for an accurate
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determination of the motion of H atoms within a void, one must
take into account the inhomogeneities in the electronic charge
distribution in the vicinity of the void surface. The standard pro-
tocol in DFT calculations advises us to address the problem by
computing the self-consistent-field (SCF) solution of the Kohn—
Sham (KS) equation, and the presence of voids suggests that the
generalized-gradient approximation (GGA) should be used to
deal with the density fluctuations near the void surface. We shall
therefore address the problem using the GGA and compare the
results with those from the local density approximation (LDA).
The presence of weak dispersion forces, which are usually
included via the van der Waals corrections, is not taken into
account in this article due to the computational complexity of
the problem and the somewhat limited accuracy of local basis
functions used in our work.

The rest of the article is organized as follows. Section 2 pro-
vides a short description of the method for generating a-Si mod-
els with hydrogenated voids, using the Wooten—Winer—Weaire
(WWW) method and ab initio molecular-dynamics (AIMD) sim-
ulations. The results are discussed in Section 3, with an empha-
sis on the dynamics of H atoms inside voids and the resulting
microstructure of the hydrogen distribution on the void surface
for a varying number of hydrogen atoms. A discussion on the
kinetics of Si—H bond formation and dissociation and the shape
of the voids is also provided in this section. This is followed
by the conclusions of the study in Section 4.

2. Computational Method

For AIMD simulations of hydrogen dynamics inside voids in
a-Si, we started with four independent 1000-atom models of a-Si,
obtained from the WWW method."”*® A spherical void of radius
5 A was created at the center of each model and the geometry of
the resulting structure was thoroughly relaxed, using the first-
principles density-functional code SiesTa.*” A number of mod-
els with a hydrogenated void were then produced by adding 10,
20, and 30 H atoms inside the central cavity so that the mass
density of the final models was about 2.22 g cm ™. A single void
of radius 5A corresponded to a number density of void of
4.82 x 10" cm™ and a void-volume fraction of 2.52%, which
were close to the values reported in experiments.”*?!! The H
atoms were initially distributed in such a way that they were
at a distance of at least 2A from Si atoms and 1A from each
other. The silicon atoms within the spherical region of radius
between 5 and 8 A from the center of the voids were labeled
as the void-surface atoms for the analysis of the void surface upon
annealing and total-energy optimization of the systems.*?

To study hydrogen diffusion and the microstructure of
hydrogen distribution on the void surfaces, AIMD simulations
were performed at 400 and 700 K to examine the temperature
dependence of H dynamics and the resulting effects on the
morphological structure of the void surfaces, using the density-
functional code SiESTA. SIESTA employs local basis functions,
based on numerical pseudoatomic orbitals,*?! and the norm-
conserving Troullier—Martins pseudopotentials’® to obtain the
SCF solutions of the KS equation in the density-functional
theory. Electronic and exchange correlations between electrons
were taken into account via the LDA and the GGA, by using
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the Perdew—Zunger™ and the Perdew—Burke-Ernzerhof
(PBE)"*®! parameterizations for the LDA and the GGA, respec-
tively. Due to the computational complexity of the problem
involving a large number of atoms and the necessity for simu-
lating a reasonably long-time dynamics for studying the diffusive
behavior of H atoms, using the SCF solution of the KS equation,
the AIMD simulations were conducted using the single-zeta (SZ)
basis functions for Si atoms and the double-zeta-polarized (DZP)
basis functions for H atoms. The high computational cost asso-
ciated with the calculation of total energy and forces restricted
us to use SZ basis functions for Si atoms during the course
of MD simulations. The subsequent total-energy optimizations,
however, were conducted using the double-zeta (DZ) basis func-
tions for Si atoms until the total force on each atom was less than
or equal to 5x1072eVA~! During AIMD simulations, the
temperature of the system was controlled by using the Nosé ther-
mostat,?”! and a time step of 0.8 fs was used to ensure that the
movement of light H atoms can be described accurately at a high
temperature of 700 K. The evolution of the system was moni-
tored and recorded for a total time of 20 ps. The simulation pro-
cedure was repeated for each of the four independent models,
indicated by M1 to M4, with a central void for a hydrogen load
of 10, 20, and 30 H atoms per void. In each case, we have used a
different random distribution of H atoms within the void to
gather as much as statistics as possible. The final results were
obtained by averaging over the four independent configurations.

3. Results and Discussion

3.1. Hydrogen Dynamics Inside Voids in a-Si

In this section, we discuss results from the density-functional
calculations for studying the dynamics of H atoms/molecules
inside voids in a-Si. To this end, we mostly focus on those
H atoms/molecules which are within the cavity during the entire
course of simulations at a low and high temperature of 400 and
700 K, respectively. Figure 1 shows the time evolution of the
average number of H atoms (molecules included) within a
void-surface region of radius 8 A at 400 and 700 K. The results
correspond to two different values of the hydrogen load, 10 and
30 H atoms per void, and are obtained by averaging over four
independent voids/models using the LDA and GGA. At 400K,
the great majority of H atoms stayed within the void, with the
exception of one or two H atoms that left the void-surface region
of radius 8 A. The LDA and GGA dynamics exhibit a more or less
similar behavior at a given temperature, although the GGA tends
to knock out one or two more H atoms outside the cavity for high
H loads at 700 K. Despite limited statistics, it would not be inap-
propriate to conclude that, on average, the LDA and GGA do not
differentiate much as far as the (average) number of H atoms
leaving the voids at 400 K is concerned.

To study the effect of the hydrogen load on the mean-square
displacement (MSD) of H atoms at low and high temperature, of
400 and 700 K, respectively, we have examined the variation of
the MSD with time for 10, 20, and 30 H atoms per void using
the GGA. Once again, the results were obtained by averaging
over four independent voids and are shown in Figure 2. The
results (in Figure 2) lead to the following observations. First,
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Figure 1. The time evolution of the average number of H atoms (including
H, molecules) within a void at 400 and 700 K. The results correspond to a
hydrogen load of: a) T0 H atoms per void; b) 30 H atoms per void. The
average is taken over four voids for each temperature from independent
simulations.

the MSD of H atoms decreases with an increasing presence of H
atoms within the voids. This is particularly so as the hydrogen
load increases from 10 to 30 H atoms per void. This reduction
in the MSD is due to the decrease in the average distance
between any two H atoms within the cavity for an increasing
presence of hydrogen within the same volume. Second, the sharp
rise of the MSD for a hydrogen load of 10 H atoms per void near
12 ps at 400 K can be attributed to a hydrogen atom leaving the
void. For a hydrogen load of 10 H atoms per void, H atoms can
move a bit more freely than those with a load of 20 or 30 H atoms
per void. This makes it possible for few H atoms to diffuse rap-
idly in the vicinity of the void surface, and eventually to escape
the void region—and the simulation cell in one or two cases—
depending upon the temperature of the system. In contrast, the
presence of too many H atoms for a high value of H load can
impede the diffusion process and thus reduces the MSD at a
given temperature. Third, the motion of H atoms is affected
by the temperature of the system as well. This is evident in
Figure 2b, where the MSD for a load of 20 H atoms per void
was observed to increase at 700 K during 15-16 ps and it contin-
ued to remain so until the end of the simulation at 20 ps. This
observation contrasts with the case of 30 H atoms per void at the
same temperature, where none of the H atoms was found to
leave the void but remained within a root-mean-square (RMS)
distance of 5 A from the center of the void. Finally, one may note
that the available statistics do not permit us to comment on the
dynamical behavior of few H atoms that diffuse out of the cavity
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Figure 2. The variation of the MSD of H atoms, averaged over all hydrogen
in four models, with time for three different hydrogen loads as indicated:
a) 400 K; b) 700 K. The results were obtained from the SCF calculations
with the GGA, and averaged over four independent voids for each H load
and temperature.

at an earlier time (e.g., the H atom in Figure 2a for a hydrogen
load of ten atoms per void), based on the results from four con-
figurations. The movement of H atoms is driven by a combina-
tion of factors, such as the concentration of H atoms in a void,
temperature, and the disorder in the atomic distribution on the
void surface. Since we are not particularly interested in the
dynamical behavior of few H atoms that escape the void-surface
region of 8 A, we will not discuss this further.

Having discussed the variation of the MSD with respect to the
hydrogen load, we now address to what extent the exchange-
correlation (XC) approximation may affect the motion of H
atoms inside the voids as far as the MSD is concerned.
Figure 3 shows the evolution of the MSD with time for a hydro-
gen load of 30 H atoms per void at 400 and 700 K. Since we are
interested in the dynamics of H atoms inside the void, and the
resulting hydrogen microstructure of the void surface, the MSD
was computed using only those H atoms that were inside the void
region of radius 8 A for the entire duration of simulation. The
plots in Figure 3 suggest that the LDA slightly overestimates
the MSD (of H atoms) compared to the value obtained from
its generalized-gradient counterpart. The RMS values of the dis-
placement of H atoms inside the void in the LDA and the GGA at
400 K have been found to be about 4.5 and 4.15 A, respectively. A
more or less similar observation applies to the high-temperature
dynamics at 700 K, as shown in Figure 3b. It thus appears that
the MSD of the H atoms within the void is not particularly
strongly affected by the XC approximation at 400 and 700 K.
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Figure 3. The time evolution of the MSD of H atoms within voids for a
hydrogen load of 30 H atoms per void in the LDA (blue) and the GGA
(red). The results for 400 and 700 K are shown in (a) and (b), respectively.

This is due to the fact that the majority of H atoms within a void
reside as bonded hydrogen (BH) (to Si atoms) on the void
surface, mostly in the form of Si—H configurations, and few
Si—H, configurations, along with a few H, molecules within
the cavity. Since the calculation of the MSD excludes a few
mobile H atoms that have already left the void region, the
remaining bonded H atoms show a more or less converged value
of the MSD during the course of simulation. Thus, in a sense, a
more or less converged value of the MSD (in Figure 3) is
reflective of the distribution of bonded H atoms on the walls
of the void. We shall see later that a slightly larger value of
the MSD of H atoms that we observe here for the LDA case
(see Figure 3) results from a minor expansion of the void surface
in the LDA calculations. Following Sekimoto et al.,™* one may
conclude that the expansion originates from the stress on the
void surface due to the presence of a significant number of
Si—H bonds in the LDA calculations. Finally, it may be men-
tioned that the dihydride Si—H, configurations are found on
the void surface at a distance, which is closer to the center of
the void than their monohydride (Si—H) counterpart. Figure 4
shows the average distances of the Si—H, and Si—H bonding
configurations, which are located on the walls of the voids, from
the center of the voids for the GGA at 400 K. This observation is
consistent with the results reported by Kageyama et al.*®! from
dielectric measurements.

We now briefly discuss the diffusion of a few highly mobile H
atoms. Earlier in this section, we have seen that the MSD of H
atoms can increase occasionally very rapidly for a hydrogen load
of 10H atoms per void. This behavior of the MSD has been
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Figure 4. The average (radial) distance of SiH and SiH, bonding config-
urations from the center of the voids. The dihydride SiH, bonds have been
found to form on the walls of the voids at a distance which is closer to the
center of the void than their SiH counterpart.
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Figure 5. The instantaneous KE of H atoms in two voids (in models M2
and M3) at 400 K, obtained from the GGA. The results for the void with a
hydrogen load of a) 10 H atoms per void, and b) 30 H atoms per void. The
atoms with the largest KE, H7 (upper panel) and H17 (lower panel), are
found to diffuse out of the void region. The range and the frequency of KE
values are indicated by the numbers and shading (of blue circles) along the
Y axis, respectively.

attributed to the movement of few H atoms out of the void
region, defined by a sphere of radius 8 A. It has been observed
that such a steep rise of the MSD (see Figure 2a at 12 ps) orig-
inates from the high mobility of few H atoms inside the hydro-
genated voids. Figure 5 shows the plot of the instantaneous
kinetic energy (KE) of H atoms at 400 K, obtained from using
the GGA for a period 20 ps. The distribution of the KE values
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Figure 6. The distribution of KE along the Y axis for H atoms inside a void
(in model M4) at 700 K. The range and the frequency of KE values are
indicated by the numbers and shading (of red circles) along the Y axis,
respectively.

along the Y axis for a given H atom indicates the range and the
frequency of the KE of the atom during the course of AIMD sim-
ulations. An analysis of the real-space trajectory of the H atoms in
the vicinity of the void region in models M2 and M3, and the
results from Figure 5 revealed that a few highly mobile H atoms,
such as H7 in Figure 5a and H17 in Figure 5b, left the void
region sometime during the course of simulations. This obser-
vation was found to be true for other voids as well, where H
atoms were observed to leave the void region due to their high
KEs. Conversely, we have noted that all the H atoms in model M4
remained inside the void throughout the course of simulation
even at the high temperature of 700 K. The results obtained from
such a void is shown in Figure 6, where the KE values of the H
atoms are found to be considerably lower than those shown in
Figure 5.

3.2. Kinetics of Si—H Bond Formation and Dissociation on
Void Surfaces of a-Si

We now address a question of considerable importance concern-
ing the kinetics of Si—H bond formation and dissociation on the
surface of voids in a-Si. Although a complete understanding of
these events requires the knowledge of bond formation and dis-
sociation energies, the problem can be addressed approximately
by considering the KE of H atoms in AIMD simulations.
Earlier, in Figure 3, we have seen that the MSD of H atoms
inside the voids fluctuates within the range of 17-22 A%, depend-
ing upon the XC approximation. These values are indicative of
the fact that the great majority of H atoms stay bonded to Si
atoms on the void surface as the time evolution of the system
continues. However, it has been observed that a few H atoms
in Si—H bonds can break free of the surface and move through
the cavity to form new Si—H bonds at nearby active Si sites. This
behavior is particularly pronounced at 700 K for a hydrogen load
of 30 H atoms per void, where the presence of few H atoms with
high KE makes it possible to dissociate an existing Si—H bond
and form a new Si—H bond in the vicinity of the void surface.
This is shown in Figure 7, which shows the snapshots of two
silicon-hydrogen bonding configurations obtained from the
GGA at 3 and 18 ps. Figure 7a shows a set of four Si—H bonds,
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Figure 7. The kinetics of Si—H bond formation and dissociation at 700 K
for a hydrogen load of 30 H atoms per void obtained from the GGA in
model M4. a) The Si—H bonds that dissociated during MD simulations
are shown as green-red pairs at 3 ps. b) The H atoms (red) resulted from
the dissociation of SiH bonds diffused through the void-surface region to
form new Si—H bonds, which are indicated as yellow-red pairs at 18 ps.
The presence of a green-red pair suggests that the Si—H broke and
formed again, but with another (dissociated) H atom.

involving H12, H16, H24, and H30, indicated as green—red pairs,
at 3 ps, which are found to dissociate later during simulation.
The breaking of Si—H bonds is reflected in Figure 7b, which
shows that the H atoms (red) resulted from the dissociation
of four Si—H bonds moved through the void and formed new
Si—H bonds. The latter are shown as yellow-red pairs, with
the exception of one where a dissociated H atom (red) is found
to be bonded with an active Si site (green). The breaking of Si—H
bonds at 700 K can be understood from a kinetic point of view.
Figure 8 shows the time evolution of the KE of two H atoms, H2
and H30, bonded to silicon atoms, Si40 and Si48, respectively, as
monohydride Si—H bonds. As the simulation proceeds, the KE
values fluctuate around the average translational KE value of
3kpT/2 at temperature T, where kg is the Boltzmann constant.
However, the large KE of H30 atom at around 5.5 ps, which is
about three times larger than the average KE at 700 K, leads to a
rupture of the Si—H bond and subsequent formation of a new
Si—H bond with a silicon atom in the vicinity of the void. By
contrast, H2 forms a stable Si—H bond due its low KE during
time evolution. We have verified that the remaining three
H atoms—H12, H16, and H24—exhibit a similar behavior as
H30 as far as the KE values are concerned.

The dissociation of Si—H bonds due to the high KE of H atoms
can be observed by tracking the silicon-hydrogen bond length of
a dissociated pair (Si48, H30) with time. Figure 9 shows the
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Figure 8. The evolution of the KE of two H atoms, H2 and H30, in mono-
hydride Si—H bonds at 700 K. a) The KE of H2 atom is found to stay below
the average KE at 700 K. b) The Si—H bond involving the high-energy H30
atom dissociates near 5.5 ps and forms a new Si—H bond. The average KE
of the H atoms is indicated as a dashed horizontal line (green). The KE
values correspond to a central moving average over 100 fs.

evolution of Si—H bond lengths associated with the pairs (Si40,
H2) and (Si48, H30). The pair (Si48, H30) breaks at 5.3 ps, which
is followed by the formation of a new pair (Si65, H30) at 5.6 ps,
but the low-energy pair (Si40, H2) continues to stay bonded
during its evolution. The variations of the bond length of the (dis-
sociated) pair before and after dissociation are shown in
Figure 9b in blue and green colors, respectively. The transient
isolated state of H30, between 5.3 and 5.6 ps, is shown as red
squares, where the “bond length” corresponds to the distance
between H30 and the nearest Si atom in the void region. It goes
without saying that the dissociation and subsequent formation
of Si—H bonds on the void surface do not affect the MSD values
of the H atoms as long as the H atoms stay within the cavity
through the formation of new bonding configurations.

3.3. Morphology of Hydrogenated Voids in a-Si

The discussion in the preceding subsections so far is mostly con-
fined to the dynamics of H atoms inside the voids and to what
extent the motion of H atoms is affected by the XC approxima-
tion and the hydrogen load inside the voids, as far as the MSD of
H atoms is concerned. We now examine the microstructure of
hydrogen distributions on void surfaces and the morphological
character of the voids, which result from the movement of hydro-
gen and silicon atoms in the vicinity of the voids for a varying

Phys. Status Solidi B 2021, 258, 2000494

2000494 (6 of 10)

www.pss-b.com

(a)

1.8 —77—
< | ]
~ 1.7F -
=
w b
5
S LofF -
<
g L J
o W‘/\
T 15F B
n L 30 H,700 K, GGA (M4) -

] 4 L 1 L 1 L 1 L 1 L

3 4 5 6 7 8
time (ps)
(b) 18 T T T T =:, T T T T
—_ L i1 [— w8 .m0 |
< R — (Si65, H30)
= = Isolated H30| -
B0 b __]
b Si-H bond breaking
)
s
5)
s}
T 15
%) L 30 H, 700 K, GGA (M4) J
14 L | L | L | L | L
3 4 5 6 7 8

time (ps)

Figure 9. a) The variation of the bond length of a stable monohydride pair
(Si40, H2) with time. b) The dissociation of a monohydride Si—H bond
during MD simulations. The Si—H bond associated with the pair (Si48,
H30) breaks at 5.3 ps, which is followed by the formation of a new pair
(Si65, H30) at 5.6 ps. The isolated state of H30 atom is indicated by
red squares, where the “bond length” refers to the distance between
H30 and the nearest Si atom. The cutoff value of the Si—H bond length,
1.65 A, is indicated by a dashed horizontal line (red).

hydrogen load. In particular, we discuss the formation of various
BHs and NBHs, as well as the restructuring of the void surfaces
during annealing, with an increasing concentration of H atoms
within voids, and the dependence of hydrogen microstructure on
the LDA and GGA. The BH and NBH play an important role in
characterizing the structural and optical properties of a-Si:
H.”'51% These properties can be studied experimentally using
an array of experiments, such as positron-annihilation lifetime
(PAL) spectroscopy,!™® Rutherford backscattering spectrometry
(RBS)," hydrogen-effusion measurements,***” and Fourier-
transform infrared spectroscopy-attenuated total reflections
(FTIR-ATRs).PY

Table 1 shows the statistics of various silicon-hydrogen bond-
ing configurations and NBHs, e.g., H, molecules and one or two
isolated H atoms, near the void, defined by a spherical region of
radius 8 A. The presence of isolated H atoms in the network is an
artifact (of simulations), which arises from our choice of the cut-
off value of 1.65 A for Si—H bonds. It has been observed that the
isolated H atoms at 700 K, listed in Table 1, are at a distance of
1.66 A from the nearest Si atom (for the GGA) and at distances of
1.67 and 1.7 A from the neighboring Si atoms (for the LDA).
Thus, these H atoms are not truly isolated and can be viewed
as somewhat stretched Si—H bonds at 700 K. The results from
Table 1 and an analysis of the void surfaces for the hydrogen load
of 10, 20, and 30 H atoms per void show that the surface of the
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Table 1. Statistics of bonded and NBHs inside voids for varying hydrogen
loads. The tabulated values indicate the amount of H atoms (in percent of
total H) that resides as isolated hydrogen (Hiso), H2 molecules, and SiH/
SiH, bonds. Hydrogen atoms outside the void region are listed as Ex.
Asterisks denote the actual number of isolated H atoms.

H load XC Hiso H, SiH SiH, Exy

400 K

10 GGA 0 15.0 67.50 0 17.50
LDA 0 10.0 82.50 0 7.50

20 GGA 0 32.50 47.50 10.0 10.0
LDA 0 25.0 62.75 5.0 7.50

30 GGA 0 45.0 40.0 11.67 3.33
LDA 0 28.33 47.50 18.33 5.83

700 K

10 GGA 0 25.0 55.0 0 20.0
LDA 0 0 77.50 5.0 17.50

20 GGA 0 27.50 45.0 12.50 15.0
LDA 0 17.50 66.25 2.50 13.75

30 GGA 0.83 (1%) 35.56 411 8.89 13.33
LDA 1.65 (2%) 16.67 56.67 11.67 13.33

voids is mostly decorated with monohydride Si—H bonds. A few
dihydride Si—H, bonds are also spotted for a hydrogen load of 20
and 30 H atoms per void. A noted amount of hydrogen can be
seen to appear inside the voids as H, molecules, especially for
hydrogen loads of 20 and 30 H atoms per void. It is also evident
from Table 1 that, in comparison with the GGA, the LDA over-
estimates the number of SiH bonds but underestimates the
count of H, molecules. The presence of few SiH, bonding con-
figurations makes it difficult to comment on the dependence of
SiH, configurations with respect to the XC approximation from
the available data. Figure 10 shows a 3D rendering of Si—H and
Si—H, bonds in the vicinity of a void surface, along with a few H,
molecules for a hydrogen load of 30 H atoms per void at 400 and
700 K.

Experimental studies using infrared measurements by Chabal
and Patel®? suggest that the number density of H, molecules in
nanometer-size voids is of the order of 10*' cm >, This observa-
tion is found to be consistent with the values listed in Table 1,
which can be roughly translated into 3-13 x 10*' cm ™ for the
GGA and 2-8 x 10** cm™ for the LDA at 400 K, assuming a
spherical void of radius 5-8 A and a hydrogen load of 30 H atoms
per void. None of the AIMD runs in this article showed any
isolated H atoms within the voids, except one at 700 K, which
is statistically insignificant. As discussed earlier, a few highly
mobile H atoms are found to diffuse out of the void region
due to high KE values of these atoms. The number of such atoms
is listed as Exy in Table 1. The results from Table 1 are summa-
rized in Figure 11, where the number of Si—H, Si—H,, and H,
molecules for a hydrogen load of 20 H atoms per void at 400 and
700K is shown.

