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a b s t r a c t 

Multi-shell fullerenes ”buckyonions ” were simulated, starting from initially random configurations, using a 
density-functional-theory (DFT)-trained machine-learning carbon potential within the Gaussian Approximation 
Potential (GAP) Framework [Volker L. Deringer and Gábor Csányi, Phys. Rev. B 95, 094203 (2017)]. Fullerenes 
formed from seven different system sizes, ranging from 60 ∼ 3774 atoms, were considered. The buckyonions are 
formed by clustering and layering starting from the outermost shell and proceeding inward. Inter-shell cohesion is 
partly due to interaction between delocalized 𝜋 electrons protruding into the gallery. The energies of the models 
were validated ex post facto using density functional codes, VASP and SIESTA , revealing an energy difference 
within the range of 0.02 - 0.08 eV/atom after conjugate gradient energy convergence of the models was achieved 
with both methods. 
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. Introduction 

Research on various allotropes of Carbon (C) like diamond, graphite,
anotubes, and fullerenes has been a long-standing endeavor. In recent
ears, with research shifting to disordered C structures, new carbon ma-
erials are being unveiled. Examples of such materials include tetrahe-
ral amorphous Carbon [1,2] , Biphenylene carbon sheets [3] , and amor-
hous graphite (layers of amorphous graphene sheets with topological
efects in the planes) [4] . It is known that topological defects present
nique and interesting mechanical, structural, thermal, and electronic
roperties that often have scientific and technological consequences. For
nstance, Zhang and co-workers discovered amorphous carbon struc-
ures with a high fraction of sp 3 bonding, recovered from compres-
ion of solid C 60 under high pressure and high-temperature [5] . The
esulting material showed remarkable mechanical and electronic prop-
rties, with potential application in photovoltaic systems, requiring high
trength and wear resistance. The growing interest in amorphous carbon
tructure raises the question: what other amorphous carbon materials
xist? 

Topologically, there are two kinds of fullerenes, classical and non-
lassical fullerenes. The classical fullerenes obey the isolated pentagon
ule [6] while their non-classical counterparts do not, and in addition to
he hexagon rings, non-classical fullerenes contain 4 - 8 member rings.
lassical fullerenes, especially C 60 , have been applied in fuel cell catal-
sis [7] , production of supercapacitors and lithium-ion batteries [8,9] ,
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lectromagnetic inference shielding [10] , biomedical sciences [11] , and
ven more recently in nano-neuroscience [12] . Applications using non-
lassical fullerenes are limited by their unique physical and chemical
roperties, which is a consequence of the variation in their local atomic
onformations resulting from the inclusion of the non-hexagonal rings.
t becomes apparent that an atomistic understanding of these amor-
hous fullerenes could present an opportunity for targeted engineering
f their structures for advanced technological applications. Research
n the synthesis, as well as theoretical study on non-classical single-
hell fullerenes, has been reported in a number of publications [13–16] .
n the other hand, limited theoretical research exists for non-classical
ulti-shell fullerenes ( “buckyonions ”). Any progress in this area would

equire a fundamental understanding of the formation and inter-layer
ohesion mechanism in non-classical buckyonions through molecular
ynamics (MD) simulations that allow sampling from an extensive sta-
istical ensemble of the configuration space that are energetically favor-
ble. Some notable research on MD simulation of non-classical bucky-
nions (but using “precursors ”) include the work of Los and co-workers
17] , who simulated the mechanism of buckyonion formation from the
nnealing of ultra-disperse nano-diamonds at 3000 K using the classi-
al long-range carbon bond-order potential (LCBOPII) [18] . Also, Lau
nd co-workers [19] investigated the micro-structure of buckyonions
ormed using pulsed-laser deposition by annealing an a-C structure at
000 K, using the environment-dependent interaction potential (EDIP)
or carbon [20] . 
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Table 1 

Simulation parameters for the buckyonion models. 

layer Size [number of atoms] 