Since the restructuring of the void surface is largely character-
ized by monohydride Si—H bonds on the walls of the voids, it is
instructive to examine the formation of these bonds during the
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Figure 10. Hydrogen-bonding configurations, including H, molecules, in
a void-surface region of radius 8 A for a hydrogen load of 30 H atoms per
voids at a) 400 K and b) 700 K from the GGA in model M4. Silicon atoms
associated with monohydride (SiH) and dihydride (SiH,) configurations
are shown in cyan and white colors, respectively, whereas bonded H atoms
and molecules are shown in red color.

course of simulation. Figure 12a shows the time evolution of the
hydrogen content of SiH bonds (in percent of total H) for a
hydrogen load of 20 H atoms per voids in the GGA and the
LDA at 400 K. The formation of Si—H bonds begins very rapidly
within the first few picoseconds and then it gradually converges
by 18 ps. The LDA seems to overestimate the number of SiH
bonds by about 32%, compared with the same from the GGA
(see, for example, Table 1). This noted difference between the
LDA and the GGA results indicates the need for choosing an
accurate XC functional and a long simulation time for studying
the microstructure of SiH and SiH, on the walls of the voids.
Likewise, the formation of H-H pairs, or H, molecules, during
annealing is shown in Figure 12b, by plotting the evolution of the
RMS distance between two pairs of H atoms at 400 K in the GGA
for a hydrogen load of 20 H atoms per void. The first H, mole-
cule, consists of (H1, H12), was formed within the first 4 ps,
whereas the second one, (H5, H13), was formed near 14 ps.
The RMS distances between the pair of H atoms and the
corresponding standard deviation are obtained by averaging over
a moving time window of width 200 fs.

We conclude this section by making a few comments on the
linear size and the shape of the voids obtained from annealing
and total-energy relaxations in the presence of H atoms.
Although the linear size of a void can be estimated from the
radius of gyration of a set of atoms, which define the void surface,
the reconstruction of a 3D shape of a void from a finite set of
atomic positions is a nontrivial problem. A somewhat crude
but simple and useful approach is to approximate the void shape

© 2021 Wiley-VCH GmbH
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by constructing the minimal convex polyhedron, or a convex hull,
formed by the set of void-surface atoms. The approach assumes
that any restructuring of the void surface—caused by the move-
ment of the void-surface atoms—would be reflected in the shape
of the convex hull, which is associated with the void region.
However, it has been observed®?! that the actual 3D shape of
voids can be rather complex and nonconvex in nature, and it
may not be represented accurately by a convex polyhedron. An
approximate nonconvex surface can be constructed via convolu-
tion of the position of the void-surface atoms using the 3D
Gaussian basis functions and choosing a suitable value of the
isosurface parameter for the atomic pseudosurface of Si and
H atoms. The Xcrysden®* package can generate such pseudosur-
faces. A more general discussion on the reconstruction of such
nonconvex void shapes can be found in the studies by Biswas
et al. and Biswas and Elliott.!'"?]

Figure 13 shows the approximate shape of a void with a hydro-
gen load of 30 H atoms per void (in model M3) obtained from
annealing at 400K, followed by a total-energy optimization.
The convex polyhedra shown in Figure 13a,b correspond to
the set of void-surface atoms obtained from the GGA and the
LDA, respectively. The respective nonconvex shapes of the void,
obtained via the convolution of the same set of void-surface atoms
using the Gaussian functions centered at the atomic sites, are
shown in Figure 13c,d. Although the polyhedra in Figure 13a,b
appear different, the difference is not particularly noteworthy
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Figure 12. a) The evolution of monohydride Si—H bonds at 400 K in the
GGA and the LDA for a hydrogen load of 20 H atoms per void. The Y axis
indicates the amount of hydrogen atoms (in percent of total H atoms) that
resides in Si—H bonds. b) The formation of H, molecules within a void at
400K in the GGA for a hydrogen load of 20 H atoms per voids. The RMS
distance and its standard deviation between two pairs of H atoms, aver-
aged over a rolling window of width 200fs, are shown against time.

Figure 13. The reconstruction of a 3D shape of a void (in M3) from two
sets of void-surface atoms at 400 K for a hydrogen load of 30 H atoms per
void. The convex polyhedra obtained from the void-surface atoms in a) the
GGA and b) the LDA, using the convex-hull approximation. The corre-
sponding nonconvex surfaces using the same set of void-surface atoms
are shown in (c) and (d), respectively. Silicon-hydrogen and H, molecules
are shown in yellow-red and red—red colors, respectively.
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Table 2. Linear [A] and volumetric [A*] measures of the voids,
reconstructed from the convex-hull approximation. Rg, Ry, and Vi
indicate the radius of gyration, the convex-hull radius, and the volume
of the hull, respectively. S and Ny represent the sphericity and the
number of atoms on the convex hull, respectively.

H load XC Rc Ru Vh S Ny
400 K
10 GGA 6.392 7.162 1275.04 0.884 41
LDA 6.517 7.205 1305.45 0.888 41
20 GGA 6.416 7.204 1295.95 0.883 41
LDA 6.566 7.218 1316.80 0.890 42
30 GGA 6.489 7.231 1318.42 0.885 42
LDA 6.541 7.263 1332.45 0.887 42
700 K
10 GGA 6.192 7.102 1242.36 0.883 40
LDA 6.347 7.75 1287.78 0.887 41
20 GGA 6.365 7.242 1299.63 0.880 39
LDA 6.461 7.274 1323.15 0.879 39
30 GGA 6.430 7.202 1319.43 0.892 42
LDA 6.475 7.238 1317.39 0.882 41

as far as the hull radius, the convex-hull volume, and the sphe-
ricity of the polyhedra are concerned. These values are listed
in Table 2. The sphericity, S, of an object is defined as the ratio
of the surface area of a sphere, A, to that of the object, A, both
having an identical volume V. This definition leads to**!

A, B(6V)

S=A~ " a )

Here, we have used the volume and the corresponding surface
area of the convex hull of a void surface to estimate V and A,
respectively. A review of S and other values in Table 2 suggests
that the LDA marginally overestimates the volume of the void,
which is evident from the gyrational and hull radii, and the hull
volume of the voids for all hydrogen loads and temperatures.
This observation is also consistent with the somewhat smaller
values of the MSD of H atoms (within voids) that we have
observed for the GGA calculations in Figure 3a,b.

4, Conclusion

In this article, we have studied the ab initio dynamics of hydro-
gen atoms inside voids in a-Si with an emphasis on hydrogen
diffusion and the resulting structure of the void surfaces with
respect to a varying concentration of hydrogen at 400 and
700 K. A comparison of the results obtained from the LDA
and the GGA reveals that the former considerably overestimates
the number of monohydride Si—H bonds but underestimates the
presence of H, molecules inside the cavities, irrespective of the
annealing temperature and the concentration of hydrogen. The
surfaces of the voids are found to be primarily passivated with
monohydride Si—H bonds and a few dihydride SiH, bonds at
high concentration of hydrogen. Neither the LDA nor the
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GGA shows any presence of SiH; configurations even for a high
concentration/load of 30 H atoms per void. The densities of the
bonded and NBHs observed in this work are found to be
consistent with those from the infrared and RBS measurements.
The study reveals that the kinetics of Si—H bond formation and
dissociation during AIMD simulations can be approximately
described and understood by considering the (translational)
KE of H atoms inside the voids. Hydrogen atoms with a KE value
significantly higher than the average KE of the system at a given
temperature are found to dissociate from Si—H bonds on the sur-
face of the voids. The resulting isolated H atoms then diffuse
through the void region to form new bonds with nearby active
Si atoms within a fraction of a picosecond in our simulations.
Finally, a somewhat higher value of the MSD of the H atoms
within voids in the LDA can be attributed to the reconstruction
of the void surface through the formation of Si—H bonds. This
has been found to be reflected in linear size of the voids obtained
from a convex-hull approximation.
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The effects of annealing on the atomic structures of SiO,, GeO,, and Ta,Os are
investigated using accelerated molecular dynamics (MD) simulations. Using

population annealing with Boltzmann resampling to expedite the MD simula-
tions, it is shown that annealed models demonstrate subtle but statistically

significant changes in the structure. Consistent with experiments, the simula-
tions show that effects of annealing on the atomic structures of these amorphous
oxides are more pronounced in the medium-range order than in the short-range

order.

1. Introduction

Thin films of amorphous oxides are used in a variety of optical,
electronic, and photovoltaic applications. Optical films of the
highest quality are often produced by energetic processes like
ion-beam sputtering (IBS) or magnetron sputtering, and the
as-grown films are generally submitted to postdeposition
annealing to further improve their optical and mechanical
performance.’™ It has been observed that postdeposition
annealing of amorphous oxide thin films often reduces the
optical absorption at sub-bandgap energies until the onset of
crystallization. Similarly, postdeposition annealing changes the
mechanical loss (also known as internal friction) of thin films
in a way that depends on the structure of the material.*™
Optical absorption and mechanical loss are performance-limiting
properties for thin films used in a variety of applications.
Understanding the effect of annealing on the atomic structure
of these films could provide design, deposition, and postprocess-
ing strategies to optimize the performance of future thin-film
devices.
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There has been interest in understand-
ing the relaxation behavior of amorphous
oxides like SiO,, GeO,, and Ta,0s with
respect to their use in dielectric thin-film
mirrors in gravitational-wave detectors
LIGO and Virgo."” Thermal noise of the
dielectric coatings used in LIGO and
Virgo interferometers forms an important
barrier against increasing the detector sen-
sitivity.®'" Coatings made of alternating
layers of SiO, and TiO,-doped Ta,Os are
currently being used in these detectors.
To improve their sensitivity, it is critical
to find coatings that produce lower thermal noise."**3 The ther-
mal noise spectral density due to the coatings is proportional to
their mechanical losses. While the mechanical loss at the temper-
atures of interest is largely dependent on the coating material,
coating deposition processes and postdeposition annealing can
also influence its value. Measured values of room-temperature
mechanical loss of amorphous oxides like SiO,, Ta,0s, TiO,-
doped Ta,0s, and ZrO,-doped Ta,Os are seen to decrease as
a function of annealing temperature until the process of crystal-
lization starts.®®%!*15] These amorphous oxides are promising
materials and are actively being explored for use in LIGO and
Virgo. To understand and optimize the mechanical loss, and
hence the thermal noise of the coatings, it is important to under-
stand the annealing-induced changes in the structure of these
coatings.

Structural changes in amorphous thin films caused by
annealing can be probed by a number of experiments. For exam-
ple, X-ray or electron pair distribution function (PDF) measure-
ments can show changes in the short- and medium-range
order.”'**® Similarly, Raman spectra measurements before
and after annealing can show changes in densities of modes orig-
inating from particular structural motifs, e.g., certain types of ring
structures or bond-angle (BA) distributions.""* Nuclear magnetic
resonance (NMR) measurements before and after annealing can
show if there are changes in the atomic environment around
probed atoms.'? Similarly, X-ray diffraction measurements
can be used to probe the onset of crystallization after annealing
runs, whereas optical absorption experiments can indicate if the
densities of certain types of structural defects have changed.***"

Atomic modeling has been widely used to study the structure
and relaxation behavior of amorphous materials and explain or
predict their functional properties. Recently, we combined

© 2021 Wiley-VCH GmbH
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atomic modeling of amorphous oxides with grazing-incidence
PDF (GIPDF) measurements to characterize annealing-induced
changes in submicrometer-thick amorphous thin films.”! The
approach in the latter work is seeking experimental guidance
to incorporate the annealing-induced effects into structural
models. It is therefore clear that carefully designed atomic
modeling calculations, when combined with appropriate experi-
ments, can provide valuable insights into the relaxation processes
induced by annealing. However, it is not always practical to
obtain experimental probes into the coating structure before
and after annealing, especially when many materials are being
considered for multifunction optimization problems. Therefore,
it is desirable to investigate annealing-induced effects in the
structure using unaided atomic modeling approaches.

Conventional atomic modeling approaches like Monte Carlo
(MC) or molecular dynamics (MD) fall short in capturing the
annealing-induced effects because these approaches are only able
to simulate timescales from a few to several hundred nanosec-
onds depending on the nature of the force field.*>** Such time-
scales are vastly smaller than the tens of hours of laboratory
annealing times for coatings used in gravitational-wave detectors
and may be too short to capture the relevant relaxation processes.
As aresult, MC or MD simulations cannot fully explore the poten-
tial energy landscape (PEL) and get trapped in local minima that
are far from the effective global minimum (Existence of the global
minimum for amorphous materials is debated. We use the term
‘effective global minimum’ to indicate a structure solution with
the lowest energy that is still amorphous and that could be
accessed if long time is allowed for relaxation). In terms of atomic
structure, this often translates to a high concentration of geomet-
rical defects in the short range and/or diminished order in the
medium range. It is therefore important to explore ways to expe-
dite the conventional MD or MC modeling approaches or search
for their alternatives to realistically study annealing.

Many advanced sampling methods have been developed to
partially mitigate the “timescale problem” discussed earlier.
Parallel tempering,*” population annealing,*® and activation-
relaxation technique (ART)® are some of the leading examples
of this effort; for a review of accelerated sampling methods,
see other studies.”””! For MD-based methods, parallel
tempering has been shown to provide superior acceleration of
dynamics.**??! Recently, an MD-based population annealing
approach, called “population annealing MD” or “PAMD,” has
been shown to yield similar acceleration as parallel tempering
while featuring an added benefit of being scalable to arbitrarily
large computer clusters.*”

In this work, we use PAMD with classical two-body force fields
to study annealing-induced effects in the atomic structures of
amorphous SiO,, GeO,, and Ta,Os. While an acceleration
of MD to realistic timescales is still far away, PAMD seems to
provide the best acceleration of MD, considering its scalability
to arbitrary resources. This work is an attempt to explore if
PAMD can, when applied with simple force fields in a typical
computational resource available in academic institutions, cap-
ture structure relaxations seen in laboratory annealing. PAMD
would provide a relatively inexpensive way to study annealing
effects on thin films, especially when one or more of the experi-
mental deposition/annealing/measurement processes becomes
infeasible. We note that more advanced force fields are needed
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to capture atomic structure and annealing effects more accurately
—but accelerating the timescales of simulation with advanced
force fields is prohibitively difficult in terms of the time and
resource needed. In this regard, recently developed machine
learning-based potentials, which have shown a good combination
of accuracy and speed, can hold some promise.*"

2. Experimental Section

In the following sections, we present details of our computational
approach.

2.1. Main Approach

In this work, we develop atomic models of SiO,, GeO,, and
Ta,0s using the conventional melt-quench MD in classical
two-body force fields. We refer to these atomic models as
“melt-quenched” models. We then use the accelerated sampling
method PAMD, with melt-quenched models as starting config-
urations, to find the lower-energy solutions of the underlying
PEL. We refer to the final atomic models from PAMD as
“annealed” models. We then probe the melt-quenched and
annealed models by computing X-ray PDFs, X-ray structure
factors, coordinations, BA distributions, ring-size distributions,
evolution of ordered clusters, and density of phonon modes.

2.2. Interatomic Potentials

We use classical two-body interatomic potentials with the “BKS”
functional form.*?! For SiO,, we use the parametrization
developed by Sundararaman et al.?*! For GeO,, we use the
parametrization developed by Oeffner and Elliott.?*! For Ta,Os,
we use the parametrization developed by Trinastic et al.**

2.3. Generating Melt-Quenched Models

We generate 1000 melt-quenched atomic models for each sys-
tem: SiO,, GeO,, and Ta,Os. Each of those 1000 atomic models
was generated by following the conventional melt-quench proto-
col of MD simulation. This protocol generally has three parts.
1) Selection of starting configuration: We begin by taking a semi-
randomized collection of atoms in a cubic supercell of a size that
corresponds to the known densities of the respective systems. We
take 2400 atoms for SiO, and GeO, and 3500 atoms for Ta,Os;
periodic boundary conditions were applied in all directions for all
systems. The initial collection of atoms is semirandomized (as
opposed to fully randomized) in the sense that a threshold inter-
atomic distance of at least 1.9 A is enforced even when randomly
choosing the positions of atoms within the supercell. We take the
densities of 2.20, 3.69, and 7.50 gm cm™> for SiO,, GeO,, and
Ta,Os, respectively, for determining the size of the supercell
at the starting point. 2) Melting the system: We take the system
to a high temperature, following some initial equilibrations at
lower temperature. The latter is required for the stability of
MD simulations at a higher temperature, given that the starting
configurations are semirandomized. The systems are equili-
brated at a high temperature (3000K for SiO,, 3000K for
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GeO,, and 6000 K for Ta,Os). 3) Quenching the melt: The sys-
tems are then cooled to 300 K from the high-temperature melt
and subsequently equilibrated at 300 K. NPT ensemble is simu-
lated for 2) and 3) except for the low-temperature equilibrations
at the start of 2). The total timespan of the simulation for 2) and
3) combined is 1.17 ns for each atomic model; a time step of 1 fs
was used throughout the simulation. These configurations at the
end of the run at 300 K were taken as the melt-quenched models
for the structure analysis done in this article. For the calculations
of phonon densities of states, these models are further relaxed to
their local minima using the FIRE algorithm ¢

2.4. Generating Annealed Models

We use PAMD as a way to expedite MD simulations so that a larger
part of the PEL can be explored and structure relaxation analogous
to those induced by laboratory annealing can be mimicked in
computer-generated models. For details on the PAMD method
itself, see the study by Christiansen et al.*” This work is an imple-
mentation of basic PAMD on amorphous oxides with a focus on
characterizing effects of the said basic PAMD on atomic structure.

PAMD involves taking an ensemble of N independent copies
of the system through M successive constant temperature MD
simulations. A population resampling based on Boltzmann prob-
ability is conducted between two adjacent MD runs. In this work,
we take the 1000 (=N) independent melt-quenched MD models
described earlier as the starting points of the first (of M) MD
runs. During these runs, NVT dynamics is conducted for m time-
steps. Each successive MD run is conducted at a lower tempera-
ture than the preceding MD run and a resampling of the
population is done based on the relative Boltzmann weight of
each sample. Between two adjacent NVT runs at temperatures
T; and T;_;, where T; < T;_;, relative Boltzmann weight of a
sample j with energy E; is calculated as

LT =T
T w
NN T s o

where Q =3 %, b1~ 17/N is a normalization factor. For all
results reported in this article, we used m = 50000. For SiO, and
GeO,, the temperatures of the first batch of MD simulations (T;)
are taken be 3900 and 2100 K, respectively, which are roughly
twice their melting temperatures. We choose the value of
M = 10 for SiO, and GeO, with Ty, = 300K. For Ta,Os, we take
more closely spaced temperatures for adjacent MD runs by
choosing M = 23, Ty = 2500K, and T,; = 300K.

Energy distributions for the melt-quenched and annealed
models at 300 K are shown in Figure 1. The distributions are
presented in units of full width half maxima (FWHM) of energy
distribution of melt-quenched models of respective systems.
The plots show that energy distributions for annealed models
are narrower and their peaks lie at lower energies than the peaks
of corresponding melt-quenched models by ~2.5 FWHM for
Si0,, ~1.5 FWHM for GeO,, and ~5 FWHM for Ta,05. We also
conducted additional PAMD simulations for Ta,Os with
m = 10000 for testing purposes, and the resulting energy distri-
bution is shown in Figure 1 in magenta triangles. For the latter
case, a distribution with a peak at energy ~2 FWHM lower than
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Figure 1. Energy distributions of melt-quenched and annealed models at
300 K. To enable comparison, the energy axis is shown in units of FWHM
of the distribution of energies of melt-quenched ensembles of respective
systems. i.e.,, E* = (E — E,)/A, where E is energy computed using the
force fields and E, and 4 are maxima and FWHM of melt-quenched energy
distributions of corresponding systems. The magenta triangles in Ta,Os
plot are from PAMD simulations with m = 10000, whereas the orange
squares are from m = 50000.

that of the melt-quenched ensemble is obtained. It is clear that a
more systematic study of the parameter space is required to
achieve optimum performance of PAMD with respect to the
resources at hand. As such, we make no attempts to improve
upon or optimize the method itself beyond making some consis-
tency tests necessary for a basic implementation. In the remain-
der of this article, we report on the structural changes observed
between the melt-quenched and annealed models.

2.5. Fidelity of the Atomic Models

Realistic atomic models are necessary to capture the relaxation
processes in real-world materials. Although BKS potentials are
inexpensive in terms of resource usage and thus are convenient
for large-scale simulations like the ones being presented in this
article, they are limited in their scope for capturing various
aspects in the structure and properties of the systems they
describe. The particular parametrizations of BKS potentials used
in this study have been shown to be able to model the basic
structural features of corresponding systems reasonably well,
see other studies.’3353738 [ Figure 2, we compare the
PDFs obtained using the BKS potentials used in this work with
PDFs from ab initio MD (AIMD) simulation. It is seen that PDFs
from BKS-based models and AIMD models align reasonably
well. We have also checked the partial PDFs and find that the
BKS-based models show reasonable agreement with AIMD
models, except for some disagreement in the first peaks of
Si—Si/Ge—Ge/Ta—Ta pair correlations. This result obviously
does not imply a wider validity of BKS-based models; neverthe-
less, it is an important indication that the models used in this
article correctly represent the basic structural order in these
systems.

The LAMMPS simulation package®” was used to conduct the
MD simulations in this work. All the results reported in
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Figure 2. PDFs of SiO,, GeO,, and Ta,Os. The blue curves (labeled BKS)
represent the PDFs from melt-quenched models presented in this article.
The orange curves (labeled AIMD) represent the PDFs from melt-
quenched models from AIMD simulations. The AIMD models of SiO,
and GeO, contain 360 atoms, whereas those of Ta,O5 contain 350 atoms.
To obtain the AIMD models, PBE functionals”"’? and plane-wave basis
sets of up to 400 eV were used in the simulation framework provided with
the Vienna ab initio software package (VASP).”>’* A total of 105 ps of
melt-quench MD was simulated.

this articles are averages of 1000 models, unless otherwise
indicated.

3. Results and Discussion

We computed the X-ray PDFs from melt-quenched and annealed
models. Figure 3 shows the plots of X-ray PDFs for SiO,, GeO,,
and Ta,Os. There are three main points to be noted in Figure 3.
First, in all three systems, we find that changes in the short-range
order (SRO) are nominal with most of the changes occurring in
medium range order (MRO). This observation is consistent with
GIPDF measurements of as-deposited and annealed films of sev-
eral oxides, including GeO, and Ta,Os, where only small
changes are seen in the short range and most of the changes
are in the medium range.”'®*” Second, even though the
changes in MRO are small, these are statistically significant as
these are averages of 1000 independent models. In particular,
changes in intensities and positions of peaks at r >SA in
Figure 3c are generally consistent with those reported in the
study by Shyam et al.l'® Third, we note that many features of
X-ray PDFs are not captured well. For example, in the measured
X-ray PDF of Ta,Os, the second peak features a hump at ~3.4 A,
which is known to correspond to Ta—Ta correlations from edge-
shared polyhedra (ESP).”'® The computed PDFs shown in
Figure 3c show a much diminished peak both for the melt-
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quenched and for the annealed models. Furthermore, the ratios
of intensities of the first and second peak of GeO, are over esti-
mated in Figure 3b compared with those in the measured X-ray
PDFs.* Our comparison of partial PDFs of BKS-based models
with those of AIMD models has shown that BKS models under-
estimate the order in Ge—Ge, Si—Si, or Ta—Ta correlations in
these systems. As for PAMD, we can reasonably expect that
an improved potential would mitigate these shortcomings.