Model 𝜏[ps] Layers 𝑠 1 𝑠 2 𝑠 3 𝑠 4 

BO 60 41 one 60 - - - 
BO 300 99 two 76 224 - - 
BO 540 104 two 174 366 - - 
BO 840 119 three 25 282 533 - 
BO 1374 109 three 158 456 760 - 
BO 2160 113 three 189 799 1172 - 
BO 3774 131 four 316 572 1210 1676 
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3  

s  

c  
This work reports the formation of buckyonions without any pre-
ursor. Starting from a random configuration of carbon atoms with dif-
erent system size ranging from 60 ∼ 3774 atoms, non-classical multi-
hell fullerenes (with up to 4 shells) were formed using a density-
unctional-theory trained machine-learning Gaussian Approximation
otential (GAP) within 40 ∼ 130 ps. The buckyonion models formed
ere validated through DFT energy minimization in VASP (Vienna Ab

nitio Simulation Package) [21] and the atomic orbital-based package,
IESTA (Spanish Initiative for Electronic Simulations with Thousands
f Atoms) [22] . The multi-shell fullerenes formed up to four shells with
opological disorder in each shell (that is, 3D aspherical structures with
exagons, pentagons, heptagons, etc.). Besides a thorough structural in-
estigation with a highly accurate potential, we study mechanisms of
ormation and the atomistic origins of cohesion in detail. For where
t applies, two exchange-correlation functionals were used for the DFT
alculations within VASP . These are the generalized gradient approxi-
ation (GGA) of Perdew-Burke-Ernzerhof (referred to as PBE) [23] and

he combination of the slater exchange [24] with the Perdew-Zunger
arametrization of Ceperley-Alder Monte-Carlo correlation data in the
ocal density approximation [25,26] (referred to as LDA). However, ex-
ept where explicitly stated, the results discussed herein are those ob-
ained using the PBE functional. 

. Computational Details 

The models were obtained using the GAP potential for the C-C inter-
ction [27] as implemented within the “Large-scale Atomic/Molecular
assively Parallel Simulator ” (LAMMPS) software package [28] . The

raining of the GAP C potential was based on the conventional method
f fitting to an extended set of reference data obtained from simula-
ions based on density functional theory (DFT) [29–32] . Three initial
onfigurations with 60, 300, 540, 840, 1374, 2160, and 3774 atoms
ere randomly placed to form a spherical bulk with all C atoms being
t least 1.45 Å apart. These systems will henceforth be referred to as
O 𝑁 

, where N is the number of atoms. The bulk was then placed into
 cubic box with 3 Å vacuum between the surface of the sphere and
he sides of the box so that the periodic boundary condition describes
 system of isolated carbon clusters. The atomic positions and veloci-
ies were sampled and updated in time-steps of 1 fs from a NoséHoover
hermostat at a fixed temperature of 3000 K. The energy trajectories
f the systems were analyzed and taken to have reached a satisfactory
onfiguration after negligible energy fluctuations were observed over
n extended time period of at least 10 ∼ 15 ps. Afterwards, the mod-
ls were allowed to find a more energetically and structurally favorable
onfiguration by cooling to room temperature at a rate of 2.7 ×10 13 K/s,
his allowed the systems to attain nearly spherical geometry. Finally,
he structures were relaxed using conjugate gradient (CG) algorithm as
mplemented within LAMMPS with a force tolerance of 10 −6 eV/Å to
btain a representative structure. Figure 1 presents the time-evolution
f the BO 300 model from one of the initial random configurations to an
nergetically converged two-layer buckyonion structure. The parameter
indicates the time at which the concentric shells become discernable
ith essentially non-fluctuating energies. While most of this work was

arried out with the aforementioned systems, models with other 𝑁 were
xplored for some of the analysis. 

The structure and energy of the BO 𝑁 

models obtained were validated
x post facto using VASP and SIESTA . To achieve this, the systems were
nergetically relaxed using CG algorithm in SIESTA and VASP . Fig. S1
n the supplementary material shows the plots of the energy difference
 Δ𝐸) against the CG iterations for BO 300 , 540 , 840 , obtained from the den-
ity functional codes. The inset in Fig. S1, representing the GAP model
efore and after CG relaxation, showed no structural difference in the
elaxed models when compared to the original models. The energy dif-
erence between the original models and relaxed models (both SIESTA
nd VASP ) ranged within 0 . 02 eV/atom ≤ Δ𝐸 ≤ 0 . 08 eV/atom also with
o bond breaking or forming. This is an indication that in the configura-
2 
ion space, the atoms are formed in an energetically stable and realistic
ocal environment. The machine learning process involves the absence
f an ansatz and a fit of the training (DFT) data to a flexible function.
his allows GAP to scan through a wider range of configuration space
or a realistic description of structurally complex systems like the buck-
onions. In principle, one could model buckyonions from random con-
gurations using ab-initio DFT codes like VASP , but this becomes im-
ractical as a result of the plane wave basis set which scales with the
ell volume (that contains vacuum). GAP is a real-space method, which
s an advantage for molecular systems and also has a computational cost
hat scales linearly with the system size. 