We also compute the coordination and polyhedral connection
statistics and the results of these calculations are shown in
Table 1. We find that the concentrations of fourfold Si/Ge
and twofold O in SiO, and GeO, increase due to annealing
and all other coordinations decrease. For Ta,Os, the concentra-
tions of sixfold Ta and twofold O increase in annealed models,
and other coordinations decrease. Although the changes in
coordination appear small, these changes are significant, con-
sidering that, for example, over- and undercoordinated Si
atoms are eliminated from SiO, due to annealing, and concen-
trations of one-coordinated and three-coordinated O atoms are
reduced to almost half. Such types of sparse bad actors are
known to be the source of optical losses, and postdeposition
annealing is known to reduce these losses.*'"** Damart and
Rodney have shown that two-level systems (TLSs) of SiO, with
a high-energy barrier, which give rise to the mechanical loss
near room temperature, involve highly localized displacements
around ill-coordinated atoms.!*”! Lane et al. observed similar
trends on Si and O coordinations by microsecond-long MD
simulation.*®) Kim and Stebbins observed a slight decrease
in Ta and O coordinations in '”O NMR measurements of unan-
nealed and annealed thin films of IBS Ta,05.'® The latter
observation is also consistent with our results presented in
Table 1. Table 1 also shows that the polyhedral connections
in SiO, and GeO, are overwhelmingly corner-shared, and
annealing reduces the concentration of ESP with a correspond-
ing increase in corner-shared polyhedra (CSP). For Ta,Os, ESP
form a relatively larger fraction (=15%) of polyhedral connec-
tions. In fact, ESP polyhedra in Ta,Os register a distinct peak in
Ta—Ta partial correlation and the total X-ray PDF measure-
ments capture this distinct peak as a hump at r= 3.4 A before
the second major peak at r=3.8 A (see ref. [16]). However, as
that peak is much less apparent in the computed X-ray PDF
shown in Figure 3, it can be expected that the fraction of
ESP is underestimated in our models of Ta,0s. This results
in an underestimation of threefold O atoms—our models show
the fraction of threefold-coordinated atoms to be at ~35%,
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Figure 3. X-ray PDFs computed from melt-quenched and annealed model
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Table 1. Coordination distributions and polyhedral connections present in the melt-quenched and annealed models of SiO,, GeO,, and Ta,0Os. n,
represents average coordination around a atoms. The first minimum of the PDF is used as a cutoff to define the coordination sphere. CSP, ESP,
and FSP represent corner-, edge-, and face-shared polyhedra, respectively. Values less than 0.01% are not shown.

System = SiO, ng; =3 ng; =4 ng; =15 no =1 no =2 no =3 CsP ESP
Melt quenched 0.02% 99.78% 0.20% 0.79% 98.33% 0.88% 99.57% 0.43%
Annealed 0.00% 100.00% 0.00% 0.44% 99.12% 0.44% 99.75% 0.25%
System = GeO, Nge = 4 Nge =5 Nge =6 no =1 no =2 no =3 CSpP ESP
Melt quenched 99.43% 0.55% 0.01% 3.61% 92.50% 3.89% 98.42% 1.58%
Annealed 99.78% 0.21% 0.00% 3.04% 93.81% 3.15% 99.26% 0.74%
System = Ta,Os ne, =4 Ny =5 N, =6 Ny =7 nr, =8 no =2 no =3 no =4
Melt quenched 0.22% 18.02% 76.19% 5.48% 0.09% 65.23% 34.67% 0.10%
Annealed 0.11% 18.14% 76.71% 5.04% 0.00% 65.40% 34.52% 0.07%
System =Ta,Os CcspP ESP FSP
Melt quenched 84.56% 14.57% 0.87%
Annealed 85.09% 14.19% 0.72%

whereas '’O NMR measurements show the fraction of three-
fold-coordinated atoms to be at ~43%.1*”! The fraction of ESP
in Ta,Os decreases from 14.57% to 14.19%, which is a rela-
tively smaller change compared with our recent study of
annealing-induced changes in ZrO,-doped Ta,Os, where the
fraction of Ta—Ta ESP decreases from 19.93% to 14.38%.’
The relatively small decrease in the concentration of ESP seen
in this work may be caused by the inability of the interatomic
potential to accurately capture Ta—Ta correlation. We also
observe a decrease in the concentration of face-shared polyhe-
dra (FSP) from 0.87% to 0.72%.

Annealing has a greater effect in the MRO of amorphous thin
films—it has been seen in GIPDF measurements of oxide thin
films®164% a5 well as in our computed PDFs shown in Figure 3.
The effect of heat treatment on MRO of Ta,Os has also been
observed by transmission electron microscopy (TEM) measure-
ments of the normalized variance (a measure of MRO).[*>*®!
Earlier works have shown that the intensity of the first peak
in the structure factor, S(g), of amorphous networks is an indi-
cation of MRO in the networks.[***? We compute the X-ray S(g)
from melt-quenched and annealed models. From the computed
X-ray S(q), shown in Figure 4, it is observed that the intensity of the

first peak (highlighted in insets) is higher for annealed models
than for melt-quenched models for all three systems. This indi-
cates that the annealed models have a higher degree of MRO,
which would also be consistent with observations from earlier
probes of annealing-induced effects on various systems.[¢47
Hence, to better understand the annealing-induced changes in
atomic structure, it is important to focus on structural features
in the MRO beyond the first coordination sphere.

The MRO in SiO, and GeO, is often expressed in the form of
ring structures and a related quantity—BA. Raman measure-
ments have been used to probe the structure of thin films
and understand annealing-induced changes.'***** Various
modeling attempts have been made to understand the Raman
spectra of SiO,, GeO, and Ta,;Os in terms of their atomic struc-
ture.’#557 these works have shown that the features in Raman
spectra are particularly sensitive to the distribution of ring sizes
and BAs. In this work, we compute the distribution of ring sizes
and BAs from the melt-quenched and annealed models. We com-
puted ring distributions in SiO, and GeO,—results are shown in
Figure 5. In both systems, we find that the concentrations of two-
membered rings (2-MRs) decrease to nearly half upon annealing.
2-MRs correspond to the ESPs; hence, the latter observation is
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Figure 4. X-ray structure factor (S(q)) computed from melt-quenched and annealed models of a) SiO,, b) GeO,, and c) Ta,Os.
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Figure 5. Ring-size distribution computed from the melt-quenched and
annealed models of SiO, and GeO,. The arrows are placed to highlight that
annealing significantly reduces the concentration of small rings (2-MRs,
3-MRs, and 4-MRs). Density of small rings has been shown to be related
with mechanical loss—see text. We referred to definitions of primitive rings
presented in ref. [75] to compute ring statistics.

internally consistent with decrease in ESP for SiO, and GeO, in
Table 1. 2-MRs are highly strained structures and are rare in SiO,
and GeO,, although there is some indication that 2-MRs
could be present in SiO, surfaces.®*% Their presence in our
models could be the result of extremely large quench rates used
for our models. The observed reduction in the density of 2-MRs
in annealed models to about half of the melt-quenched models
indicates that PAMD is efficient in mitigating the short timescale
issues of MD simulations. We also observe that small-membered
rings (particularly, 3-MRs and 4-MRs) are broken to form
large-membered rings (5-MRs and 6-MRs) as a result of
annealing. Pasquarello and Car have shown the 3-MRs and
4-MRs in SiO, give rise to two defect lines D; and D, in
Raman spectra at energies 495 and 606 cm 1.5 Hence, follow-
ing the ring distribution in Figure 5, it can be expected that
annealing would reduce the defect lines D; and D,. In fact,
Granata et al. have shown that annealing of IBS SiO, films
reduces the normalized D, area in the Raman spectra, although
D; was seen to increase with annealing for which the authors
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provide a heuristic explanation."* Lunin and Tokmakov have
argued that highly stressed rings in SiO,, like 3-MRs and
4-MRs, are associated with mechanical loss.®®! Granata et al. have
shown a correlation of mechanical loss with the density of 3-MRs
in Si0,." Figure 6 shows BA distribution in SiO, and GeO,. In
both systems, annealing reduces the BA density in the range from
80° to 100° consistent with annihilation of ESP. We also see a
slight shift in Si—O—Si and Ge—O—Ge angle distributions to
larger angles, which would be consistent with the creation of
low-strain large-membered rings and annihilation of high-strain
small-membered rings.

We compute the vibrational density of states (VDOS) by diag-
onalizing dynamical matrices; the results are shown in Figure 7.
Even though the BKS force fields used in this work are shown to
produce reasonably good estimates of VDOS compared with
measured Raman spectra or ab initio calculations (see ref. [33]
for SiO,, ref. [34] for GeO,, and refs. [38,54] for Ta,Os), we note
here that simple force fields like BKS are limited in their ability to
realistically model VDOS. The purpose of the calculations shown
in Figure 7 is to compare the annealing-induced modifications in
VDOS and draw inferences on structure. We find that there are
only subtle changes in densities of states (DOS) between
melt-quenched and annealed models. For statistical significance,
the presented VDOS are averages of 25 models that are randomly
drawn from corresponding ensemble of 1000 models. For all
three systems in Figure 7, we find a slight increase in the
high-energy peak for annealed models, the modes in the latter
peaks are ascribed to stretching modes of twofold-coordinated
O atoms. So, this observation is consistent with coordination sta-
tistics shown in Table 1. For SiO,, small changes are seen in the
positions of D; and D, peaks in a direction consistent with meas-
urements by Granata et al.l'" Slightly more pronounced changes
in VDOS are seen for GeO,—these changes may be caused by a
reduction in the concentration of three-coordinated O atoms,®*
particularly in the 550—750cm ™' region. The VDOS in the
midenergy range is seen to be associated with stretching modes
of three-coordinated O atoms.’*** For Ta,Os, we see subtle
changes in spectra that appear to be consistent with simulated
Raman spectra from the study by Joseph et al.>* It is interesting
to see that in Ta,Os, a small increase in VDOS in the energy
range 150 cm ™! is observed. The states in this range are typically
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Figure 6. Bond-angle distribution computed from melt-quenched and annealed models of a) SiO, and b) GeO,. The inset in each plot shows a section of
the main plot, where a significant change in bond density is observed between melt-quenched and annealed models.
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Figure 7. VDOS (g(w)) of a) SiO,, b) GeO,, and c) Ta,Os. All g(w) curves shown in this plot are averages computed from 25 models which are randomly
selected from the corresponding ensemble of 1000 models. In (a), the positions of D; and D, lines in the Raman spectral®® of SiO, are indicated by
dotted lines. The insets in each plot show the low-energy peaks of g(w)/w? for the corresponding systems. (For comparison of VDOS computed in this
work with DFT-based VDOS, see ref. [33] for SiO,, ref. [34] for GeO,, and ref. [38] for Ta,0s).

associated with the interpolyhedra bond-bending types of vibra-
tions, and it is conceivable that those modes would change as a
result of increased concentration of CSP. These changes in
VDOS of Ta, 05 can also be understood in light of the changes
in BA distribution shown in Figure 8. We see that the Ta—O—Ta
bond angles shift toward a higher value consistent with a slight
increase in the concentration of CSP. Furthermore, the first
and second peaks in Ta—O—Ta originate from ESP and CSP,
respectively. The peak associated with CSP is seen to shift
to a lower value and it could be associated with changes in the
first peak of VDOS of Ta,Os below 150cm™'. The insets in
Figure 7 show the low-energy peaks of g(w)/w? (where g(w) rep-
resents VDOS at energy ). These peaks show a slight reduction in
intensity (more prominent in Ta,Os) and a shift of peak position
to higher energy (more prominent on SiO,). These observations,
although small, are consistent with similar calculations by Singh,
Ediger, and de Pablo.®”! It is to be noted that our calculations at
low energy may be affected by the small sizes of our models as our
(cubic) models are only from 32 to ~36 A in dimension.

We probe the spatial order in the melt-quenched and annealed
networks using the bond-order parameters of Steinhardt et al.[*"
As the polyhedral units themselves are least affected by anneal-
ing (as evidenced by the lack of change in the first peaks of the
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Figure 8. BA distribution in Ta,O5 computed from melt-quenched and
annealed models.
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PDFs, see Figure 3), we design our calculation to probe the inter-
polyhedral order. As such, we compute g4, a widely used measure
of local order for disordered systems, for each Si, Ge, or Ta atoms
in Si0,, GeO,, and Ta,Os, respectively. We take the first minima
of Si—Si, Ge—Ge, and Ta—Ta partial PDFs to define cutoffs in
the g, calculation. Hence, a “bond” defined in this case is only
geometrical, not chemical. The distribution of g, for each system
is shown in insets of Figure 9. We see subtle changes in the
distributions of g for melt-quenched and annealed models.
However, a much more pronounced change is revealed when
one probes the spatial correlation of . To probe this property,
we compute the cluster sizes of atoms with high values of g,
ie., gg > g™, where g§™ is chosen to be past the peak of the cor-
responding distribution. The inferences do not depend on the
exact value of g§*'. We find that the population of large clusters
grow as a result of annealing. It is a significant observation in two
ways. First, even when there are minimal changes in SRO and
modest changes in polyhedral connections, the evolution of
ordered clusters—a medium-range phenomenon—is much
more pronounced. Second, the increase in densities of
large ordered-clusters upon annealing is in contrast with the
observation made for the stable glasses obtained through
elevated-temperature vapor-deposition simulation.!® In the lat-
ter simulations, the density of large-ordered clusters is seen to be
lower in stable glasses than in ordinary glasses. While we do not
intend to make an implicit suggestion that stable glasses and
annealed glasses were expected to have similar structures, it is
nevertheless interesting to see the opposite trends. Perhaps this
is worth further investigation, especially in the context of the
manner in which TLS densities and loss spectra are modified
in stable glasses versus annealed glasses.

4. Conclusions and Future Work

In conclusion, we have conducted modeling of melt-quenched
and annealed SiO,, GeO,, and Ta,Os using MD simulations
in two-body BKS force fields. We used the recently developed
method of “population annealing” MD to expedite the sampling
of the PEL as a way to mimic relaxation processes induced by
annealing. We then studied the structural changes between
melt-quenched and annealed models as an approximate way
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Figure 9. Annealing-induced evolution of ordered clusters in a) SiO,, b) GeO,, and c) Ta,Os. The main plots show the number of ordered clusters of
given sizes. Atoms satisfying the condition g4 > g** are included in same cluster if they are less than r.,, distance apart. We take g¢* to be 0.50, 0.40, and
0.18, respectively. Only Si/Ge/Ta subnetworks are considered for this analysis—see text for details. The values of r.; are taken to be equal to the first
minima of corresponding partial PDFs. The insets show the distribution of g of respective systems.

to study the effects of laboratory annealing of these materials.
Wherever possible, we compared our results with other experi-
mental or theoretical probes and found that our modeling of
structure and annealing effects are in reasonable agreement with
the literature. We computed X-ray PDFs from our models and
showed that the annealing-induced effects are more pronounced
in the medium range. We investigated short-range features like
coordinations, polyhedral connections, and BA distributions, as
well as medium-range features like distributions of ring sizes
and ordered clusters. We found that subtle but significant
differences are manifested in all of these probes. We computed
the vibrational states using a harmonic approximation and
analyzed the densities of states with respect to changes in ring
structure and BA.

These findings are useful to understand the effect of annealing
on mechanical loss of amorphous oxides, such as those used in
low-thermal-noise optical coatings for gravitational-wave detec-
tion. The mechanical loss is often described as transitions
between TLSs, which are determined by the atomic structure
of the coating. For SiO,, GeO,, and Ta,0s, room-temperature
mechanical loss has been observed to decrease upon annealing,
whereas mechanical loss at low temperatures often
increases.*®%%7) It is therefore useful to connect annealing-
induced changes in atomic structure to changes in TLS densities
(hence, in mechanical loss). For example, structures like under-
and overcoordinated atoms, anomalous BAs, ESP and FSP,
small-membered rings, etc. could be associated with TLSs in
these oxides.”*® Furthermore, earlier works have suggested that
medium-range structures are correlated with mechanical
loss #8268 Modeled TLSs in SiO, and Ta,Os are also shown
to involve several tens of atoms extended over nanometer(s).**”°!
This indicates that the change in medium-range order observed
in this work could be important to understand the TLSs and
relaxation processes in these oxides.

Several future investigations would be possible. First, while we
investigated the structural relaxations captured by basic PAMD,
we have made no attempts to optimize the PAMD method itself.
A range of improvements in PAMD, including finding optimum
population sizes, temperature schedules, temperature-dependent
decoupling times, etc., can produce more efficient sampling of
PEL per resource unit. Second, more accurate interatomic
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potentials can significantly improve these calculations. While
the latter statement is true in general, we have seen that the
BKS potentials used in this work are not able to model Si—Si
or Ge—Ge or Ta—Ta correlations as well as VDOS very well. A

three-body potential may also address some of these
shortcomings.
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1. Introduction

Consider an observable F of a system
characterized by a coupling x, and let F
be defined relative to the noninteracting
system. (The ground-state energy E/E,
is a canonical example.) Quantitative ana-
lytic knowledge about F(x) is, in most
cases, restricted to its weak-coupling
perturbation series up to a given order N,
that is

x—0

F(x) '~ 1+

N
Xt + O(xN*1) (1)

k=1

While it provides precise information about the behavior of
F(x) as x — 0, the perturbation series generally fails to yield via-
ble approximations away from weak coupling.

Indeed, the perturbation series is generally a divergent asymp-
totic series, with factorially growing coefficients at large orders,

e.g., Cy K2 k1.02 The principle of superasymptotics’® states that
for a given x, the accuracy of the perturbation series increases
with increasing N only for N < N, where the optimal trunca-
tion order N,y is given by the largest N for which
lenae™| < fen—1xN 1.

Resummation methods such as Padé**! and Borel resumma-
tion' can produce estimates for F(x) beyond superasymptotics.
In the case of simple idealized systems where detailed knowl-
edge of the analytic structure of F(x) is available, Borel methods
can yield approximants that converge to the exact F(x) for
N — 0.8 However, for realistic systems, standard resumma-
tion methods generally fail to give access to the regime of strong
coupling, in particular, if only a few of the perturbation coeffi-
cients are available.

Experimental or computational methods provide access to the
behavior of F(x) at strong coupling, yielding information on the

© 2021 Wiley-VCH GmbH
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limit F(x — —o0) = £ as well as the leading coefficients d in
the strong-coupling expansion (SCE)

M
R =74 Y % open) @
k=1

Weak-to-strong-coupling extrapolants can then be defined
as classes of functions Fy(x) that reproduce the perturbation
series to order N and incorporate additional strong-coupling
information—where the latter, in general, will come with numer-
ical uncertainties. This defines the constrained extrapolation problem
(CEP). Formally, the goal of the CEP is to find approximants
Fy(x) that converge rapidly and smoothly to the correct F(x)
as N — oo. In practice, Fy(x) should be well converged already
at low orders, because typical knowledge of the perturbation
series is restricted to a low truncation order N <4 —6 (see,
e.g., refs. [9-12]).

In this article, we consider the CEP for an unpolarized gas
of spin-1/2 fermions interacting via short-range interactions,
which are characterized by the s-wave scattering length a, at
low energies. The zero-temperature properties of the system
are then determined by the single variable x = kga,, where kg
is the Fermi momentum of the system. In this way, the dilute
Fermi gas constitutes a prime example of low-energy universal-
ity, with relevance to a variety of systems, in particular, ultracold
atoms!"**) and neutron matter.!"*'% The weak-coupling expan-
sion of the ground-state energy F = E/E, was recently calculated
to fourth order:**°

10 44 —8In2

o = (9”, S1z+0.0303089(0), — 0.0708(1), ) (3)
where the “(0)” after the seventh digit of the third-order
coefficient means that its numerical error is smaller than
5 x 1078, (We note that in our previous paper,*” there is a
typo in the seventh digit of ¢;; ie., Equation (3) of
ref. [21] should say ¢; = 0.0303089(0) not ¢; = 0.0303088(0)).
Notably, for spins higher than 1/2, both logarithmic terms
~ x"2*1In |x| and multi-fermion couplings are present in the
perturbation series."” The extrapolation problem is then much
more intricate in that case, in particular, because more and more
multi-fermion parameters appear at higher orders (the complete
perturbation series has an infinite number of them). Therefore,
in this article, we consider only the spin-1/2 case with the single
parameter a,. The perturbation series is then analytic in
x = kgag.

The strong-coupling regime of the dilute Fermi gas has been
the focus of many experimental and theoretical studies in the
past two decades.**! Here, the salient feature at zero tempera-
ture is the BCS-BEC crossover from large negative to large
positive ay, where the point with infinite scattering length
(i-e., 1/as = 0) is referred to as the unitary limit. By dimensional
analysis, the energy of the unitary Fermi gas is given by
E(kg) = EEy(kp), where £ is called the Bertsch parameter.

Regarding the CEP, what is relevant is not the functional
form of the kg dependence at 1/a, = 0, but only that ¢ is the
leading term in the SCE (Equation (2)). The Bertsch parameter
has been determined experimentally with ultracold atoms as
£=0.376(4)* and from quantum Monte Carlo (QMC)
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simulations as & = 0.372(5).*) Furthermore, QMC provides
estimates for the leading two strong-coupling coefficients d;
and d,, d; =~ —0.9 and d, = —0.8, with d; known more pre-
cisely®* (see also Navon et all*®)). Such a situation is typical
of many physics problems, because, often, only limited data
are available in the nonperturbative region.

This article is organized as follows. First, in Section 2, we
apply (two-point) Padé approximants to the CEP for the dilute
Fermi gas. We find that Padé does not yield satisfactory results
for the CEP; in particular, several of them give flawed approxim-
ants with poles in the BCS region. In Section 3, we then examine
Borel methods. We find that these methods also have severe defi-
ciencies regarding our goal of producing well-converged classes
of constrained extrapolants. Next, in Section 4, we study maxi-
mum-entropy (MaxEnt) extrapolation,’?®*”! which is a modifica-
tion of Borel extrapolation that allows the definition of a larger
class of approximant functions. It has been demonstrated that in
certain cases, MaxEnt can outperform both Borel and Padé meth-
0ds,?*?”1 and we examine one such case, the harmonic oscillator
with an octic term. However, we show that, to be applicable to the
dilute Fermi gas, MaxEnt requires extensive elaborations that
render it impractical in that case.

After these unsuccessful explorations, in Section 5, we then
introduce order-dependent-mapping extrapolation (ODME) as
a straightforward and very flexible method for the CEP. The
ODME method, which was developed in our previous study,*"
improves on the order-dependent-mapping (ODM) approach
invented by Seznec and Zinn-Justin®® (see also Yukalov?*")
and builds in information on the leading strong-coupling coef-
ficients—d; and d, in this case. We review the connection of
the original ODM to optimized perturbation theory (PT) and dis-
cuss the principles used in previous work to select the parameter
a of the mapping. We then explain why, in the CEP, strong-cou-
pling information provides a physics-guided way to choose a and
show that the ODME leads to well-converged approximants for
the ground-state energy of the dilute Fermi gas. The ODME solu-
tion to the CEP for the dilute Fermi gas compares well with QMC
results throughout the BCS regime and beyond. Finally,
Section 6 offers a summary and avenues for future work.

Some of these results already appeared in our previous
study,”?" but, here, we provide additional discussions of them,
as well as detailed comparisons to the Borel and MaxEnt
methods.

2. Padé Approximants

“It’s a dangerous business, Frodo,
extrapolation. You step out of the
perturbative regime, and if you don’t keep
your analytic structure, there’s no
knowing where you might be swept off to.”

Padé extrapolation works by fixing the coefficients of a rational
function Padé[n, m](x), such that its Maclaurin series matches
the perturbation series to order N =n+ m. Here, n is the
degree of the polynomial in the numerator, m is the denomi-
nator degree, and the Padé approximant is normalized to
Padé[n,m](0) =1 in our case. Two-point Padé is the

© 2021 Wiley-VCH GmbH
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generalization of this approach to the CEP: the Padé coefficients
are matched to both the perturbation series and the SCE up to
specified orders N and M. According to the definition of the CEP
in our previous study,”’! M remains fixed for each N. N and M
are related to the degrees of the polynomials in the Padé accord-
ing to N+ M =n+m — 2. As the Bertsch parameter is finite
and nonzero, we are restricted to “diagonal Padé” with n = m,
that is

1+ El’::l akxk

Padé[n, m = n|(x) = T30 bt
k=1

“)

For diagonal Padé N+ M =2n—2 is even, so a further
impediment is that they are applicable to the CEP only for even
or odd truncation orders, respectively (depending on M).
Moreover, a general problem with Padé approximants is that they
can have spurious poles in the region of interest. A simple
example is given in the book by Bender and Orszag® the
Padé[N,1] approximant for the function y(x) = (x+ 10)/

x—0 . .
(1—x%)"= YN a,x"is given by

Zax—i—

This has a simple pole at x = 1/10 if N is even, and this fea-
ture is absent in the exact y(x).

In Figure 1, we show the results for the ground-state energy
F(x) of the dilute Fermi gas obtained from diagonal Padé approx-
imants matched to &, d; and d,, and N = 2, 4 perturbation coef-
ficients. In addition, we also show results obtained from the
truncated perturbation series and the truncated SCE, as well
as results from QMC computations."® One sees that the pertur-
bation series provides well-converged results for |x| < 0.5"% and
diverges strongly for |x|>1. The behavior of the SCE is similar;
ie, it is well converged for |1/x|<0.5 only. Regarding

an_ 1xN 1

Padé[N, 1)(x Ty

©)

the N=2,4 two-point Padé, “2pt— Padé[2,2]” and
“2pt — Padé[3,3],” at weak coupling, they both improve upon
1 T T
09 k
(=1
&5
~
M NN e
L ¢ QMC 4
08~ Spt-Padé2.2) N ¢
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----- PT[2] 4
.......... PT[4] .,
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the perturbative approximants: for |x| < 1 they are close to each
other and near the QMC results, with the higher-order Padé
more accurate. The low-order (N = 2) Padé actually provides rea-
sonably good results throughout the BCS region; i.e., it is not too
far off the QMC data for 1/x < 0. Eventually though, there is a
spurious pole at 1/x = 0.27, so in the BEC region, it fails to pro-
vide viable results already for small positive 1/x. The N =4
Padé, on the other hand, has a pole at negative real coupling
(at x = —1.49), and as shown in Figure 1, this leads to a signifi-
cantly impaired extrapolation. We note that the n = 3 two-point
Padé constructed to match &, d, d,, and three perturbation coef-
ficients has also a pole at negative real coupling, at x ~ —0.17.
Because of these defects in the analytic structure, we conclude
that the two-point Padé approximants are not suitable for the
CEP of the dilute Fermi gas.

3. Borel Extrapolation Methods

“Long years ago, in the last years of the
nineteenth century, Mathematicians
forged resummation methods of great
power.”

3.1. General Discussion

Compared with Padé approximants, Borel extrapolation repre-
sents a more sophisticated framework that allows the construction
of approximants that explicitly consider the large-order behavior of
the perturbation series. The starting point of the Borel methods is
the Borel(-Leroy) transformed perturbation series

t

~>0 k
B(t 1+27k+1+ﬂ0) (6)

where the standard Borel transform corresponds to f, = 0. In
contrast to the perturbation series, the Borel transformed series

(=]
- i
~
e8]
0.68 1 I:
0.2F -
0.67} ERE
0.66 F 11
OF 1 1 \\-
=051 /=05 049 ¢ . \
-2 -1.5 -1 -0.5 0
-1
(kFas)

Figure 1. Two-point Padé approximants for the ground-state energy F(x) of the dilute Fermi gas; see text for details. The left plot shows the weak-to-
intermediate coupling BCS regime of F(x) as a function of x = kga,, whereas the right plot shows F(x) as a function of 1/x = (kgas)~" throughout the
BCS-BEC crossover. In each plot, we also show the truncated PT series PT[N] for N = 2,4, and in the right plot, also the SCE truncated at the second

order (M

= 2). In both cases, we also show results from QMC computations.I"®! (The errors of the QMC data are estimated as specified in ref. [21]). The

inset in the right plot magnifies the behavior at the intermediate coupling x = —2.
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has a finite convergence radius. That is, the large-order behavior
6 AT (k + 1+ ) (7)

together with the choice of 8y, determines the nature of the lead-
ing singularity of B(t) at t = 1/a; see refs. [8,9,11].

Borel resummation corresponds to constructing F(x) in terms
of the inverse Borel transform B(x) of the analytic continuation
B(t) of the Borel transformed perturbation series

B(x) = /) " dteth B(tx) (8)

In the so-called “Borel nonsummable case” where B(tx) has
poles on the positive real axis, one can shift the integration path
infinitesimally off the real axis. In this case, the approximant for
F(x) may be taken as the real part of B(x), a prescription that
often gives the correct result.>®?*3% The detailed study of the
analytic properties of the Borel transform and the Borel nonsum-
mable case are the subject of resurgence theory.l*'*%

In the realistic case where the perturbation series is known
only to a certain order N, the goal is to construct approximants
By(x) for F(x) via the inverse Borel transform of approximants
By(t) for B(t). There are three basic methods for that (As
discussed, in each of these three methods, we incorporate the
unitary limit F(—oo) = £. We note that in the weak-to-interme-
diate coupling region (i.e., for |x| < 1), the “unconstrained” Borel
methods give results that are similar to the ones obtained from
the “constrained” Borel methods.): 1) Padé-Borel: matching of
Padé approximants to the Borel transform of the truncated per-
turbation series; 2) conformal-Borel (CB): truncated re-expansion
of the Borel transform series in terms of a conformal mapping
w(t) that is chosen based on the analytic properties of B(t); and
3) Padé-conformal-Borel (PCB): matching of Padé approximants
to the conformally re-expanded Borel series. In the CB and PCB
cases, this corresponds to the methods we denoted as CCB and
PCCB in our previous study,**! where the additional “C” stands
for “constrained.”

For each of these, to incorporate the correct unitary limit
By(—o0) = ¢, we introduce a rescaled version of F(x) that
approaches 0 as x — —o©

©)

The implementation of further strong-coupling constraints is
less straightforward and not considered here. A study of this
problem can be found in ref. [33], where it was found that
two-point Padé-Borel approximants do not improve upon two-
point Padé.

In Padé-Borel, incorporating the unitary limit f(—o0) =0
requires that off-diagonal Padé[n,m] approximants with
m > n are used. Padé-Borel, in contrast to the conformal meth-
ods CB and PCB, makes no use of analytic properties of f(x).
In CB and PCB, the principal analytic information determining
the choice of the conformal mapping w(t) is the large-order
behavior of the perturbation series, specifically the coefficient
a in Equation (7). That is, given knowledge of a, one chooses the

mapping
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_Vl—at—1
YO = e (10)

that maps the cut Borel t-plane to the interior of the unit disc.>'"
The conformal re-expansion of the Borel series is then con-
structed as

N

By(t) = (1= w(®)" ) sw(r)]*

k=0

(11)

where the prefactor ensures the correct unitary limit
By(—o) =0. The exponent n of the prefactor in
Equation (11) is chosen, such that the known analytic structure
at infinity is best reproduced. As the SCE (Equation (2)) has no
fractional powers of 1/x, we set # = 1. The coefficients s, are
given by

k
Sp = ﬁ Z Cn]’n,m(o)

(12)
n, m=0
with
_ 0" ew))”
Vn,m(t) - W () (13)

The conformal transformation (10) yields a function that has a
square-root branch point at t = 1/a. A refinement of CB resum-
mation (compared with the standard choice f, = 0) corresponds
to setting By = f + 3/2; since then, the exact Borel transform has
the same feature.”)

3.2. Application to Dilute Fermi Gas

The large-order behavior of the perturbation series of the dilute
Fermi gas is not known at present. The basic idea is that the
(leading) large-order behavior should be determined by
(dominant) nonperturbative properties of the system—that
would be pairing effects in this case of the dilute Fermi gas.
Based on their results for the dilute Fermi gas in 1D,1%**
Marino and Reis recently conjectured that a = —1/7 and
f = 0 for the 3D Fermi gas.>” This conjecture is also motivated
by their finding that the subset of ladder diagrams gives
a = —1/(2xn), whereas the subset of particle-particle ladders
yields a = —1/(4x).2”

The results from different Borel approximants for the ground-
state energy F(x) of the dilute Fermi gas are shown in Figure 2.
Regarding the two choices for the parameter f, in the Borel
transform (Equation (6)) considered earlier, for Padé-Borel,
we use the standard choice f, = 0, whereas for CB and PCB,
we use the refined choice fy = f+ 3/2 = 3/2. In each case, this
yields results that are closer to the central QMC points. (Note that
the refined choice is motivated only for CB and PCB but not for
Padé-Borel.) Furthermore, in contrast to the case of Padé approx-
imants, no simple analytic continuation into the BEC region is
available for Borel approximants.

Regarding Padé-Borel[n, m] approximants matched to the
rescaled function f(x), in the upper row of Figure 2, we show
the results obtained for [n,m] € {[0,1],[0,2],[1,2],[1,3]},
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Figure 2. Different Borel approximants for the ground-state energy F(x) of the dilute Fermi gas; see text for details. As in Figure 1, the two plots in each
row show different parts of the BCS regime. In the strong-coupling plot (right-hand side), we cut out most of the BEC regions, because Borel approx-
imants cannot easily be continued beyond the unitary limit. The first row shows various Padé—Borel approximants with 8, = 0, whereas the subsequent
two rows display results obtained from the CB and PCB methods with f, = 3/2. As in Figure 1, we also show PT, the SCE, and the QMC results.

corresponding to input from the first N € {1, 2, 3,4} perturba-
tive coefficients. One sees that at weak-to-intermediate coupling,
the results from the N = 2, 3,4 Padé-Borel are within the QMC
errors, The N = 3, 4 results are within the QMC errors through-
out the entire BCS regime. For |x| < 1.5, the N = 2 results are
closest to the central QMC points, whereas for larger |x|, the
N = 4 ones perform better.
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The results from the CB[N] and PCB[N] approximants, shown
in the middle and lower row of Figure 2, are notably different.
(In the PCB case, we use the standard [n, n] and [n, n + 1] Padé
for even and odd N, respectively.) At low |x| < 1.5, the CB results
that come closest to the central QMC points are those obtained
for N = 1, followed by N = 3 and N = 4. In the strong-coupling
regime, all CB approximants deviate substantially from the QMC
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data at some point. As the correct unitary limit is enforced, this
behavior is accompanied by local extrema. In the PCB case,
for |x| £ 1.5, the results improve with increasing N, with the
N = 3,4 ones consistent with the QMC data. However, at larger
|x|, only the N = 3 PCB stays within the QMC error bars.

Altogether, we find that among the Borel methods, only
Padé-Borel approximants give good results in the BCS region.
However, no simple analytic continuation into the BEC region
and no straightforward way to incorporate strong-coupling
information beyond the unitary limit are available for them.
Furthermore, we note that although Padé-Borel approximants
perform reasonably well for the dilute Fermi gas, in other cases,
such as the 0D model and the 1D Fermi gas considered in our
previous study,’?" they do not give accurate results at strong cou-
pling (see Figure A1l and A2 of ref. [21]). (To be precise, in ref. [21]
we used the standard [n, n 4 1] (for odd N) and [n, n] (for even N)
Padé for Padé—Borel, whereas, here, we use [n, n + 1] (for odd N)
and [n, n+ 2] Padé. For the 0D and 1D cases considered in ref.
[21], the [n,n + 2] Padé-Borel approximants improve upon the
[n,n] ones only near the strong-coupling limit.) Therefore, we
conclude that the Borel methods are only of limited suitability
for this CEP.

4. MaxEnt Extrapolation

“Fermi gas drowns out all but the
brightest extrapolations.”

4.1. Setup

MaxEnt extrapolation?®?”**! may be seen as a generalization of
Borel extrapolation. That is, instead of Equation (8), we consider
approximants f y(x) for f(x) of Equation (9) of the more general
form

Fule) = [ dp(o(ox) 14
where the density p(z) is semipositive in the domain D,
ie., p(z) 20 for z€ D. As we consider the rescaled function
f(x) given by Equation (9), the kernel K(x) should satisfy
K(—o0) = 0. Given a choice of the kernel K(x) and the domain
D, the approximant f y(x) is then required to reproduce the first
N terms of the perturbation series of F(x). This means that one
needs to solve the (finite) moment problem
vne {0, ...,N}: / dip(t)t" = p, (15)

D

where the moments are given by p, =c,/K,, with K, the
Maclaurin coefficients of K(x). Without loss of generality, we
may choose a function K(x) that has K, =1, so as F(x)
(or f(x)) have ¢y = 1, we may assume py = 1.

The moment problem (Equation (15)) is solvable only in cer-
tain cases, as discussed in the following. However, even if it is
solvable, the moment conditions do not determine the density
p(t) uniquely. The MaxEnt idea is to pick the most likely solution
for p(t). This means that as an additional condition on p(t), we
require that the entropy functional S[p] given by
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Slp) =~ [ dtp(t)Inio(e) (16)

is maximized.?®*”) Via the method of Lagrange multipliers, the
moment problem and §S/8p =0 can be combined into the
condition

5wl _ g (17)

op

with

Snlp] = Slpl + nZN;ﬂn (A dep(t)" — ,"‘n)

The (formal) solution of Equation (17) is readily found as

pult) = exp( - nﬁgﬂntn)

where the Lagrange multipliers 4, are determined by the solution
of the moment problem with py(t) substituted for p(t), that is

N
Vne{0,...,N}: dtexp| — Ant™ |t =,
Oy [ aresp > Je=

The problem of solving these N + 1 nonlinear equations can
be formulated as a minimization problem.*® That is, we define
the “effective potential” I'(4;, ..., 4y) as

(18)

(19)

(20)

N
F=nZ+> ph (1)
n=1
where
Z= / dte 2ot (22)
D

From Equation (20) together with py =1, it follows that
Z = ¢~; ie., 1y is determined by {4, ..., Ay }. Stationary points
of I obey the moment conditions, and I can be shown to be con-
vex everywhere.l*®! Thus, given that I" has a local minimum, this
unique minimum vyields the set {4, ...,Ay} that solves the
MaxEnt moment problem, Equation (20).

4.2. Moment Conditions

Here, we discuss the necessary and sufficient conditions for the
existence of a (unique) solution to the MaxEnt moment problem.
We consider a compact domain D = [a, b], so Equation (15) is the
finite (i.e., N is finite) Hausdorff moment problem.*” We refer
to Equation (20) as the (finite) Hausdorff MaxEnt moment prob-
lem. The case where D = [a, o] is known as the Stieltjes moment
problem and D = [—o0, 0] corresponds to the Hamburger
moment problem. Notably, the Stieltjes moment conditions!***!
deviate from the b — oo limit of the Hausdorff conditions dis-
cussed as follows. However, since in the Stieltjes case it is
p(t) — 0 for t — oo, for practical applications we can assume
a compact domain.
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The Hausdorff moment problem can be rescaled to the canon-
ical form

vne {0, ...,N}: /0 AL = o, (23)

Here, the scaled moments w, are obtained iteratively from the
N + 1 linear equations

vne {0, ..., N}: i(g)(b—a)kwka”*k = u, (24)
k=0

The original density p(t) is obtained from the scaled density
p(&) using the affine transformation that relates t and ¢

o0 =52 (=2

As shown in the book by Akhiezer®” (p. 74), the necessary and
sufficient condition for the existence of a unique solution to the
finite Hausdorff moment problem is that the eigenvalues of the
matrices

(25)

(26)
R=(0ij = ®iji1)ig im0, m
for odd N =2m + 1 and
Q. = (wiﬂ)i:o ,,,,, m, j=0,...,m’ (27)

for even N =2m are nonnegative. For N € {1,2,3}, this
(together with 0 < @, < w, < 1) yields the following conditions
on the scaled moments w,

N=1: 0<w <1 (28)

N=2: 0€o?<wo,<w; <1 (29)

2
®
N=3: 0<S2<os<m<w; <1 A w? — w1 (w0, + w3)
oy (30)

— (1 =) +w3<0

Mead and Papanicolaou®® proved that the existence condi-
tions for the infinite Hausdorff moment problem (i.e., complete
monotonicity of the sequence {w,}, n € {1, ..., }) guarantee
the existence of a unique solution of the associated infinite
Hausdorff MaxEnt moment problem. Their proof can be trivially
adapted to prove that the existence conditions for the finite
Hausdorff moment problem are also sufficient for the existence
of a unique solution of the finite Hausdorff MaxEnt problem.

4.3. Application to Octic Oscillator

Before we investigate the requirements on the kernel K(x) and
the domain D = [a, b] imposed by the Hausdorff moment con-
ditions for the dilute Fermi gas, following refs. [26,27], we first
study a different system where these conditions are easily
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satisfied: the harmonic oscillator with an octic term, which we
refer to as the octic oscillator.
The octic oscillator is defined by the Hamiltonian

H=p*/2+x*/2 +gx* (31)

where [x, p| = i. Following Bender et al.,*® we write the ground-
state energy as E(g) = 1/2 + 105gf (g)/16, where f(g) — 0 and
E(g) — oo for g — 0. The weak-coupling perturbation series of

f(g) reads

N
F@F"1+ > agh + oM (32)

k=1

The leading perturbation coefficients are given by

c ( 643 3824275 242134255883 8050560668350165
L= —— _

27 8 128 ’ 512 ’
973733659602733224723
4096 T
(33)
and their large-order behavior is of the form*®!
0 SRk 1126k (3k)! (34)

It can be shown that f(g) is a generalized Stieljes function./*®!
That is, f(g) can be written as

© . pt)
= dt 35
s = ["afh )
so the perturbation coefficients can be represented as
G = /  dp(tyr? (36)
0

Because of the rapid growth of the perturbation coefficients
with k, the density p(t) is not uniquely determined.?®
However, Equation (36) implies that the (Stieltjes) MaxEnt
moment problem with kernel Ky(g) =1/(1+g) does have a
unique solution (for each N). Thus, we consider MaxEnt approx-
imants fy(g) for f(g) of the form

Frle) = [ dte Tt kg (7)
where the kernel

1
Ko(g) = Tig (38)

associated with Equation (35). This corresponds to the original
kernel choice by Bender et al. in their pioneering study of the
MaxEnt extrapolation technique.”® An improved kernel that
incorporates the leading strong-coupling behavior!*?

g—00

~ g—4/5

flg

was considered by Drabold and Jones,”?”! that is

39)
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Table 1. Results from MaxEnt and Padé approximants for the inverse of
the octic oscillator function f(g) are compared with the exact 1/f(g) for
different perturbation orders N and g € {0.001,0.01,0.1,0.5,1,10}. The
exact results are taken from refs. [26,42,62].

Method N g=1/1000 g=1/100 g=1/10 g=1/2 g=1 g=10
Exact - 1.21 2.04 5.46 13.37 2046 9498
MaxEnt [Kp] 1 1.25 2.49 8.47 2420 39.18 209.9
MaxEnt [Kp] 2 1.24 2.41 8.02 2243 36.75 195.9
MaxEnt [Kp] 3 1.22 2.25 7.14 19.83  31.83 167.6
MaxEnt [Ko] 1 1.26 2.68 10.66 3543  61.65 4286
MaxEnt [Ko] 2 1.25 2.57 9.94 3268 56.68 391.1
MaxEnt [Ko] 3 1.22 237 8.61 27.58 47.44 3218
Padé 1 1.32 4.22 33.16 161.9 3225 3216
Padé 3 1.24 3.37 24.49 118.4 2357 2348
Padé 5 1.23 3.08 21.49 103.3  205.5 2046
Padé 7 1.23 2.94 19.92 95.4 189.8 1888
Padé 9 1.22 2.85 18.95 90.5 179.9 1789
K = ! 40

pj(g) = W (40)

In Table 1, we compared the low-order MaxEnt results
obtained from these two kernel choices to exact results. Also
shown are the results from Padé[n,n + 1] approximants. Note
that although E(g) is a Stieltjes function, as ¢, grows more rapidly
than (2k)!, the Padé approximants are not guaranteed to converge
to the correct answer.*®! One sees that the improved kernel of
Drabold and Jones Kp;(g) gives better results than the kernel
of Bender et al., Ky(g). For both kernels, MaxEnt performs
significantly better than Padé approximants.

4.4. Impracticality for Dilute Fermi Gas

We now consider the application of the MaxEnt extrapolation
technique for the CEP of the dilute Fermi gas, i.e., for the
rescaled function f(x) given by Equation (9). In terms of the
unscaled moments, the N € {1,2} Hausdorff conditions
(Equation (28) and (29)) read

N=1: ag<u;  <b (41)

N=2: a><p? <p; <pr1(b+a) — ba< b? (42)

For the simplest kernel choice analogous to Equation (38),
K(x) =1/(1 — x), the condition p2 <y, yields ¢ <cy(1—§),
which is not satisfied for ¢; =~ 0.3537, ¢, =~ 0.1855, and
£ ~ 0.376. Thus, there exists no domain D, such that MaxEnt
with the kernel K(x) =1/(1 —x) is applicable for the dilute
Fermi gas for N>2.

A kernel for which the N = 2 MaxEnt moment problem can be
made solvable is given by

1,
S l-ax 1-px?

K(x) (43)
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For this kernel, there exists a range for a and f as well as
a and b for which Equation (42) is satisfied. However, the
N>=3 conditions are still violated. To amend this, one
may, for N=3, add (e.g.,) a term AK3(x)=1/(1—y%?) to
K(x), for N=4, then (eg.,) an additional term
AK,(x) = 1/(1 + 6x*), and so on.

Then, there are two possibilities to construct a sequence
of MaxEnt approximants f,_,  \(x) for a given truncation
order N, ie., 1) one chooses K(x), such that the order
N conditions are satisfied; and 2) one uses a “kernel scheme”
where for each subsequent N, a different (i.e., extended) kernel
is used.