. Structural Analysis 

Tables 1 and 2 contain information about the simulation parameters
nd some structural properties calculated for the buckyonion models re-
pectively. Generally, two families of icosahedral multi-shell fullerenes
xist, the 60 𝑛 2 and 180 𝑛 2 buckyonions; hence, the smallest shell-unit
or buckyonions would be the Buckminsterfullerene (C 60 ) [33] . Varia-
ions in the C-C bond-length, as well as Stone-Wales defects in fullerenes,
ould cause the re-ordering of atoms in the buckyonion layers and yield
eviations from the expected shape of the fullerenes. This topological
isorder is present in all the buckyonion models and indicated in Fig. 2
a) and (b) for two independent BO 60 models. Unlike in C 60 (see Fig. 2 c),
hich has the expected C-C bond-length ( 1 . 38 Å< 𝑥 < 1 . 46 Å), the BO 60 
nd other buckyonions have C-C bond-length ranging from 1.34 Å ∼ 1.6
. Furthermore, energy calculation using GAP revealed that the BO 60 
odel was 0.03 eV/atom higher in energy compared to pristine C 60 .

imilar calculations for other models are presented in Table 3 . 
The histograms in Fig. 3 (LEFT) represent the ring distribution for

ome of the BO 𝑁 

models with the corresponding bond-angle distribution
hown in Fig. 3 (RIGHT). For BO 1374 , the peaks at 109 ◦ and 119 ◦ relate
irectly to the pentagonal and hexagonal atomic arrangements (inset
hows a portion of BO 1374 representative shell with 5- and 6-member
ings). On the other hand, the broadening of the angle distribution in
O 3774 shows variations in ring size. A comprehensive description of the
umber of ring sizes found in the models is presented in Table S1. 

A pentagonal (heptagonal and octagonal) ring in graphitic carbon
heet results in a positive (negative) curvature [36–42] . However, com-
inations of 5-, 7- and/or 8-member rings in hexagonal carbon networks
ould result in a complicated morphology [43,44] . Fig. 4 (a) and (b)
how a part of the BO 840 model with a negative curvature (the 7/8 pairs
re colored in blue), while Fig. 4 (c) shows a positive curvature region in
O 1374 with a high number of pentagons (in red). All the BO 𝑁 

structures
re displayed in Fig. S2. To form fullerenes, Euler’s polyhedral formula
equires a balance in the number of 5/p pairs (p represents 7- or 8-
ember ring) for an indeterminate number of hexagon rings [38,45] ,

nd any deviation from the 5/p pair at a certain region must be com-
ensated by additional 5-member rings if a positive curvature is to be
aintained as shown in Fig. 4 (b). 

Even with defects, the number of atoms in the innermost shell for the
00-atom and 520-atom models remained close to 60 and 180 atoms re-
pectively (see Table 1 ), and maintained a nearly spherical geometry in
omparison to large 𝑁 models which are more faceted. This supports ex-
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Fig. 1. Shell formation and total energy as a function of simulation time. The insets (shells are colored green and red) show the snapshots of the atomic configurations 
at different points in time. 𝜏 indicates the time at which the shells become visible with significant energy convergence. The right plot (60 - 120 ps) is simply a 
continuation of the left plot (0 - 60 ps). 

Table 2 

Shape descriptors for the buckyonion models. 