These two methods are, however, not very useful for the
dilute-Fermi-gas CEP. In both, the kernel parameter space
increases dimensionally with N or N'. A given sequence of
MaxEnt approximants corresponds to a particular trajectory in
this parameter space. The dimensional increase in the parameter
space with N or N’ then makes it very difficult to identify
approximant sequences with good convergence properties.
We, therefore, conclude that MaxEnt is not suitable for the
dilute-Fermi-gas CEP.

5. Order-Dependent Mapping Extrapolation

“One extrapolation to rule them all.”

In this section, we discuss the ODME method developed in
our previous study.”’ We start by introducing a 0D model
problem in Section 5.1. Therefore, we show how the (bare) per-
turbation series for the 0D model can be improved using an
order-dependent expansion point. Subsequently, we show that
this improvement can be reformulated as an order-dependent
re-expansion of the bare perturbation series, corresponding to
the “method of order-dependent mappings (ODMs)” introduced
by Seznec and Zinn-Justin.”® In Section 5.2, we then state the
general formulation of ODM and prove that, for the 0D model, it
converges to the exact solution. Next, in Section 5.2, we introduce
ODME and show that it provides a significant improvement over
ODM. Finally, in Section 5.4, we discuss the application of
ODME to the dilute-Fermi-gas CEP.

5.1. From Optimized PT to ODM

5.1.1. Bare Perturbation Series

As in our previous study,*" we consider the partition function of

the OD ¢* theory (see also Zinn-Justin!?)

2(g) = = [~ dpeeee (+4)

This is, of course, just an integral, whose value depends on the
coupling g. We refer to it as the “OD model.” Its perturbative
approximants are given by
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© k=0
=" (v.g) (45)
N - N
with h
6= (1) g b= = (4= ) ()

As shown in the first block of Table 2, the low-order pertur-
bative approximants are very precise for g < 0.01, but for g>0.1,
they diverge strongly from the exact result.

The divergent behavior of the perturbative approximants can
be understood by comparing their integral representation with
that of the exact partition function. The exact integrand
¢ %" ~8" decays smoothly with ¢. The perturbative integrands

210 (¢, g), on the other hand, have large tails with local extrema
that grow with g and N; see Pernice and Oleaga.*’!

5.1.2. Optimized Perturbation Series

There is a straightforward way to fix this deficiency of the per-
turbative integrands: one constructs an “optimized perturbation

Table 2. Logarithmic errors In[Zy(g) — Z(g)]/In[10] of different
approximants Zy(g) for the partition function of the OD model
(Equation (44)) for orders N=1,2,3,4,5 and g € {0.01,0.1,1.0,10}.
See text for details.

Method g N=1 N=2 N=3 N =4 N=5
PT(1=0) 0.01 -3.52 —4.62 —5.54 -6.35 -7.06
PT(1=0) 0.1 -1.7 -1.88 -1.86 -1.72 —1.47
PT(1=0) 1 —-0.28 +0.44 +1.39 +2.49 +3.70
PT(2=0) 10 +0.85 +2.51 +4.43 +6.51 +8.72
PT(2 = VN) 0.01 —3.93 —5.12 —6.12 -7.01 —~7.79
PT(A = VN) 0.1 -2.3 —2.81 —-3.07 -3.22 —-3.29

PT(A = VN) 1 —1.64 —2.25 —2.64 -3.20 —3.53
PT(2 = VN) 10 —-0.82 —0.94 —1.04 -1.14 -1.22
ODM(a = 1/N) 0.01 —3.80 -5.19 —6.42 ~7.53 ~8.57
ODM(a = 1/N) 0.1 —2.13 —2.80 —-3.34 —-3.83 —4.27
ODM(a = 1/N) 1 —-1.21 -1.61 -1.89 -2.16 -2.39
ODM(a = 1/N) 10 -1.02 —1.34 —1.55 -1.75 -1.92
ODM(FAQ) 0.01 -3.94 —5.31 —6.40 -7.32 —8.89
ODM (FAC) 0.1 -2.32 -2.99 —3.45 —3.81 —4.85
ODM (FAC) 1 -1.50 -1.95 ~2.25 —2.49 ~3.23
ODM (FAC) 10 -1.36 -1.75 —-2.01 —-2.22 ~2.85
ODME 0.01 —4.14 -5.36 —6.98 —8.04 -9.37
ODME 0.1 —2.64 -3.19 -4.23 —4.73 —5.53
ODME 1 -2.20 -2.58 -3.32 —3.68 -4.26
ODME 10 —~2.54 —-2.88 -3.51 -3.83 —4.33
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series” where the unperturbed partition function has as inte-
grand e~ (1+¢)¢" This gives

1 [ -
Z;T(l) (g) _ ﬁ/ d§067<1+g/{ wZZ g(/’ + g/VP ) (47)
- k=0

__PT(2)
=zy “(p.8)

By having the parameter 1 depend suitably on the truncation
order N, the tails of the perturbative integrands can be removed,
leading to an expansion whose convergence is improved over that
of the bare perturbation series. We note that this method, which
we denote by “optimized perturbation series,” is often referred to
as the “linear delta expansion” in the literature.**>*! Also, note
that the optimized perturbation series is similar to PT with an
order-dependent reference Hamiltonian.**!

One can choose A(N), such that the optimized perturbation
series converges for all values of g. As shown by Guida
et al,*® this requires that A(N )NHNNV/Z, with l<y < 2. (For

y =1, the convergence condition is A(N )NHWNV/ 2/C, with
C < Cqi, where C.y ~1.1167.) In the second block of
Table 2, we show results for the choice A(N) = v/N. One sees that
the optimized perturbation series indeed shows convergent behav-
ior even for large values of g. Furthermore, it is more accurate than
the bare perturbation series also at small g where both give good
results.

5.1.3. Method of ODMs

The construction of the optimized perturbation series in this way
may face technical difficulties in more complicated problems. To
address this, following Seznec and Zinn-Justin,?®! we now refor-
mulate the optimized perturbation series for the 0D model, such
that the bare perturbation series is used directly as input; i.e., no
new path integrals have to be evaluated. We first define two new
parameters o and w as follows

1 Vo —dag —a (48)

= , W=
A+ gk a? —4dag +a

Substituting these new parameters into the optimized series,
we find

N . 1 X
Tg) = viwy w do—=e * (o' — o)
k=0 J-%®

=h(a)

(“49)

Z™"(g)

which corresponds to the “method of ODMs”. As discussed
further in Section 5.2, ODM corresponds to a truncated
re-expansion (modulo a suitable prefactor) of the bare perturba-
tion series.

While for the 0D model, ODM and the optimized perturbation
series appear to be equivalent, there is a difference: in the ODM,
itis @ and not 4 that is fixed at each truncation order N. (Note that
the relation between a and A depends on g; see Equation (48).)
This difference between ODM and the optimized series is shown
in Table 2, where in the third block, we show the results obtained
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from ODM with a(N) = 1/N. This corresponds to A(N) = v'N
only in the limit N — oo but not at finite N. One sees that while
the overall trend of the results is similar, for N = 3-5, the ODM
method is slightly more precise than the optimized perturbation
series both at small and large values g. However, at intermediate
couplings near g =1, the optimized perturbation series per-
forms better.

5.2. ODM with FAC

For a function F(x) with weak-coupling expansion and SCE of
the form of Equation (1) and (2), respectively, the ODM approx-
imants for the rescaled function F(x) of Equation (9) are given by
(with x now instead of g)

N
) =+ (1=l —wxa) ) h(a)wlxa) (50)
k=0

Here, w(—o0,a) = 1, so the factor (1 — w) ensures the correct
strong-coupling limit of F(x): F(co) = &. The mapping w(x; a) is
chosen such that the (truncated) SCE of Fy(x) matches
Equation (2). The coefficients hy(a) are chosen such that the
weak-coupling expansion of Fy(x) matches Equation (1) to order
N. This implies that h;(a) can be obtained by multiplying the
perturbation series of the rescaled function f(x) given by
Equation (57) by 1/(1 —w), substituting x = x(w), and then
expanding in powers of w. From this, we find

k 1 — k' n;O Cu¥n, m (51)
with
_ 0" [x(w)]"
Yrm (%) = “owm — (52)

The SCE of the 0D model is not of the form of Equation (2) but
involves fractional powers of g

& (—1)k-1 _
1/42 I( k/2 1;/4)g7k

(53)

To consider this feature, we use a prefactor v/1 — w instead of
(1 — w) and choose the mapping from Equation (48). The ODM
approximants are then those given by Equation (49). The inverse
mapping is given by

(54)

In general, the inverse mapping will not be available in a
closed form. In that case, the coefficients y,,,, can be calculated
iteratively, as detailed in the Supplementary Material of our
previous study."

Two commonly used prescriptions for choosing a(N) (or
A(N), in optimized PT) are: 1) the criterion of “fastest apparent
convergence (FAC)”?%3% that fixes a(N) such that the order N
coefficient in the re-expanded series vanishes; and 2) the “prin-
ciple of minimal sensitivity (PMS)”?*”) meaning a(N) should
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be chosen such that the ODM approximant is least sensitive
to variations of a about its chosen value.

Both FAC and PMS may lead to complex values of a(N), in
which case the resulting approximant is, for each N, defined
as the real part of underlying ODM form. (There is also a
PMS version of optimized PT (known as “variational PT”) where
the real values of A(N) are enforced; see refs. [9,58,59)).

In the original ODM by Seznec and Zinn-Justin'®®! the param-
eter a(N) is chosen by the FAC criterion, ie., by hy =0.
Adapting from refs. [28,48], we now show that Equation (49)
indeed converges to the correct result for N — o
under the FAC choice. (A more elaborate convergence proof
was provided by Guida et al.*”') From Equation (47), the FAC
criterion can be written as

/oo due No(w) —

with  u=g%/2 ¢(u) = pu+In(u? — u),
B =(gi? +1)/N. Assuming the scaling A(N)"<°v/N and

a(N) N /N, respectively, we can evaluate Equation (55) by
steepest descent. There are two saddle points, that is

ulyz—% ﬂ(li\/1+ﬁ2/4)

and hy =0 implies that ¢(u) = ¢d(u,),
B = by =~ 1.325487. From this, we obtain

(55)

and where

(56)

which leads to

boN N—oo 1

N—oo
AN —_— N — 5
()25 B8, ()= 7
From Equation (47), the remainder Ry(g) = Z(g) — Zn(g)
can be written as*”)
N / 1 —NS(z,u) (58)
2\/_ ZﬂlzN“(z -1)

where S(z,u) = pu+ pozu(u — 1) +1In(z), with u and g as
before, and 3, = gA>/N. The contour C encloses the poles at
z=0and z = 1. A steepest descent evaluation leads to

N—oo \/I odu 1 CNS(zou
Ry(g) =~ oA \/ﬁ 7€ NS(zo, u) (59)
with saddle point
1 N—oo 1
20T ol —u) bou(l—u) (60)

Finally, performing the u integral by steepest descent, one
finds (see Duncan and Jones!*® for details)
Ry(g) "~ N3N (61)
with v ~ 0.662743, corresponding to exponential (geometric)
convergence.

The results for ODM with the FAC choice of a(N) are given in
the fourth block of Table 2. As the FAC criterion hy = 0 yields
several possibilities for a(N), we need an an additional criterion:
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we choose the FAC solution with smallest hy_;. One sees that
while the convergence pattern is qualitatively similar, FAC does
yield a quantitative decrease in the errors at each order (and
at each coupling) compared with what is seen with a generic
a = 1/N choice (the third block of Table 1). We note that we have
examined ODM also with other a(N) criteria, such as different
versions of PMS, but we found that they give either worse or sim-
ilar results as FAC with smallest hy_;.

5.3. From ODM to ODME

Evidently, the choice of the criterion to fix the mapping parame-
ter a(N) plays an important part in the application of ODM. We
have seen that, for the 0D model, the FAC criterion improves
upon the simple scaling choice a(N) = 1/N. However, the
FAC (or PMS) choice appears somewhat heuristic, and it seems
plau a(N) which give better results should exist.

A second issue is that in the CEP we want to include strong-
coupling information beyond the unitary limit. One possible
method for this was proposed (for optimized PT) by
Kleinert.*” However, that method still leaves the first issue,
the choice of a(N).

The “ODME” approach introduced in our previous study
tackles these two issues at once. That is, in the ODME one fixes
a(N) by ensuring that the SCE of Fy(x) has a first-order coeffi-
cient equal to the first correction to the strong-coupling limit, i.e.,
d; of Equation (2). This again yields several possibilities for a(N);
we select the one that minimizes the difference between d, and
the corresponding coefficient of Fy(x).

The ODME results for the 0D model are shown in the fifth
block of Table 2. One sees that the ODME choice for a(N) leads
to much more precise approximants than FAC. In particular,
ODME is more precise also at very small values of g where includ-
ing additional strong-coupling information is not expected to give
improved results. Furthermore, in our previous study®!! we
showed that at low truncation orders ODME also outperforms
the SCE (which has infinite radius of convergence), even at large
g. For example, for g = 10 and N < 4 ODME is more accurate than
the SCE truncated at the same order, and even at g = 100 they
reach similar precision for N = 4. Furthermore, at g =1 the
SCE reaches a higher precision than ODME not until N>14.
Not surprisingly, in the weak-coupling regime (g < 1), the SCE
produces accurate results only for very large truncation order.

The ODME approach of our previous study?"! also makes con-
structive use of the mapping ambiguity of ODM: among the
available mappings, in ODME one selects those that give the best
converged results at low orders. As a measure for convergence,
we consider the sum of the deviations of consecutive-order
approximants

[21]

Ay =Y onlFy(x) = Fy_1(x)] (62)

x; N=2

Here, {x;} are selected points in the coupling regime of inter-
est, and M is the truncation order up to which the perturbation
series is known. The weights oy may be chosen in accord with
the principle that the deviation should be smaller at higher
orders; e.g., one may set oy = N. In the ODME, one chooses
the mappings w(x) for which the quantity A,, is smallest. We
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will make use of this criterion of low-order convergence when
we apply ODME to the dilute-Fermi-gas CEP.

5.4. Application to Dilute Fermi Gas

We now discuss the application of ODME for the 3D Fermi gas.
We consider mappings of the form

X

w(x) = —w, D)

(63)

with wy = lim,_,_ D(x; @) /x. A general form for D(x; a) consis-
tent with the SCE of the 1D and 3D Fermi gas is, for example

D(x; @) = Ky — k% + (k3o + (—x)") /¥ (64)

In principle, large sums of such terms could be used.
However, we found that to have well-converged results at low
orders, excessively complicated forms of D(x; @) are disfavored.

In our previous study,”") we examined several choices for
D(x; a). We found a number of mappings that give quite similar
results in the BCS regime. Among them, the two mappings for
which the ODME approximants are best converged have

D(x;0) =a+ Va+ x? (65)

and
D(x;a) = a+ Va* + x? (66)

Of the mappings we surveyed the quantity A,, of Equation (62)
is smallest for these two (we chose x; evenly distributed in the
BCS regime).

The results for the dilute Fermi gas CEP from these two map-
pings are shown in Figure 3. The bands correspond to the uncer-
tainties in the values d; = —0.90(5) and d, = —0.8(1). We used
the central value of the experimental result for the Bertsch
parameter, & = 0.376. For both mappings, the ODME results
are below the central (variational) QMC points, and the
ODME bands overlap with the QMC error bars for N>2.
While the first-order (N = 1) ODME results are closer to the
QMC points for the second mapping (Equation (66)), the
ODME bands are smaller for the first mapping, corresponding
to a slightly smaller A, (averaged over the d; and d, inputs).

The ODME approximants can be easily continued into the BEC
region, and as shown in Figure 3, they still give reasonably well-
converged results for BEC values of x that are not too far from the
unitary limit. For both mappings, the dependence on the strong-
coupling input in the BEC region is larger for N = 4. This may,
however, be improved also by including BEC values into A, and
by selecting sequences of ODME approximants according to their
convergence for each (£, d,, d,) input value.

With approximant sequences that have good convergence
properties in hand, we can use sequence extrapolation techni-
ques such as the Shanks transformation to obtain estimates

for N — oo results. For example, for x = —2 and the central val-
ues of d; and d, quoted earlier, the second mapping
(Equation  (66)) gives the ODME values Fy(-2)~

(0.644,0.660, 0.663, 0.665) for N = (1,2, 3,4), which approaches
the QMC value Fyc(—2) = 0.676(12). The Shanks extrapolated
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Figure 3. ODME results for the dilute Fermi gas for two different mappings. See text for details.

result is F,(—2) = 0.670, which is well within the QMC error
bar. For the first mapping (Equation (66)), we get instead
Fn(=2) ~(0.631,0.664,0.663,0.663) for N = (1,2,3,4). The
Shanks transformation gives F.(—2) ~ 0.663, which is just
below the QMC error bar. The larger values of d; generally give
results that are closer to the QMC data; e.g., for d; = 0.95, one
gets Fy(—2) ~(0.634,0.669,0.670,0.668) and F.,(—2) ~ 0.670.
Also, note that the QMC point at wunitarity is
Fomc(—o0) = 0.390(18); i.e., the experimental Bertsch parame-
ter £ = 0.376(4) lies at the lower end of the QMC error bar at
unitarity. This, perhaps, provides a hint that the exact result at
x = —2 is actually closer to the ODME results than to the central
QMC value used here.

6. Conclusion and Outlook

“Don’t adventures ever have an end? I
suppose not. Someone else always has
to carry on the story.”

Bilbo Baggins

The problem of extrapolating a perturbation series beyond the
weak-coupling regime is ubiquitous in theoretical physics. The
CEP is to find sequences of perturbation-series extrapolants that
consider limited strong-coupling information and are well con-
verged at low orders. The strong-coupling information can come
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either from experimental or from numerical simulations. In this
article, we investigated several different approaches to the CEP.
As our target problem, we focused on the constrained extrapola-
tion of the perturbation series for the ground-state energy of the
dilute Fermi gas throughout the entire BCS regime and into the
BEC regime.

First, we examined two standard extrapolation methods, Padé
and Borel resummation. We found that the results from these
methods for our target problem are deficient in significant ways.
While Padé is a straightforward approach and can implement any
number of SCE constraints, it is unreliable, because unphysical
poles can appear in the extrapolation region. The more sophisti-
cated Borel method does not produce spurious poles and reliably
improves the convergence of perturbative results in the weak-
coupling region. However, we found that for many Borel extrapo-
lants, the convergence breaks down at intermediate-to-strong
coupling (see also the previous work by Wellenhofer,
Drischler, and Schwenk®®), even if they are constrained by
strong-coupling information. Moreover, because they are based
on an integral transform, Borel extrapolants cannot be easily con-
tinued into the BEC regime.

We then turned to the more flexible MaxEnt extrapolation
technique, which can provide better results than standard resum-
mation methods in certain cases. However, its application to the
dilute Fermi gas is inhibited by the fact that the moment condi-
tions, which must be satisfied for it to be applicable, require quite
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intricate choices for the MaxEnt kernel. This renders the kernel
highly ambiguous.

Finally, we introduced the ODME method developed in our
previous study,”” building on previous work by Seznec and
Zinn-Justin.*®! Instead of matching the low-order weak-coupling
coefficients to an integral form (Borel and MaxEnt) or a fixed
functional form (Padé), this method uses a re-expansion of
the perturbation series in terms of a mapping w,(x). Strong-
coupling constraints up to second order are implemented by
adjusting the (truncation-order-dependent) mapping parameter
a(N). Extrapolation into the BEC region is as straightforward
as in the Padé case. We found that the ODME outperforms sim-
ilar methods for a 0D model, and we showed that it provides good
results for the dilute-Fermi-gas CEP. In particular, simple map-
pings already produce good results, and reasonable variations of
the mapping choice do not significantly affect the obtained
results. Overall, compared with the standard Padé and Borel
methods as well as the MaxEnt technique, ODME is more gen-
erally applicable and does not induce artifacts such as spurious
poles. Moreover, our results suggest that, already at low trunca-
tion orders, ODME often leads to well-converged results all the
way from weak to strong coupling.

The ODME method is very flexible and can be applied to
a variety of extrapolation problems. In particular, this method
can also be applied in cases where the available weak- and
strong-coupling data do not provide sufficient constraints,
but additional information at an intermediate coupling is
available. That is, by mapping the intermediate coupling point
to infinity via a conformal transformation, ODME can be used
to construct weak-to-intermediate coupling approximants,
which can then, in a second application of the ODME method,
be analytically continued to the strong-coupling regime.
An interesting target for future applications of ODME along
these lines is the construction of an equation of state of
strongly interacting matter in neutron stars that combines con-
straints from low-density nuclear physics calculations, observa-
tional constraints at higher density, and ultrahigh-density
perturbative quantum chromodynamics (see, e.g., ref. [61]).
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Realizations of Isostatic Material Frameworks

Mahdi Sadjadi, Varda F. Hagh, Mingyu Kang, Meera Sitharam, Robert Connelly,
Steven J. Gortler, Louis Theran, Miranda Holmes-Cerfon, and Michael F. Thorpe*

Dedicated to Professor David A. Drabold on the occasion of his 60th birthday

This article studies the set of equivalent realizations of isostatic frameworks
and algorithms for finding all such realizations. It is shown that an isostatic
framework has an even number of equivalent realizations that preserve edge
lengths and connectivity. The complete set of equivalent realizations for a toy
framework with pinned boundary in two dimensions is enumerated and the
impact of boundary length on the emergence of these realizations is studied.
To ameliorate the computational complexity of finding a solution to a large
multivariate quadratic system corresponding to the constraints, alternative
methods—based on constraint reduction and distance-based covering map
or Cayley parameterization of the search space—are presented. The application
of these methods is studied on atomic clusters, a model of 2D glasses and

jamming.

1. Introduction

A wide range of materials properties can be understood by
modeling them as mass-spring networks, or graphs with con-
strained edge lengths, where sites, or vertices, are interacting
via harmonic springs or edge-length constraints. Examples
include auxetic phases of matter!’! and mechanical metamateri-
als.!>* This network representation contains topological and geo-
metrical information. The topology of a network determines how
sites are connected, while its geometry determines the position
of sites and in turn other geometrical properties such as bond
lengths and angles. Both geometrical and topological properties
of networks are crucial to control its response to mechanical
deformations, which determines the rigidity of that structure.

It is, therefore, not surprising that much
research has been dedicated to tuning
materials properties by modifying the con-
nectivity and geometry of networks. Within
the context of solid-state physics, most
studies have been focused on the topologi-
cal design of networks in which bonds are
arranged such that the network response is
optimized for a given mechanical force/
load >

However, relatively less attention has
been given to the geometrical realization
of a network, i.e., the assignment of coor-
dinates to its sites in a given spatial dimen-
sion. In the study of geometric constraint
systems,””) given a graph G with edge-
length constraints, the realizations p that
satisfy those constraints are called equiva-
lent frameworks (G, p). A given graph with constrained edge
lengths can have many realizations. For example, consider
two triangles that share a common edge (four vertices and five
edges). Here, there are two realizations—one fully extended with
no edges that cross and the other folded about the common edge
shared by the two triangles. This gives a total of two realizations
which is an example of the more general case of an isostatic net-
work having an even number of realizations that is shown and
extensively used in this article.