Gyration radius (R 𝑔 ) [Å] Asphericity ( 𝜂) [Å2 ] Anisotropy ( 𝜅2 ) 

Model 𝑠 1 𝑠 2 𝑠 3 𝑠 1 𝑠 2 𝑠 3 𝑠 1 𝑠 2 𝑠 3 

BO 60 3.57 - - 0.525 - - 0.18 - - 
BO 300 4.05 6.89 - 0.27 0.43 - 0.03 0.01 - 
BO 540 6.06 8.9 - 0.71 0.74 - 0.14 0.07 - 
BO 840 2.4 7.76 10.63 1.48 1.16 1.24 0.12 1.89 0.11 
BO 1374 5.84 9.74 12.55 0.85 0.87 0.92 0.19 0.03 0.02 
BO 2160 5.88 12.79 15.60 1.69 1.41 1.43 0.18 0.06 0.04 
BO 3774 8.19 11.03 16.01 0.46 0.48 0.85 0.01 0.003 0.005 
C 60 3.44 - - 0.01 - - ≈ 0 - - 
SWCNT 12.78 - - 144.7 - - 0.99 - - 
BO 3774 𝑠 4 = 18 . 90 𝑠 4 = 0 . 87 𝑠 4 = 0 . 004 

Fig. 2. Topological defects observed in BO 60 models (a and b). x represents the 
calculated bond-lengths in Å. The models are compared with a pristine C 60 (C) 
with I ℎ symmetry [34] . 
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Table 3 

Difference in Energy per atom between the buckyonion models and C 60 calcu- 
lated using GAP ( 𝛿𝐸 atom = 𝐸 𝐵𝑂 𝑁 

− 𝐸 𝐶 60 
). 

Models 𝛿𝐸 atom [eV] Models 𝛿𝐸 atom [eV] 

BO 60 0.03 
BO 300 - 0.30 BO 1374 - 0.41 
BO 540 - 0.30 BO 2160 - 0.43 
BO 840 - 0.31 BO 3774 - 0.38 
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erimental evidence that small 𝑁 buckyonions exist as concentric spher-
cal shells and as faceted structures as 𝑁 increases [46–51] . 

Further analysis on the shape of the BO 𝑁 

models was carried out
sing various shape descriptors derived from the gyration tensor ( S 𝑖𝑗 ;
, 𝑗 = 𝑥, 𝑦, 𝑧 ) for each buckyonion shell. The squared radius of gyration
R 

2 
𝑔 
) was calculated as the sum of the principal moments ( 𝜆2 

𝑖 
; 𝑖 = 𝑥, 𝑦, 𝑧 )
3 
f the gyration tensor as: 

 

2 
𝑔 
= 

∑
𝑖 = 𝑥,𝑦,𝑧 

𝜆2 
𝑖 

(1) 

here the axes were chosen in a way that the principal moments are
rdered as 𝜆𝑧 ≥ 𝜆𝑦 ≥ 𝜆𝑥 

The spherical symmetry of each shell in the buckyonion models was
alculated using the asphericity descriptor ( 𝜂) given as: 

= 

3 
2 
𝜆2 
𝑧 
− 

𝑅 

2 
𝑔 

2 
(2) 

hich is non-negative and is only zero (spherically symmetric) when

𝑧 = 𝜆𝑦 = 𝜆𝑥 . The relative shape anisotropy ( 𝜅2 ∈ (0 , 1) ) was also calcu-
ated using the formula: 

2 = 

𝜂2 + (3∕4) 𝜁2 

𝑅 

4 
𝑔 

(3) 

here 𝜁 = 𝜆2 
𝑦 
− 𝜆2 

𝑥 
. 𝜅2 is 0 for perfectly spherical systems is and it is 1

or particles (atoms) that lie on a line. Similar calculations were done
or the C 6 0 fullerene and a single-walled nanotube to compare with the
O model. The results from these calculations are presented in Table 2 .
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Fig. 3. Ring statistics (LEFT) and bond-angle distribution (RIGHT) for the local environment of the buckyonion models as calculated within ISAACS [35] . The 
honeycomb structure in the inset is a representative structure for some atoms in BO 1374 and BO 3774 models. 

Fig. 4. The surface curvature induced by ring sizes. (a) shows the negative cur- 
vature defined by the presence of octagons (blue) and heptagons in (b). (c) shows 
a positive curvature induced by a large concentration of pentagon (red) in some 
representative surfaces of the buckyonion model. 
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Table 4 

𝑅 𝑔 [Å] for fullerenes with 𝑁 = 60, 70, and 84 obtained from experimental and 
theoretical (calculated from atomic coordinates in ref. [57] ) data, compared 
with corresponding models created using the GAP Potential. 