The problem of finding network realizations has been applied
to several physical problems. The most well-known example is
the so-called “NMR problem” where pairwise distances between
atoms are found using nuclear magnetic resonance (NMR) spec-
troscopy!® and the 3D protein conformation is inferred from the
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data.””! Other examples include survey and satellite imaging,!'®

localization of sensor networks,"! and conformation control
for allostery.'>"*! As the bond lengths are assigned to specific
bonds, the problem is sometimes referred to as assigned distance
problem known to be NP-hard,™ while the problem of finding
realizations given only a list of bond lengths—that are not
assigned to specific bonds—is called the unassigned distance
problem.’!

The network representation of a material is useful for both crys-
talline and noncrystalline materials. The main difference is that
crystalline structures have only a single minimal energy conforma-
tion, while disordered systems have a rough energy landscape
with many local minima. Therefore, noncrystalline materials
can attain various conformations if such transitions are energeti-
cally accessible. In a large class, the transition corresponds to a
structural change in which atoms attain new positions, while
the connectivity (the atoms they interact with) and the bond lengths
remain unaltered, i.e., the conformations are in fact equivalent
frameworks. For example, the anomalous properties of glasses
such as silica at low temperature are attributed to the two-level
states (TLSs) in which the glass can tunnel between two conforma-
tions."*"® These conformational changes are believed to be
localized, consistent with the thermal energy available at about
1 K where the anomalous specific heat is observed. However, after
half a century of intensive research on TLSs, the geometrical real-
izations, or equivalent frameworks, of these localized modes are
still elusive. The synthesis and imaging of silica bilayers"?% in
recent years has reinvigorated open problems in physics of glasses
by unveiling a structure which follows the continuous random
model??2l and makes the actual coordinates of atoms available,
albeit in two dimensions (2D). This newly available data on 2D
glasses makes the interface between theory and experiment a
lot easier; not least because visualization is so much easier in
two dimensions.

The remainder of this article is organized as follows. We first
review the fundamental concepts in rigidity and present the the-
orem that states an isostatic network has an even number of real-
izations. Then we describe several methods to find realizations of
an isostatic graph using a toy model, using constraint reduction
and Cayley parameterization. Lastly, we apply these methods to a
series of larger networks, generated computationally or experi-
mentally, to find their realizations and discuss the physics of
transition between such states.

2. Mathematical Background

We aim to find all realizations of a network or graph with vertices
connected by edges with given edge lengths. A realization is the
assignment of coordinates to vertices such that all edges satisfy
their given lengths. A graph together with a realization is called a
framework. Frameworks that satisfy the same set of edge lengths
are called equivalent. A realization is a solution to the set of edge
length equations. Let (x;, y;) be the coordinates of vertex i in two
dimensions (2D). If vertices i and j are connected through an
edge with the length s, we can write

(% — %)%+ (y; — Yj)z =5 1)
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Every edge in the graph has a corresponding edge length
equation. This is a geometric constraint problem that has been
studied extensively from multiple perspectives, from distance
geometry, to algebraic geometry and automated geometry to
structural or combinatorial rigidity, and arises in a wide variety
of applications. We refer a reader to a recent handbook for back-
ground, perspectives, and recent work.”) An isostatic network
has the minimum number of independent constraints or equa-
tions to make the graph rigid, i.e., to ensure locally unique sol-
utions generically exist. It is this marginal state that separates
overconstrained (more constraints than necessary for minimal
rigidity) from underconstrained (fewer constraints than neces-
sary for rigidity). As mentioned earlier, in general, checking
whether a real solution exists to such a system of equations is
known to be NP-hard. This means that the source of the com-
plexity is not merely the number of solutions, which could be
exponentially many in the size of the system. In fact, even if there
were just a single solution, finding it may take exponential time.
Regardless of this complexity, it is possible to prove that a generic
isostatic framework has an even number of realizations.

This theorem is powerful as it suggests that glasses such as
silica have to have more than one realization with the same topol-
ogy (same set of edges and edge lengths). Now, note that the the-
orem guarantees the existence of such solutions, but the question
of their accessibility depends on the energy considerations. If the
rigid bars between vertices are replaced by springs, then there is
an energy barrier between the various realizations, whose mag-
nitude is relevant in physical process such as tunneling. In the
next section, we justify this theorem using a toy model and will
show how various realizations of an isostatic framework can be
found. To be more precise:?’]

Theorem 1: A finite generic isostatic framework is not globally
rigid, but has an even number of equivalent generic frameworks.
Each generic framework of the underlying graph is locally rigid.
(Equivalent generic networks have the same network topology
and bar lengths, and are infinitesimally rigid.)

Proof 1: This is essentially Theorem 5.9 from the study by
Hendrickson.”?! The evenness property is not explicitly stated
there, but is clear in the proof. Evenness is explicitly stated in
the proof of Theorem 1.14 from the study by Gortler et al.**]

However, this theorem does not provide a way to access the sol-
utions. Each realization has exactly the same number of vertices
and the same connectivity table and bond lengths; however, the
embedding of the graph is different. These configurations are
not related by rigid motions such as translation and/or rotation.
An approach can be designed using the nature of an isostatic
framework which is on the verge of instability. The number of zero
eigenvalues of the dynamical matrix of an isostatic framework is
exactly equal to the number of trivial motions (or dimension of the
null space). Any other motion has a finite cost in energy, if vertices
are connected by springs, rather than bars, which, of course, sup-
presses any continuous deformations in an isostatic system. But if
a single constraint of an isostatic framework is removed, there is
one fewer equation of the form Equation (1), so now the null space
gains one extra dimension moving along which has zero energy
cost. In fact, it can be proven that the traversal along this nontrivial
eigenvector is continuous and leads to an even number of
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realizations with the same length on the removed bar. We state the
aforementioned observations as a theorem.

Theorem 2: If a single edge is removed from a finite generic
isostatic framework, the resulting mechanism has a configura-
tion space that is a closed, continuous curve, on which there
are an even number of configurations in which the removed edge
returns to its original length.

Proof 2: See Theorems 5.8 and 5.9 in the study by
Hendrickson.!*?!

3. Trihex: A Toy Model

Glasses such as silica (SiO,) and germenia (GeO,) are considered
as a network of corner-sharing tetrahedra. Recently, silica
bilayers have been synthesized**” which are effectively a 2D
network of corner-sharing triangle.”” These triangles are formed
with oxygens at their corners. The network has rings of many
sizes, but the mean ring size is six.*! Therefore, we propose
a hexagon as a toy model: Trihex (Figure 1).

The Trihex has V=9 vertices and E=12 edges. To render
Trihex isostatic, anchored boundary condition are used and
the blue vertices are pinned (immobilized).””) The pinned verti-
ces are placed generically (not on an equilateral triangle) and all
edges initially have almost, but not exactly, the same length. The
other three vertices on the surface are removed because they do
not change the rigidity of the network as each triangle is rigid.
As the set V has six unpinned vertices, this gives a set of
2N =2 X 6 = 12 nonlinear equations for Trihex to solve using
three pinned vertices whose coordinates are fixed. It is important
to note that simple ruler and compass-based algorithms, that
classify and find equivalent frameworks when the underlying
graphs are so-called tree-decomposable or quadratically solv-
able,”®*" do not directly apply to Trihex.

4. The Single-Cut Algorithm

Theorem 2 can be directly written as a step-by-step single-cut
algorithm®?:

Start from an isostatic network, i.e., a rigid network with no
redundant edge. The number of trivial motions depends on the
imposed boundary conditions. In a system with periodic

Figure 1. The toy model, Trihex, formed by six corner-sharing triangles pro-
posed to find properties of realizations of an isostatic network. The other
three nonpinned triangles are removed because each triangle is rigid.
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boundary conditions, only rigid translations are allowed. For
anchored boundary condition, no trivial motion exists, and there
are exactly 2N equations of the form Equation (1).

Remove an edge from the isostatic network, resulting in a sys-
tem of 2N-1 equations and form its dynamical matrix. Find the
eigenvectors corresponding to zero eigenvalues (the null space).
Remove trivial motion eigenvectors to find the 1 internal degree
of freedom (dof).

Eigenvector-following: Once the nontrivial direction is identi-
fied, move all sites along that direction with a small step size. The
smaller the step size, the smaller is the error in traversing the
closed curve in configuration space, i.e., the path that the system
takes in high dimensional space. Note that this motion does not
change the edge length of any other edge. Also use the dot prod-
uct of the previous and current directions to make sure we only
move forward in the configuration space.

Compute the dynamical matrix at the new point and repeat
the aforementioned process to traverse in the configuration
space. Meanwhile monitor the distance between the two vertices
that had their connecting edge removed. If we continuously
move through this 1D path, we eventually come back to the
starting point. Once we are back to the initial point, the sum
of distances from the center of mass (as a convenient metric)
is plotted against the length of the cut edge, for each point along
the path. This gives us a closed curve projected in 2D plane
in which drawing a vertical line will identify the original
framework and its equivalent frameworks in the configuration
space.

A Python implementation of this algorithm can be found in
the RigidPy package.**'The single-cut algorithm is illustrated in
the two parts of Figure 2.

4.1. Using the Single-Cut Algorithm to Find Equivalent Sphere
Packings

We tested the ability of the single-cut algorithm to find equivalent
configurations of frameworks using a large database of known
framework embeddings which were obtained from rigid unit
sphere packings of N = 12,13 spheres.??! For N = 12, the data-
base in the study by Holmes-Cerfon*? contains 11980 distinct
unit sphere packings, of which there are 23 pairs with the same
adjacency matrix and therefore the same underlying framework
graph. We applied the single-cut algorithm to each of the
46 frameworks with multiple embeddings, breaking each single
bond in turn. For all frameworks the algorithm found the other
embedding, usually via several different single broken bonds.
For N = 13, the database contains 98529 unit sphere packings
of which there are 474 pairs with the same adjacency matrix.
We tested all the frameworks with multiple embeddings, and
found four pairs of frameworks that could not reach their other
embedding by the single-cut algorithm. Interestingly, an addi-
tional two pairs (four frameworks) each led to new frameworks
that the algorithm in the study by Holmes-Cerfon®” failed to
find. A pair of frameworks that cannot be converted to each other
via the single-cut algorithm is shown in Figure 3. These atomic
clusters are 3D and indeed Theorems 1 and 2 and the single-cut
algorithm apply in any dimension. The remaining examples in
this article are in two dimensions.
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Figure 2. (Top) A closed curve—whose points represent equivalent frame-
works or configurations of a 1-dof framework—projected on the 2D plane.
The vertical axis represents the average distance of all vertices from the
center of mass. The horizontal axis shows the distance between two ends
of the removed edge. The blue and the red asterisks denote the original
and alternative realizations, i.e., equivalent frameworks. Note that more
than 2 (but an even number) of such equivalent frameworks can be found
on a single closed curve (see section on CayMos). A vertical line, drawn at
the location of the original bond length, has two intersections with the
closed curve representing equivalent frameworks. (Bottom) The distance
of two ends of the removed edge versus iteration step by moving along the
path. The dashed horizontal line represents the original length. The aster-
isks correspond to the ones on the left.

4.2. Double Cut
To find other realizations in this system, we designed more com-

plex schemes for removing edges. For example, the single-bond
cut can be modified to cutting two bonds, while another bond is
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Figure 3. A pair of frameworks with the same underlying graph, but dis-
tinct spatial embeddings, that cannot be converted to each other via the
single-cut algorithm. The embeddings differ in the locations of vertices
2 (green), 6 (cyan), and 1 (red). By breaking a single bond and flexing,
there is no way to interchange the positions of vertices 2 and 6; more flex-
ibility is required to interconvert the embeddings.

added. We tried different ways in connecting different sites, but
our analysis shows that these more complex schemes do not find
any new realizations. We do not find new solutions in these more
complex schemes, but even more complex schemes can be imag-
ined that perhaps might do so.

4.3. An Alternative to Address Incompleteness of Single Cut

It is helpful to look at the configurations of the Trihex where the
anchored vertices are close to being a unit-length equilateral
triangle and edge lengths are larger than 1/3, and smaller than
about 1/2. Otherwise, either the configuration or framework does
not exist, or it has several self-intersections which do not seem
physically realistic. As we will see, this allows for a great variation
in the shapes of equivalent frameworks.

First, we consider the nongeneric case when the anchored tri-
angle is exactly equilateral, which leads to some flexible frame-
works, although generic frameworks of the same graph are in
fact isostatic. Subsequently, we will consider generic perturba-
tions of an anchored triangle. In Figure 4, sample equivalent
frameworks are displayed in the form of the numbers on a clock,
where each hour represents a particular configuration and there
is a natural flex of frameworks from each hour to the next, for-
ward or backward. The central hexagon in each of the flexible
configurations has the property that opposite sides are parallel.
All the dark edges have unit length. The two equivalent config-
urations in the center are rigid isostatic, and also infinitesimally
rigid configurations that have threefold rotational symmetry,
which we call threefold left and threefold right. They are not part
of the flexible cycle of configurations on the outside clock, but
they also represent realizations of the outside graph with the
same edge lengths and a connection is shown for each of these
to the particular odd hour configuration that share two of the
three triangle configurations that are the same. The change or
flex is seen by starting from the 12-o-clock configuration, and using
that the opposite sides of the hexagon are parallel it maintains that
property as it flexes. This is proved below. If you look at the path of
three edges from one vertex to the next, it is an example of a 4-bar
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Figure 4. The closed path of the flexing Trihex for the case when the pinned
vertices form and equilateral triangle shown in red. The positions of the
sample configuration are represented by an hour on a clock. The central
two threefold symmetric configurations are rigid and not part of the flex.

mechanism, and in the clock flex, each of the three 4-bar mecha-
nisms flexes their full cycle, and when the edges of the pinned tri-
angle are greater than the length of the inner edge length, the 4-bar
mechanisms consist of one connected component.

To prove that the clock mechanism works, see Figure 5.
We use the 1-o-clock position as a sample. The more general
position is very similar. We see that the vector sum A+ B+ C =
D represents the vectors of the 4-bar mechanism, where D is
the corresponding side of the regular pinned triangle. Let R
be the rotation to the right by 120°. Then RC+ RA+ RB =
R(C+ A+ B) = RD is the other side of the pinned triangle.
Applying this to other side, we can see how things close up.

We next show how this applies when the pinned triangle is
perturbed to a nonequilateral, generic triangle, while the other
unit bar lengths are fixed. The two threefold configurations
are infinitesimally rigid, and the whole framework is isostatic
with 9 vertices and 15 = 2 x 9 — 3 bars. So, it has only the 0 equi-
librium (self) stress. On the contrary, for perturbations of con-
figurations of the clock mechanism it is not so simple. Indeed,
there is an equilibrium stress that varies as the configuration

Figure 5. This labels the directed edges of mechanism for the proof that
the clock mechanism is a mechanism.
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flexes, and in a sense, the stress “blocks” some of the infinitesi-
mal and actual motions.

For a perturbation of the pinned triangle, we may assume that
one of the edges of the corresponding equilateral triangle is the
same length, and each of the other two edge lengths either
increases or decreases some small amount. If the stress on those
lengths has the same sign as the displacement of the edge
lengths, that motion is restricted. But in any case, we can start
with one of the configurations along the path of the clock mech-
anism, and then look for another realization with the same per-
turbed edge lengths of the pinned triangle. Figure 6 is an
example of that process. Then fixing the new green nonequilat-
eral base triangle, we can then find two other realizations with
unit bar lengths on the dark colored bars which are perturbations
of the left and right threefold.

When the upper left configuration is flexed 6 h, we can approx-
imate that as well to get an exact Trihex with the same triangle
base as in the upper right. Thus, we get four configurations with
the same base altogether.

The aforementioned discussion indicates that there are vari-
ous other equivalent frameworks than those obtainable by
removing an edge and flexing the resulting framework. As there
is a finite mechanism nearby, or a critical configuration nearby,
with generic equilateral triangle of boundary vertices, that can be
used as a kind of guide path, walking around the clock to find
distant realizations with the same bar lengths. The idea is to
approximate the given framework with one with the nearest time
on the clock. For example, the framework in Figure 1 is roughly
at 7-O-clock, when the clock in Figure 4 is rotated 180° to match

£ 3
£N £
AN

Figure 6. Starting with the framework in the top left, which is near the
1-o-clock flexible configuration, we perturb the starting trihexagon to
get the framework on the upper right. We then find thee others as shown.
The thin circle is to indicate that the last bar length is of unit length
because the other bar lengths are of unit length by construction.
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the position of the base triangle. In fact, that is not all. It is pos-
sible to jump to either the left or right fold rather than to walk
around the clock and use that as the approximation.

In the next section, we present a formal method that fleshes
out these ideas.

4.4. Indexing and Finding Equivalent Frameworks Using Cayley
Parameters

The methods mentioned earlier use two ideas. The first is finding
equivalent frameworks by removing one or more edges, and
exploring the configuration space of the resulting mechanism
with one or more degrees of freedom, to find other configura-
tions that satisfy the original edge lengths of the removed edges,
i.e., equivalent frameworks. The second is to classify or index the
configurations based on their “clock” position around critical
configurations.

These ideas are exploited in a formal method that has been
used in a variety of scenarios from computer-aided engineering
design to molecular modeling. Cayley parameterization (a type of
covering map or projection in the terminology of algebraic
topology) was introduced in the study by Sitharam and Gao,**l
as a way of describing and computing configuration spaces of
flexible frameworks. The key idea is to use lengths of selected
nonedges as parameters or coordinates, to represent and traverse
the configuration space that could be disconnected in the usual
Cartesian coordinates (a branched covering space in the termi-
nology of algebraic topology). With sufficiently many judiciously
chosen Cayley parameters or nonedges whose addition makes
the framework minimally rigid or isostatic, we can efficiently
compute the finitely many possible Cartesian configurations
(inverse of the covering map) corresponding to each Cayley-
parameterized configuration (an element of the base space of
the covering projection). A bijection between Cayley configura-
tions and frameworks is achieved by adding enough Cayley
parameters, i.e., enough nonedges, so that the graph is globally
rigid, i.e., has a unique realization generically, given edge
lengths.

Here, we describe two algorithms based on Cayley parameter-
ization for finding all equivalent frameworks of a given frame-
work, or graph with fixed edge lengths.

The first is based on the results of previous studies,!
which provided an analysis of a common class of 1-dof mecha-
nisms that are obtained by removing an edge from the well-
studied class of tree-decomposable graphs, which include the
so-called Henneberg-I graphs.*”!

This class of graphs provides a natural classification or index-
ing of equivalent frameworks based on relative orientations, chir-
alities, or flips of certain triples of vertices. A flip vector of 1’s and
—1’s distinguishes equivalent isostatic frameworks. Two equiva-
lent isostatic frameworks whose flip vectors differ in a single
coordinate are on “opposite sides” of a critical configuration
of a 1-dof framework where the triple of vertices is collinear.
The isostatic framework minus a “base” edge yield the 1-dof
framework, and the Cayley configuration space of this 1-dof
framework is parameterized by the length of the removed base
edge, i.e., base nonedge. This Cayley configuration space has a
well-defined structure of intervals bounded by critical points.

35-38)
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Each interval could correspond to multiple connected component
curves that are generically smooth and are homeomorphic to a
circle. Certain pairs of flip vectors are guaranteed to belong to
different components, while others could belong to the same
component. Moreover, once the unique flip vector is given,
the isostatic framework with the specified length of the base non-
edge or Cayley parameter can be found easily using a simple
ruler and compass construction. The algorithm has been imple-
mented as an open-source software CayMos.

Trihex becomes a 1-dof tree-decomposable graph after remov-
ing one edge ¢, with a Cayley configuration space parameterized
by the length of a different base nonedge f, whose addition makes
the graph tree-decomposable. As the different connected compo-
nent curves of the configuration space are traced out for the dif-
ferent lengths of f, multiple equivalent frameworks, indexed by
multiple flip vectors, that attain the required length for e are
found. A webpage!*” illustrates CayMos analysis of the Trihex
for various ratios between the pinned boundary edge length
and the bond length. The two-component curves of a Trihex with
bond length half the pinned boundary edge length are shown in
Figure 7. Each component curve could have multiple equivalent
frameworks with different flip vectors, i.e., frameworks that
attain the required distance of the dropped edge.

The dropped edge e is (v4, v6). Each component curve is a pro-
jection of a smooth simple curve (each point represents a unique
configuration) living in 3D, parameterized by three Cayley
parameters, dashed nonedges whose addition makes the graph
globally rigid, i.e., generically has a unique realization given edge
lengths. The driving Cayley parameter or base nonedge is one of

Figure 7. Trihex minus one edge 1-dof tree-decomposable graph’s Cayley
configuration space curves for bond length half of boundary edge length,
solved by CayMos. The dropped edge (v4,v6) attains its required length
at multiple points on each curve, giving multiple equivalent frameworks.
See text for description.
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the three dashed. Each colored portion of the curve represents a
different flip vector. Each component curve has multiple equiva-
lent frameworks with different flip vectors, i.e., frameworks that
attain the required distance of the dropped edge.

Figure 8 shows equivalent frameworks for Trihex found by
CayMos, for two different ratios between the edge length of
the pinned (nearly) equilateral boundary triangle and the (equal)
length of the remaining edges (Table 1, 2).

The next method extends and combines two well-known algo-
rithms. The first is the so-called decomposition—recombination
(DR)-planning  algorithm*'™** that recursively decomposes
minimally rigid, or isostatic graphs with edge-length constraints
so that only small constraint systems need to be solved simulta-
neously, and recombines their solutions**~*"! to get all equiva-
lent frameworks. The method of recombination provides an
indexing of frameworks around critical configurations.!*¥)
The second is the use of convex Cayley parameterizations.**
The existence of a convex Cayley configuration space is a robust
property of graphs underlying frameworks. For frameworks in
two dimensions, the graphs are so-called partial 2-trees.
Informally, complete 2-trees are constructed by pasting triangles
together on edges, and partial 2-trees are subgraphs of complete
2-trees. Such characterizations exist even for frameworks whose
bar lengths are in non-Euclidean, polyhedral norms, and are
strongly linked to the concept of flattenabilityl***% of graphs,
characterized by forbidden minor subgraphs, for example, partial
2-trees are exactly those graphs that forbid the complete sub-
graphs on four vertices, or K,. Convex Cayley parameterization
has been used for analyzing sphere-based assembly configura-
tion spaces in previous studies,”*~>*! further applied to predict-
ing crucial interactions in virus assembly in previous
studies.>*°]

The idea is to drop sufficiently many edges from a glassy
framework (arbitrarily large versions of the Trihex), shown in
red in Figure 9, so that the remaining graph has a convex
Cayley configuration space (is a partial 2-tree) parameterized
by nonedge lengths shown in green. In this case, the boundary
vertices are not pinned; instead, boundary edges are judiciously
added to make the graph minimally rigid or isostatic while ensur-
ing the convex Cayley property. This can be achieved for a class of
planar graphs encompassing corner-sharing triangular or glassy
graphs. Figure 9 and 10 have light colored lines showing the
chosen boundary edges. Importantly, the resulting 2-tree has a
simple DR plan, called a flex DR plan because it requires

V2

(a) v (b)
Vg
V3 v,
6
Vg V4
Vs
\ A A vt
Vo
Vo Vs V3

Figure 8. Trihex frameworks for two different boundary-to-edge length
ratios, solved by CayMos.
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Table 1. 22 solutions found for Trihex 8a.

Flip Base edge Solutions
- (v2,v5)
4 (v2,vs)
7 (v2,v5)
8 (v2,vs)
3,4 (v2,vs)
7,8 (vo,vs)
3,4,7 (vo,vs)
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Table 1. Continued.

Flip Base edge Solutions

3,48 (vo,va)

Table 2. Four solutions found for Trihex 8b.

Flip Base edge Solutions

- (vo,v4)

dropping and adding edges. Furthermore, the flex DR plan per-
mits sequential solving of univariate quadratic equations corre-
sponding to the dropped edges one by one, i.e., flex 1, except for a
single, final high degree univariate polynomial. This further
permits the indexing of equivalent realizations around critical
configurations. These key ideas are based on graph theory
(to find the flex 1 DR plan) and numerical solution of a system
of quadratic equations by solving a sequence of univariate qua-
dratic equations (with a Cayley parameter as variable) followed by
a single univariate equation of large degree (in a final Cayley
parameter). The resulting algorithm to find the solution corre-
sponding to a given index runs in polynomial time in the size
of the glassy system and the required accuracy and is fleshed
out in upcoming articles.¢>7”)

4.5. Changing Ratio of Edge Lengths to Distance between
Pinned Boundary Vertices

It is trivial that if edge lengths are chosen so short, the triangles
cannot span the distance between the pinned vertices. Therefore at
that limit, the set of Equation (1) has no solution. If we take the
vertices with coordinates, shown in Figure 1, as an initial structure
(where the distance between the pinned vertices is |, ~ 1.0; recall
that the pins are notlocated on an equilateral triangle and therefore
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Figure 9. We construct the flex 1 DR plan of a hexagonal lattice manually
by applying two actions to the graph: 1) add boundary edges (gray) so that
the graph is infinitesimally rigid; 2) drop some of the edges and add some
Cayley parameters (green) so that the new graph becomes a two-tree.
During recombination, we add back those dropped edges (red, or pink
if boundaries), i.e., we solve for the green Cayley parameter lengths that
achieve the given red (and black) edge lengths. An important property of a
DR plan of flex 1 is that we are able to solve for one red edge at a time.
Empirically, we usually apply three actions by starting from a small sub-
graph and expand it by adding one Cayley parameter and drop one original
edge. When reach the boundary we add a boundary edge if we cannot con-
struct a two-tree by adding only one Cayley parameter.

ly is in fact the average distance between the pins), we are inter-
ested in counting the total number of realizations for a given edge
length. As the Trihex is a small enough example, the complexity
advantage of the methods of the previous sections, e.g., CayMos, is
not as crucial. So, the realizations are found by directly solving
Equation (1) for uniform edge lengths ranging from 0.34 to 2.
The exact solutions are obtained through the function “NSolve”
in Mathematica. The pinned boundary conditions is convenient
because no trivial translation or rotation is present.”” Figure 11
shows the number of real solutions for a given s. The red line
shows the total number of distinct complex solutions for the
Trihex, which is fixed and equal to 112 computed using
Magma.*® This number is independent of the chosen edge length
and is the upper bound on the number of realizations.
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Flip Vector: (3,5,7,8,10, 11,12, 14, 15, 16, 17, 19, 22, 25} Flip Vector:

26

Flip Vector: (3, 4, 7,15, 17,19, 20, 22, 25} Flip Vector:

(3,5,7,8,18, 11, 12, 14, 15, 16, 17, 19, 28, 25} Flip Vector:

{4,6,7,9,15,16, 17, 19, 20, 22, 25}

(3,4,7,8,18, 11, 12, 14, 15, 16, 17, 19, 22, 25}

Flip Vector: (4,6,7,9,15, 16, 17, 20, 22, 25}

Figure 10. The six realizations with different flip vectors we found by the DR plan solver given Figure 9 as the input. The flip vectors are shown below each

realization. The overall error of the dropped edges is 0.07% =+ 0.21%.
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Figure 11. Number of realizations of Trihex shown in Figure 1 by varying
edge length in the units that the distance between pins [, = 1. The hori-
zontal red line shows the total number of complex solutions which is equal
to 112. The number of solutions increases rapidly when the edge lengths
are half and equal to the pins distance.
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By changing the edge length, some but not all of complex solutions
become real.

The first real solutions appear to be a single point at edge
length ~0.346 (see Figure 11). This is an interesting point as
it seems there exists only one solution and the theorem is vio-
lated but in fact there are two solutions at this limit although
infinitesimally close. This is the signature of a fully stretched
network which has the maximum possible volume or the lowest
density. From this point of view, the problem is also related to the
flexibility window in glasses where naturally occurring glasses
are found near their low-density limit.?>*” As we increase the
edge length s, the two infinitesimally close solutions diverge
and quickly two new solutions join the previous solutions.
The number of realizations in Figure 11 generally increases
up to a maximum number. In fact, two sharp increases happen
at ~0.5 and ~1.0 because the pins are roughly |, ~ 1.0 unit apart.
Therefore, when J; is roughly an integer multiple of the edge
length of the triangles, the triangles can tightly fit together
and new solutions appear. Figure 12 shows some realizations
(out of 76 possible realizations) for the edge length 1.0.

After reaching a maximum of 104 realizations, the number of
solutions rapidly drops. Our numerical experiments show that
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Figure 12. Some of the realizations with the edge length equal to s = 1.0.

a subset of solutions survives even at very large edge lengths
(high density) and the number of realizations reaches a plateau
of 44 solutions. Figure 13 lists these 44 states when the edge
length is set to 100, but Fig. 11 shows the number of realizations
up to s= 2. Many solutions in this regime are related by an
approximate mirror symmetry, as we expect the three blue pins
to be coincident and the equilateral triangles are roughly
arranged around a central point.

Although it is pedagogic to inspect the individual solutions
visually, we need to distinguish various realizations with the
same edge lengths. This also helps to track (follow continuously)
how solutions at a given edge length from the previous
solutions with smaller edge lengths. We choose the mean dis-
tance of vertices from the centroid of the pinned vertices as
the metric.

If we plot this metric versus the edge length ratio for each real-
ization, the result is the trajectories in Figure 14, showing how
some solutions persist for a long range but others disappear.
These trajectories represent solutions to a different set of equa-
tions than the 2N — 1 equations of the form Equation (1) whose
solutions form the closed curves of the 1-dof mechanisms given
by the single-cut or CayMos algorithms. This system has 2N
equations of the form Equation (1) for the bonds, but has an extra
variable s, representing the bond length (boundary edge length is
fixed due to pinned vertices). Red and green lines, respectively,
show the linear and quadratic fit to the persistent paths, which
shows an intermediate growth rate. Previously, we discussed that
there is a sharp increase in the number of realizations at s around
0.5 and 1.0. Figure 14 shows that along those values, there is a
tremendous amount of activity and a large set of solutions are
only present in a small region of edge lengths.

The complexity of paths in Figure 14 makes it certainly con-
structive to look at specific regions of edge length in more detail.
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Figure 13. The 44 solutions in the large edge length limit where the edge
length s is set to 100. Similar solutions are related by mirror symmetry but
not rotation. The first two realizations are colored to emphasize that
although the graphs look alike, different vertices have occupied the same
coordinates and therefore they count as two distinct realizations.

18
—— linear

16 1 —— qudratic
14
12

10

Mean distance from the center of mass

0.5 1.0 1.5 2.0
Bond Length, s

Figure 14. The mean distance of vertices from the centroid of the pinned
vertices vs. the edge lengths. The mean distance scales quadratically
(green) not linearly (red). The two curves are fitted to the topmost points
with edge lengths s between 1.1 and 1.4 but are extrapolated to the outside
of this window.

Our observations show that new solutions always come in as a
pair. Based on the results, we have observed three mechanisms
for appearance/disappearance of solutions: simple closed
trajectories, open trajectories, and retrogrades. Examples of
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Figure 15. Open trajectories (top) and simple closed trajectories (bottom)
are two ways in which realizations appear and disappear. The upper panel
depicts the initial solutions at the low-density limit. Note that first two sol-
utions emerge and then they diverge while at a secondary point; a new
trajectory of solutions appears. In the lower, a pair of solution gradually
converges and finally forms a close loop.

simple closed and open trajectories are given in Figure 15.
Open trajectories are the persistent trajectories that continue
to exist even at very large edge lengths. A retrograde is a trajectory
that bends backward which is a disappearance mechanism; an
example is given in the right panel of Figure 16. This leads to
more complex circuits replacing the simple loop in upper part
of Figure 2. For the retrograde there can be four intercepts
and it is clear that any closed loop will have an even number
of intercepts, consistent with Theorem 1. However, we
have found no evidence of bifurcations ®%? (Figure 16, left
panel).
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Figure 16. The left panel is a bifurcation which we have never observed.
The right panel is a “retrograde” which is an alternative way of losing
solutions, which we do observe for the Trihex.

4.6. Energy Barriers

The discussion in the previous section showed that different real-
izations of an isostatic network can be found by solving edge
length equations. Realizations of a framework are thought to
be related to tunneling states in glasses. Figure 17 shows four
realizations of Trihex at s ~ 0.348. Their corresponding points
are marked by red stars in the left plot. The amount of energy
in transition from one state to another is a way of classifying sets
of states. Note that the landscape has no minimum except the
listed four solutions. We perform a linear interpolation between
two given states. Let s; and s, be two solutions in the configura-
tion space. We write

s(A) =s; + (/1—0—%) - (s —s1) ()

Assuming bonds are harmonic springs with spring constant
equal to unity, the energy can be found as a function of 4, where
A= —1,3 correspond to the two states. We can think of two
paths on this plot as two trajectories of frameworks. The equiva-
lent frameworks 1 and 4 belong to the first trajectories, while
2 and 3 lie on the second trajectory which exists only when
s > 0.347. The pair of frameworks that belong to the same tra-
jectory indeed has very similar configurations. In fact, the largest
difference between the pairs is the reflection of the top connect-
ing edge along horizontal axis. For the pairs that do not belong to
the same trajectory, the motion involves the significant rotation
of the bottom triangle. If we would assume that the edges are
harmonic springs and not fixed-lengths bars, the energy path
connecting the pairs of realizations on different branches has
a much higher energy barrier compared with that of the pairs
on the same branch. Note that the whole energy landscape of
Trihex at this edge length has only four minima. The nice feature
of the landscape of Trihex is that the global minimum energy is
exactly zero (Figure 18).

This energy perspective makes an important bridge between
Trihex examples and glasses. If this picture from studying Trihex
remains intact in glasses, we expect to see that solutions play
different roles depending on which branch they belong.
Figure 17 is particularly important because the experimental den-
sity of glasses is close to the low-density edge. So, we expect the
discussion in this section would somewhat generalize to the
2D glasses. But as discussed, solving edge length equations is
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Figure 17. The four solutions with the edge length equal to ~0.3477
marked with red asterisks. The solutions are numbered from the smallest
mean distance from the centroid (y-axis) to the largest. The solutions on

the same trajectory show a small displacement but a more significant
motion is involved among the solutions from the different trajectories.

computationally expensive for a large system. On the contrary,
two-level systems in glasses are rare. To have the slightest hope
of finding a tunneling state, we need to study systems that are
considerably larger than Trihex. This makes it inevitable to
design an alternative approach to find realizations of a frame-
work starting from already available information.

4.7. 2D Glasses and Jammed Networks

Trihex serves as an illuminating toy model to present the main
ideas about the existence of multiple realizations for an isostatic
network and techniques to find such realizations. However, these
methods are categorically applicable to the networks inspired by
or modeled directly from materials such as network glasses or
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jammed granular packing. Such materials are either at or very
close to the isostatic states and their behavior is significantly
influenced by their rigidity.">*%%3) But our main concern here
is to establish a link between the multiplicity of material realiza-
tions and their physical properties, specifically the existence of
the tunneling modes in such materials.

In the case of glasses, we are focused on those glasses that can
be modeled as a network of corner-sharing tetrahedra in 3D or
triangles in 2D. An example of the former is SiO, or GeO, and of
the latter is a silica bilayer which, although, is 3D dimensional,
but it can be seen as two mirroring layers of 1atom thick of
oxygens connected through bridging atoms to complete the
chemical bonds.””!

In 2D glasses, every atom/vertex is fourfold coordinated
(four shared constraints), but as each vertex has two degrees
of freedom (translational degrees of freedom), 2D glasses are
locally isostatic.””) However, boundary conditions determine
the global rigidity of the framework. For networks extracted from
the experimental data, atoms on the surface are not fully con-
nected and anchored/pinned boundary conditions are necessary
and sufficient to render the system isostatic.*”! For material net-
works made using computer simulations, the boundary condi-
tions are periodic which means such 2D systems contain two
redundant bonds which must be removed to render the network
isostatic.

These computer-generated networks are prepared using
Wooten—Winer—Weaire (WWW) algorithm with the periodic
boundary conditions while ensuring that the ring distribution
and the area of polygons are in agreement with the experimental
data.[***>1 As a consequence, the edge lengths are no longer exactly
equal and 2D glasses satisfy a stronger definition of being generic.
Similar to Trihex, the structure is in mechanical equilibrium; all
edges are assumed to be harmonic springs initially at their rest
lengths and the dynamical matrix is positive semidefinite.

In the case of granular networks, grains are often modeled as
an athermal packing of circles/spheres interacting via a Hookian
or Hertzian potential. To model such packings, we use the stan-
dard protocols that are common in jamming community. We
start with a random distribution of bidisperse (0.5:1, 0.5:1.4)
circles (to prevent crystallization), and we rescale all the radii uni-
formly to set any desired packing density ¢. The energy of the
system, given by Equation (3), (where p;; is the distance between
nodes i and j and o;; is the sum of their radii) is then minimized
by a standard FIRE algorithm®® using the pyCudaPacking pack-
age, developed by Corwin et al.[*”8

_ _Pi\? _ Py
E_Z<1 0}) @(1 Gij) 3)
ij

where O is the Heaviside step function to ensure that only over-
lapping circles are included in energy.

If the packing density is high enough (¢ > 0.84), the system
will have several states of self-stress or redundant contacts. By
decreasing the packing density quasi-statically, the system
reaches a critically jammed state with zero pressure and one state
of self-stress. This system can then be mapped to a network by
replacing the center of mass of each circle with a node and replac-
ing any nonezero overlap between neighboring particles with a
bond between their corresponding nodes. Such a network has
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Figure 18. The energy landscape of transition states between various realizations of Trihex, found by linear interpolation (Equation (2)) between the
realizations shown in Figure 17. The inset box shows the height of the energy barrier in the units that spring constant is set to unity. The inset figure shows
the two solutions indicated by red asterisks. The energy barrier between the realizations on the same branch is significantly smaller than that of the

realizations on different branches.

one bond in excess of isostaticity. By removing any one bond
randomly, one can make an isostatic network.

Once a system is at the isostatic point, in principle, the same
techniques used to find realizations of a Trihex are also applica-
ble to material networks. However, such networks differ from
Trihex in two significant ways. First, material networks contain
many possible atomic arrangements which lead to various
couplings among atoms in the set of edge length equations
(Equation (1)). While Trihex is essentially a ring of triangles
forming a hexagon, in experimental samples ring size varies
from 4 to 8! which are distributed nonrandomly on a plane.*®!

Second, 2D glasses are generally much larger than Trihex and
it might not be computationally feasible to apply the techniques
directly. In fact, solving the set of edge length equations
(Equation (1)) exactly is practically impossible for systems as
large as 2D glasses with N > O(10?) which, in turn, means
for larger systems the complete set of solutions and their evolv-
ing on branches are inaccessible.

The alternative method, the single-cut algorithm, is guaran-
teed to provide new realization(s) but is not an exhaustive
method and some of the existing solutions will be unreachable.
In this method, we need to compute the null space (the eigen-
vectors corresponding to zero eigenvalue) of a matrix of size
(dN)?, where d is the spatial dimensions and N is the number
of vertices. Even if finding the null space can be done efficiently
by avoiding diagonalizing the entire matrix, there is some error
associated with moving N atoms along nontrivial zero-mode. It is
possible that the path would not be closed (the system would not
return to its original conformation) due to accumulation of
errors. Therefore, either the step size should be chosen suffi-
ciently small to ensure the path is smooth or frequent energy
minimizations are necessary along the path; both of which are
expensive.

Therefore, we slightly modify the single-cut algorithm to
find the alternative realizations of large isostatic networks. As
the existence of the second realization is guaranteed, we take
fairly large steps along the nontrivial zero-eigenvalue eigenvector
alternative. In addition, it is not necessary to complete the curve
in configuration space exactly to calculate the thermal properties.
Therefore, once the curve intersects the vertical line denoting the

Phys. Status Solidi B 2021, 258, 2000555

2000555 (13 of 17)

original length of the cut edge, we have found a second realiza-
tion and the path traversal can be stopped early. However,
because of the larger steps along the curve, the position of verti-
ces and subsequently the edge lengths have large errors which
means the conformation has not returned exactly to its original
set of edge lengths. But as the conformation is close enough to
the energy basin, we only refine the last conformation by an
extensive energy minimization to ensure that edge lengths are
equal to their original values (Figure 19).

6.16970

6.16968

6.16966

6.16964

Average Distance from Center of Mass

6.16962

0.3562 0.3564  0.3566 0.3568

Length of the removed edge

0.3570

Figure 19. The curve found by applying the modified single-cut algorithm
to a 2D glass, in which the path traversal is stopped upon finding a solu-
tion. Fairly large steps are taken along the eigenvector with zero eigenvalue
as is evident from the curve roughness. The vertical axis represents the
total distance of all vertices from the center of mass, while the horizontal
axis shows the distance between two ends of the removed edge. The red
asterisk at the bottom denotes the original network and the top asterisk
shows the alternative solution found by the path traversal. The arrow is
drawn to emphasize the fact that the real solution (indicated by the blue
asterisk) with no error in the edge lengths does not exactly lie on the drawn
curve in configuration space and further energy minimization is required
to find the correct coordinates.
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If the curve is complex enough, it contains more than two real-
izations. Based on the modified scheme, if the curve traversal
is stopped after finding the first solution, we might miss a whole
set of solutions. To address this concern, we note that glasses
are found at the extreme of density (edge of the flexibility
window).>*! At this limit, only two solutions are expected, similar
to Trihex example where at the maximal density point only two
solutions existed. We tested the validity of this argument by
applying the original single-cut algorithm on two 2D networks
(N=48 and 300) by removing all edges iteratively. It was
observed that all closed curves give two and only two distinct
solutions independent of which bond is removed.

After applying the modified single-cut algorithm, two realiza-
tions of a 2D glass are available; they have the same exact topol-
ogy and bond lengths, but the vertices are displaced between the
two states. The amount of this displacement determines whether
the conformations are in fact the tunneling states. Anomalous
specific heat is observed at temperatures about 1K, where the
available energy is not sufficient for the displacement of a large
group of atoms over a long distance. Therefore, it is expected that
atomic displacements in a tunneling state are relatively localized.
To characterize to what extent the displacements between two
conformations are localized, we use the participation ratio (PR).
If an atom i is displaced by the vector u; between two conforma-
tions, PR is defined as

ol fwif?)?

PR =
NZiI\il Juy|*

“)

For a perfectly delocalized mode, |u;| ~ 1/+/N and PR ~ 1.
For a completely localized mode, [u;| ~ &;, PR ~ N~!. Hence,
a small value of PR is the signature of a localized mode. In
the case of tunneling modes, it is expected that by increasing
the system size N, the fraction of atoms participating in the mode
decreases.

In addition to the locality of the displacement, it is essential to
measure the significance of the atomic displacements in the limit
of large systems. For a conformation to be considered a tunnel-
ing state, the atomic displacements should be significantly larger
than zero-point motion. Assuming a harmonic oscillator, the
zero-point amplitude x, is of order of

no | 10 .
~— = — =10 " m=0.1A
Ve~ 1026 x 10™ m

for an oxygen atom. For an O—O bond length of 2.6 A, x( ~ 1072
is the unit of the bond length. If the typical motion of the atoms
measured by their mean displacement N~1 3~ |u;| is less than x,,
such motions are not relevant to the tunneling states but, never-
theless, they are mathematically correct and give rise to other
realizations.

To quantify the atomic displacements and propitiation ratio in
large systems, we prepare four networks of corner-sharing trian-
gles under periodic boundary conditions with varying size
N = 48,300, 1254, 5016 and randomly remove two edges to satisfy
the isostaticity condition. By applying the modified single-edge-cut
algorithm, the corresponding second realizations are found. This
allows us to study the behavior of the PR and the mean displace-
ment of vertices as a function of the number of particles.

©)
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Table 3. The magnitude of displacements in the unit of the edge length
found in simulations for different system sizes, N.

N 2 lui] > luil/N VS /N PR
48 0.09 1.89 x 1073 212 x 1073 0.44
300 1.47 4.89 x 1073 5.80 x 1073 0.41
1254 2.03 1.62 x 1073 1.84 x 1073 0.47
5016 2.94 0.59 x 1073 0.67 x 1073 0.46

Table 3 shows the results for the mean displacement of atoms
and their PR. The total displacement  |u;| increases slightly by
system size, but the average displacement of a typical particle
> |u;|/ N generally decreases. But regardless of N, the mean dis-
placement is smaller than that of the zero-point motion x, and
hence this motion cannot be representative of a tunneling state.
In addition, all networks exhibit modes in which about ~45% of
all vertices are displaced in the system. Such an extended mode
cannot be a tunneling state because in the limit of Avogadro
number of atoms, a massive number of atoms should be
involved in such states which are not energetically favorable.
Unfortunately, it seems that the single-cut algorithm is not able
to find realizations that are sufficiently distant from the initial
realizations (evidenced by vanishingly small |u;| values) and suf-
ficiently localized (evidenced by the constant PR/N value).

Although from the localization and displacement considera-
tions, it is evident that the found realizations cannot account
for the tunneling states; nevertheless, it would be insightful to
study their thermal properties. For each system size, we can form
a double-well potential where each realizaion sits at one of the
energy minima. For every N, the energy pathway is found by
the linear interpolation (Equation (2)) between the two realiza-
tions with zero energy. The height of the energy barrier V,
can be estimated from the interpolated curve, while the well sep-
aration d is calculated as the root-mean-square deviation (RMSD)
of atomic positions.

Figure 20 shows an example of a double-well potential derived
from the system with N = 300 atoms. The black points are found
using Equation (2), while the red line is a fourth-order polyno-
mial fit to these points./*” The two blue lines are the harmonic
approximations around two equilibrium realizations. The prob-
ability of the tunneling scales as e~*, where 1 is the tunneling
parameter, is defined by the following equation (derived from
the ratio of kinetic and potential energies)

vab

21=dy7

©)

where m is the mass of an oxygen atom (see Appendix B in the
study by Sadjadi'®’ for the derivation and a detailed discussion
on the significance of the tunneling parameter).

Table 4 shows the characteristics of the double-well potential
for four systems in SI units. The barrier height (V) of all systems
is a very small value which means the double-well is essentially
flat in the middle. The well separation d is also very small and at
most about 5% of O—O bond length and 4 shows a somewhat
monotonic decrease with the system size (to find the exact depen-
dence of the values on N more samples should be used).

(14 of 17) © 2021 Wiley-VCH GmbH
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Figure 20. The double-well potential found by linear interpolation between
the two realizations for N = 300. The black circles are found by linear inter-
polation; the red line is a fourth-order polynomial fit to the data. The blue
curves show the harmonic approximations for two minima.

T max» in Table 4, denotes the temperature at which the specific
heat of a two-level system is maximum. To find this temperature,
we solved the Schrédinger’s equation numerically using the
embedding method (Ref. [70] and Appendix C in the study by
Sadjadi®) for the double-well potential in Figure 20 and found
its specific heat using energy levels. In general, T\, happens to
be at about ~10K which is much higher than the range of
temperatures at which the tunneling states are assumed to be
active.

We also repeated the same calculations in 3D glasses, but very
similar results were obtained. However, as it was discussed
earlier in this section, packing of granular materials is another
network matter which can be studied using this framework.
In addition, because these networks are essentially different from
networks glasses in terms of ring distribution, preparation
method, and so on, they might shed light on the nature of multi-
ple realizations and possibly tunneling states from a different
perspective.

Figure 21 shows an example of a computer-generated jammed
packing with 247 vertices in which two realizations (original
conformation and alternative realization found by the modified
single-cut algorithm) are superimposed. As it is shown, in some
regions the displacements are more pronounced. However, com-
pared with network glasses, the mean displacement is about one
order of magnitude smaller.

Table 4. Characteristics of double-well potentials in SI units for four
different system sizes, N.

N Ve (] Ty [K] d [A] G T max [K]
48 9.45 x 10777 6.84 x 107* 0.04 0.0012 16
300 2.79 x 1072 2 %1077 0.30 0.10 12
1254 1.44 x 1072 1.04 x 1072 0.17 0.02 5
5016 3.84 x 1077 2.78 x 1074 0.12 0.0025 23
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Figure 21. A jammed circle packing. In this representation, circles are
replaced by their center. The original network is drawn with blue lines,
while the equivalent configuration found by modified single-cut algorithm
is shown in red.

The jammed packings are generated by minimizing the over-
lap among circles in contact. In the original network, all overlaps
are smaller than a prespecified threshold. To find the alternative
realization, however, the interaction between soft disks is
replaced by harmonic springs. Therefore, both realizations have
zero energy if interactions are harmonic springs since all edge
lengths are equal but since adjacent vertices can also move, disks
that were previously nonoverlapping can intersect leading to
additional energy or the system can undergo an unjamming pro-
cess. Hence, an important question is whether the alternative
realization is at energy minima if the interactions are based
on the overlapping soft disks. In our tests, we observed that sec-
ond realizations of jammed systems have generally large overlaps
between disks, but we have observed some examples in which
even alternative realizations are jammed and at the energy mini-
mum or very close to it.

To draw a comparison between Trihex and 2D glasses, it
seems that the single-cut algorithm can only find solutions that
belong to the same connected component while realizations on
other connected components are energetically inaccessible
because they contain motions of larger units such as a rigid tri-
angle (or tetrahedron). Although we think such branches exist in
glasses, it is not computationally feasible to find all the connected
components for such large systems similar to Trihex.

It is worth noting that the aforementioned discussion can be
directly applied to bulk glasses. We repeated the modified single-
edge-cut algorithm for various silica structures in three dimen-
sions. The only modification required in 3D is that three edges
need to be removed to reach the isostatic point. Our results for
bulk (3D) glasses were very similar to the 2D case.

4.8. Questions

There are a number of important open questions that we list here
that require this work to be examined in a larger context. The

© 2021 Wiley-VCH GmbH


http://www.advancedsciencenews.com
http://www.pss-b.com

ADVANCED
SCIENCE NEWS

www.advancedsciencenews.com

questions are general and go beyond the models considered in
this article.

The maximum number of distinct solutions for the Trihex is
112. Note that Mathematica often gives the same solution multi-
ple times. Where does this number come from? CayMos theory
gives an upper bound of 128. Using numerology it is 27 — 2*.
Note that the problem cannot be reduced to a single polynomial
where the number of real solutions is always less than or equal to
the degree of the polynomial.

Why is nothing more complex than an open or closed retro-
grade trajectory found in all the examples here?

Why are the trajectories all “smooth” with no singularities?
This can, however, be proved in the generic case for the closed
curves obtained in single-cut and CayMos algorithms, which are
configuration spaces of 1-dof mechanisms.

How general is this scheme?

Why are there no bifurcations in the solutions?

5. Discussion and Conclusion

The main purpose of this collaboration is the present Theorems 1
and 2 and the single-cut algorithm in a straightforward way so
that it is accessible for future work. These are powerful
statements about isostatic systems that we have just begun to
explore here. It is hoped that the reader can see the potential
and will pursue these methods further. We have taken the first
steps with atomic clusters in three dimensions, and with
tunneling modes in glasses and jammed systems in two
dimensions. We emphasize again that these approaches work
in any dimension. The emphasis here on two dimensions is
for simplicity and for ease of visualization. Theorem 1 is
counter-intuitive at first sight, but becomes very natural when
the circuit associated with a single cut (see Figure 2) is under-
stood. We have shown that modestly large systems behave in
the same way as smaller systems, but the limit of large systems
(tending to infinite size) is very different. This is important for
solid-state problems where systems have a size of the order of
Avogadro’s number (=10%*) and this has important implications
for the origin of tunneling states in glasses. Indeed, “more is
different”.’!
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The energy landscapes of the +1 and +1, +-2 small-spin glasses are studied in
the form of enhanced disconnectivity graphs. This new way of displaying
disconnectivity graphs incorporates the merging of minima energy states of
equal energy which are connected via zero-energy spin flips. These states form
connected structures on the energy landscape, which we distinguish into four
basic types. The types are indicated in the disconnectivity graph by different
colors and their respective sizes via a bar chart at the corresponding energy
levels. This allows for an easy intuitive access to highly degenerate energy
landscapes without losing the main features. Further, these connected
minima structures are analyzed in terms of their occurrences, sizes, and
distributions for the two models of spin glasses. This gives a deep insight into
the energy structure of these systems. Further, the use of the classification of
minima reduces the description of =1 spin models by 93%, and that of
+1, £2 models by 71% without losing the core information about these

energy barriers. Although much work
and insight with disconnectivity graphs
have been obtained for biopolymers and
nanoclusters,'™ their utilization in spin
glasses is still behind. Describing features
of energy landscapes such as energy bar-
riers and internal structures is a recurring
focus of investigation.[5 ~19 However, there
are only very few works in which discon-
nectivity graphs have been obtained and
utilized.'*™'* The primary reason for this
is that spin glasses with discrete interac-
tions exhibit complex energy landscapes
with highly degenerate minima, making
a drawing of disconnectivity graphs less
amenable to an intuitive understanding.
In our work, we enhance the description

systems.

1. Introduction

Disconnectivity graphs are depictions of energy landscapes!™ that
primarily give an easy and intuitive access to the energy structure
of the system in configuration space. They project the high-
dimensional potential energy landscape onto two dimensions,
via the depiction of the minima of the systems and the lowest
highest energy barrier connecting them. Any two minima of a
system are connected by multiple pathways, for each of which
the energy of the system undergoes at least one increase.
With the lowest-highest energy barrier, we summarize that from
all the possible pathways only the one is chosen that requires the
least increase in energy to transition between the two minima.
The highest increase along this pathway is taken as the represen-
tative energy barrier displayed in the disconnectivity graphs. This
is in lieu of the possibility that the transition from one state to
another can occur over intermediate minima with different
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of disconnectivity graphs by distinguishing

between different types of connected min-

ima on the energy landscape. This allows

for a reduced description without losing
the key information about the energy structure of these systems.
Some of the minima on the energy landscape are connected by
zero-energy spins, i.e., spins that when flipped do not increase
the energy of the system. We distinguish between four types of
minima, which we either call regular minima or type-1, type-2,
and type-3 dales, highlighting the fact that these are minima
energy structures of equal energy on the energy landscape.
The dales consist of multiple configurations of the system con-
nected via zero-energy spin flips, and can be thought of as indi-
vidual but degenerate states. The distinction between the types of
dales is based on the accessibility of the minima to each other.
The types of minima are distinguished in the disconnectivity
graphs using different colors and their respective sizes are
indicated by a bar chart for the corresponding energy levels.
This greatly enhances the visibility of the graphs, drastically
reduces the number of minima that need to be drawn in the dis-
connectivity graphs, and reduces the computational storage
requirements.

Note that, although much work has been done to utilize
zero-energy spins for the exploration of ground states, these
efforts have been either restricted to describe only local struc-
tures within the individual minima™ or while grouping
entire minima do not distinguish between the different types
that these groupings can occur.'®"” The classification of
entire structures, i.e., of connected points of the configuration
space representing connected minima structures of equal

© 2021 Wiley-VCH GmbH
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energy, is new in our work. Note further that it is precisely this
classification of entire minima that allows for a conclusive
intuitive drawing of disconnectivity graphs and gives further
information into the structure of the energy landscape and the
arrangement and size of its subcomponents relative to each
other. This in turn may enable an intuitive approach to under-
standing the effectiveness of optimization routines, as for
example for use in benchmarking optimization proce-
dures.2-?7)

This article is structured in the following way. In Section 2 the
classification scheme is briefly described; the application to +1
and +1, £2 models of spin glasses is described in Section 3,
which is divided into describing the model and method
(Section 3.1) and the computationally obtained results
(Section 3.2).

2. Classification of States

A minimum is a configuration of the spins in which no single
spin flip will lower the energy of the system. However, there can
still be spins for which the local energy is zero and which can be
flipped without an increase in energy (i.e., zero-energy spins). A
flipping of the zero-energy spin constitutes a new minimum.
These connected minima form structures of equal energy on
the energy landscape, which we distinguish based on the acces-
sibility of the minima within the structures. We merge these
structures into single representations. This allows visualizing
highly degenerate energy landscapes of spin glasses in a reduced
way without losing the core information. Though originating
from local structures, our classification aims to merge minima
states of the system to reduce the description and enhance
the intuitive access to potential energy landscapes of highly
degenerate spin-glass systems.

For this purpose, we distinguish between four types of min-
ima. These are regular minima, type-1 dales, type-2 dales, and
type-3 dales. Regular minima are minima for which any spin
flip would increase the energy of the system. They are shown
in the disconnectivity graphs by black vertical lines. Type-1
dales are minima in which there exists at least one spin that
can be flipped without increasing the energy of the system. If
there is more than one zero-energy spin, then the additional
condition for the type-1 dale is that these spins can be flipped
at any combination without an increase in the energy of the
system. Type-2 dales are minima with at least two zero-energy
spins and the restriction that only certain combinations of flip-
ping the zero-energy spins preserve the energy of the system.
In complex spin-glass structures, a necessary condition for
this to occur is that at least two of the zero-energy spins are
neighboring to each other. By neighboring, we mean spins
that have a direct interaction in energy. Finally, type-3 dales
are minima on the energy landscape that are connected via
zero-energy pathways that cannot be arbitrarily traversed;
for example, before joining the outermost minima a series
of zero-energy spin flips has to be finished. A detailed descrip-
tion and examples of local structures for the types of dales can
be found in Biswas and Katzgraber.*® In the disconnectivity
graphs, type-1 dales are shown by blue vertical lines, type-2
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dales by green vertical lines, and type-3 dales by red horizontal
lines. We chose this depiction of type-3 dales to highlight that
they consist of type-1 or type-2 dales which are joined by
dependent pathways.

3. Results
3.1. Method

We studied the £1 and +1, £2 type spin glasses on a square lat-
tice with nearest-neighbor interaction and periodic boundary
conditions consisting of 36 spins. The Hamiltonian for these sys-
tems is

1
H= —E%:Lijsisj 1)

where L; denotes the interaction energy between the individual
spins s;, which can take values either up or down, i.e.,
sie{—1, +1}. The values for L; are drawn randomly, with equal
probability, from the discrete distributions {—1, +1} (for the +1
model) and {-2, -1, +1, +2} (for £1, +2). To account for the
huge variety of individual systems that can be built under such
conditions, we generated 100 systems of each type. The resulting
analysis of the disconnectivity graphs are taken from the average
of these systems.

The minima of the systems have been obtained using com-
plete enumeration of the configuration space, and for the bar-
riers, the procedure of Garstecki et al.™! was followed. Note
that the number of configurations that need to be checked via
complete enumeration scales as 2%, with N being the number
of spins.

3.2. Computational Results

Figure 1 shows examples of the disconnectivity graphs for our
sample systems. The minima (vertical bars) are joined via their
lowest energy barrier depicted by the crossing points in the dis-
connectivity graphs. The horizontal bars on the right side of the
disconnectivity graphs show, at their respective energy levels, the
average number of individual minima of the different types.
As shown in Figure 1 (left), this particular example of the £+1
spin glass has only dales, but no regular minima. That is, there
are no isolated individual minima of the system. Further, the
minima occupy three energy levels with the ground state at
H=—56 and the excited states at H= —52 and H = —48. The
ground and the first excited state are type-1 dales, whereas the
second excited state has type-1, type-2, and type-3 dales. The min-
imum energy needed to cross from the ground to the first excited
state is H = —48. However, to cross to the second excited state or
between minima of the second excited state, an energy of
H = —44 is necessary. The same minimum energy is necessary
to flip between the two ground-state dales. Note that the symme-
try between the dales is due to the symmetry in energy arising
from the flipping of all spins. Due to the high-dimensional
nature of the energy landscape, this is predominantly seen in
the arrangements and connections of the ground states, but
can only be hinted at higher energy states due to the limitations
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of projections from higher-dimensional to lower-dimensional
space.

An example for the disconnectivity graph of the +1, +2 spin
model is shown in Figure 1 (right). As can be seen, this model
system has 14 different energy states, in which the ground state
consists of regular minima, type-1 dales, and type-2 dales. In this
particular example, no type-3 dales were observed.

Figure 2 shows the distribution of the minima for both of the
models. The energy values are given with respect to the ground
state. The vertical bars indicate the standard deviation. With
respect to the ground state, the £1 model shows only up to three
energy states. For this model, particularly for the ground state,
the standard deviation is very high, reflective of the observation
that in our sample systems we observed that some systems had
just one energy state, some had two, and some three energy
states. For the +1 model, the ground state had the highest
occurrence.

0.8F 1

0.6 1

0.5}

eee 1
asa £1,42 4

0.3F

distribution of minima

0.2}

005 5 10 15 20 25 30 35 40

E E

min~ ~ground

Figure 2. Distribution of minima relative to the ground state for the
36-spin +1 and %1, £2 models.
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Figure 3 shows the distribution of the types of minima for the
+1 (left) and +1, £2 (right) models. These are drawn at their
respective energies and not relative to the ground state energy
(which can be different for different systems). This explains
the difference in the number of depicted energies in this figure
compared to Figure 2. As shown in Figure 3, type-2 dales were
dominating for the +1 model and type-1 dales for the £+1, +2
model. The results indicate that at the local level the +1 model
has more connected zero-energy spins than the +1, 2 model.
Connected zero-energy spins are a precondition for type-2 dales
to occur. The dominant occurrence of type-1 dales in the +1, +2
model indicates that most of the minima have isolated zero-
energy spins, which occurs less in the +1 model. Regular min-
ima are a rare occurrence for the +1 model, which indicates that
there are only very few minima with no zero-energy spins. Note
that the Gaussian fits are only guides to the eye and do not reflect
a direct physical meaning as these systems can only exhibit dis-
crete energies. In both the systems medium energies had the
highest occurrence for all the types of minima, with on average
a low occurrence at low- or high-energy states.

Figure 4 shows the average size of the types of minima at their
respective energies. With size, we understand the number of
individual minima that make up the types. For example, because
regular minima are individual minima surrounded by energy
barriers their size is always one. Type-1 dales always have at least
size two, which is reflective of the occurrence of at least one zero-
energy spin. For the +1 model, a size of two was only observed at
low energies, whereas higher energies had a larger size. For the
+1, £2 model only very low energies and very high energies had
the size two of type-1 dales, and greater for all other energies.
This corresponds to having at least two or more isolated zero-
energy spins in the individual minima. Further, we observed that
type-2 dales have on average a larger size than type-1 dales and
regular minima and type-3 dales have the largest size.

Interesting in the analysis is also the distribution of ground
states. Note that our sample consisted of 100 systems for each
of the +£1 and +1, £2 models. This accounts for the observation
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that the energies of the ground state are distributed over a range
of H=—-58 to H=—44 for the +1 model, and range from
H=—-85to H=—61 for the +1, +2 model. Figure 5 and 6 show
the distribution of the types of minima and the size of types of
minima at their respective ground-state energies. As shown in
Figure 5 the £1, 2 model exhibits lower ground-state energies
than the +1 model. This is due to the higher value of the bonds.
Further, as already seen in Figure 2—4 the -1 model only exhibits
energies that are even integers, whereas in the £1, +2 model the
observed energy range also includes odd integers. This is
because the local contributions of energies pertaining to a single
spin can only add up to even integers for the +1 model, but allow
for uneven integers in the +1, £2 model (As the total energy of
the system can be calculated as the sum over local contributions
to the energies, it is sufficient to look at the possible combina-
tions locally. As an example of the occurrence of uneven integer
energies in the 1, +2 model, consider a spin that has the four
neighbor bonds {+2, + 1, + 1, 4+ 1}. If its neighboring spins
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are all pointing in the same direction, its energy will be an
uneven integer, whereas for the +1 model there does not exist
a single configuration of bonds and spin arrangements that
would allow for energies of uneven integers). Overall, in the
+1 model the ground state was made up by 8.95% regular min-
ima, 22.73% type-1 dales, and 68.32% type-2 dales. Of the total
number of ground states, ~60.33% were connected by direc-
tional paths and formed type-3 dales (Note that, as type-3 dales
consist of type-1 and type-2 dales joined via directional paths,
they are taken separately into account in the calculation of the
percentages.). This is different from the +1, +2 model, where
36.29% of the minima were regular minima, 40.79% type-1
dales, 22.92% type-2 dales, and only 7.24% of the total ground
state minima formed type-3 dales. Further, as shown in
Figure 5 (left) and 6 (left) only at four energies regular minima
were observed, namely, at H= —54, —52, —50, and —44, with an
occurrence of only 0.06% at H = —44. Type-2 dales had the high-
est occurrence. This is different from the 41, £2 model, where
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type-1 dales occurred most in the ground state followed by regu-
lar minima and type-2 dales, and only at medium ground-state
energies type-3 dales were observed; see Figure 5 (right). Notable
for the +1 model is also that the size of the ground-state dales
increases with increasing energy, indicating that at very low ener-
gies the minima are more sharply defined, i.e., have smaller dale
structures.

Table 1 shows for the +1 and +1, £2 models the average num-
ber of minima N and their percentage occurrence %N in the
reduced disconnectivity graph. The average number of actual
minima (i.e., counting every minimum individually) and their
corresponding percentage occurrence for the systems are given
by N* and %N*, and their respective sizes by S. Note that the
occurrences of the type-3 dales do not contribute to the percen-
tages because these consist of type-1 and type-2 dales that are
joined together. Their respective occurrences and sizes for the
two models are just given for comparison. As can be seen from
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the table, in the reduced description, type-2 dales had the highest
occurrence for the +1 model and type-1 dales for +1,42.
However, taken together with their respective sizes, the actual
number of minima forming into type-2 dales was highest for
both the models. That is, it was found that on average the actual
number of type-2 dales is 189.76 for the +1 model, and 584.48
for the £1, £2 model, whereas in the reduced description on
average only 10.11 type-2 dales occurred for the +1 model,
and 86.59 for the +1, +2 model. This leads to a percentage reduc-
tion %R of 94.67% for the +£1 model and 85.19% for the £1, +2
model. Note that regular minima do not reduce in our descrip-
tion because they already consist of isolated minima. The total
number of minima in our description, which is on average
14.08 for the £1 model and 293.25 for the +1, £2 model, is rep-
resentative of an actual number of individual minima of 202.12
and 1009.46, respectively. Thus, in total, we gain with our clas-
sification a reduction of 93.03% for the 1 model, and 70.95%
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Table 1. Number of the minima types A in the reduced description,
percentage of the minima %\ in the reduced description, average size
of minima types S, actual number of minima types N*, percentage of
the actual number of minima %N*. %% represents the percentage by
which the number of minima is reduced with our classification, i.e.,
%R =1— N/N*. The values are averages obtained from our samples
of 100 systems for the two studied £1 and £ 1,+2 models of spin
glasses.

Regular Type-1 dale Type-2 dale Type-3 dale
+1 - - - -
N 0.85 3.12 10.11 4.71
BN 6.04 22.16 71.80
S 1 3.69 18.77 33.25
N+ 0.85 11.51 189.76 156.61
%N* 0.42 5.69 93.88 -
%R 0 72.89 94.67 -
+1, +£2 - - - -
N 87.36 119.30 86.59 18.48
%N 29.79 40.68 29.53
S 1 2.83 6.75 1.4
N* 87.36 337.62 584.48 210.67
%N* 8.65 33.45 57.90 -
%R 0 64.66 85.19 -

for the +1, +2 model. This is a significant advantage, and was
also already observed on tile-planted spin glasses.[?®

4, Conclusion

We used enhanced disconnectivity graphs to study models of
spin glasses consisting of 36 spins with +1 and +1, £2 interac-
tions. In the disconnectivity graphs, we used our classification of
different types of minima, namely, regular minima, type-1 dales,
type-2 dales, and type-3 dales. The classification is based on the
accessibility of the minima to each other and represents the
various ways in which minima can be connected via zero-energy
spin flips. This greatly enhanced the intuitive understanding of
the disconnectivity graphs, drastically reduced the necessary
depiction of minima energy lines, and allowed for a further
in-depth investigation into their energy structure.

The results obtained with our enhanced disconnectivity
graphs showed that for the £1 model type-2 dales dominated,
whereas for the +1, £2 model type-1 dales occurred the most.
Further, all of the types of minima had the highest occurrence
at medium energy levels, indicating the range and difficulties
that need to be overcome with optimization procedures. Note,
our analysis showed that on average for the +1 model type-2
dales were formed by ~18.8 individual minima, and for
+1,4+2 by ~6.8 individual minima, whereas the sizes for
type-1 dales were 3.7 and 2.8, respectively. Thus, our enhanced
description also reduced the number of minima that have to be
displayed and stored by 93% for the +1 model and 71% for the
+1, £2 model. Information on these dales is given by a bar chart
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in the disconnectivity graphs, which show their respective sizes
at the corresponding energy levels.

Note that this classification is new and, as such, the effects the
system size has on the occurrence and size of the dales is not yet
known. As the number of spin configurations scales as 2%, larger
system sizes require checking 2*°, 2%, 28!, ... configurations for
minima and their corresponding barriers. This is only possible in
a larger systematic and computationally intensive study, but
might give further insights into fundamental concepts and rela-
tionships concerning the energy structure of spin glasses.

Our classification can be used to understand the effectiveness
of optimization procedures, which is important for benchmark-
ing problems. In addition, a similar classification of minima
might also be applied to materials systems and could lead to
new insights into their complex energy structure.
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