60 atoms 70 atoms 84 atoms 

Exp. [54] 3 . 5 ± 0 . 20 - - 
Exp. [55] 3 . 52 ± 0 . 04 - - 
Exp. [56] 3 . 57 ± 0 . 00 - - 
Exp. [57] 3 . 56 ± 0 . 05 3 . 92 ± 0 . 05 4 . 27 ± 0 . 06 
Theo. [57] 3.55 3.87 4.19 
This work 3.57 3.78 4.05 
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Small-angle neutron scattering (SANS) is a valuable technique for
tructural characterization of fullerenes in solvents with strong SANS
ontrast (e.g., CS 2 ) [52–56] . The structures of some BO 𝑁 

( 𝑁 = 60, 70,
nd 84) were compared with corresponding structures observed exper-
mentally from the work of Melnichenko and co-workers [57] . Using
ANS, they analyzed the shapes of fullerenes with 𝑁 = 60 , 70 and 84
oieties by determining the radius of gyration (R 𝑔 ) via the standard
uinier approximation of the low-Q end of the scattering profile given
Fig. 5. Clustering Process for buckyonion formation from two bowl-shaped

4 
s [58] : 

( 𝑄 ) ≈ 𝐼(0) ⋅ exp 

( 

−( 𝑄𝑅 𝑔 ) 2 

3 

) 

(4)

(0) is the intensity at zero scattering angle ( 𝑄 = 0 ). R 𝑔 and I(0) are
etermined from the linear fit to a plot of 𝑙𝑛 ( 𝐼) against 𝑄 

2 within the
uinier region [59] . Table 4 presents values of the radius of gyration

rom experimental data [54–57] , theoretical calculations in ref. [57] ,
nd those obtained as part of this work for fullerenes with 𝑁 = 60, 70
nd 84. 

For the 60 atom systems, the result for R 𝑔 obtained from this work is
onsistent with experimental results from the works of Gripon et al. [54] ,
morenberg et al. [55] , Spooner et al. [56] and those from Melnichenko
nd co-workers. However, for the 79- and 84- atom systems, experi-
, randomly distributed clusters with 36- (red) and 152- (green) atoms. 
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Fig. 6. Radial distribution function g(r) for C 60 fullerene (in black) and some of 
the BO 𝑁 models. Plots were vertically shifted for clarity. 
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Fig. 7. EDoS and EIPR for (a) BO 60 , C 60 [34] (inset) and (b) BO 300 . EDoS was 
also computed for (c) BO 840 and (d) BO 1374 . The Fermi Energy for all plots is 
represented as a green vertical-dashed line. The calculations were implemented 
in SIESTA 
ental data was only available from Melnichenko and co-workers, who
lso calculated a theoretical radius of gyration from the atomic coordi-
ates of the fullerenes using the Serena Molecular Modeling Software
60] . While there is limited experimental data for structure characteri-
ation analysis of buckyonions, the ability to reproduce comparable R 𝑔 

or available fullerenes still serves as a validation for the structure of the
O 𝑁 

models. 
The process of buckyonion formation by clustering was investigated

y creating two randomly distributed hemispherical clusters with 36
toms in the first cluster (red atoms in Fig. 5 ) and 152 atoms in the
econd cluster (green atoms in Fig. 5 ). The systems were separated by
 distance of at least 3.0 Å and the simulation protocol was the same as
escribed in Section 2 . Fig. 5 shows that there was hardly any mixing
etween atoms in both clusters, ie. the inner shell was formed majorly
y atoms in the 36-atom system and the outer shell was formed by atoms
n the 152-atom system. This suggests that, even with random configu-
ations, if clustering exists within the system, the buckyonion will likely
orm based on those clusters. 

Next, the structural order of the BO 𝑁 

models and pristine C 60 
34] were analyzed using pair-correlation functions. The first peak in
he plot for the radial distribution functions for all the configurations
n Fig. 6 is centered around the “graphitic ” bond-length and the width
f the peak indicates disorder-induced deviations from the bond-length.
he continuous peaks in the BO 𝑁 

models overlap with the discrete peaks
n C 60 , which is a validation of the amorphous structure of the bucky-
nion models. 

The gallery width between any two concentric shells was calculated
s the difference of the radii between two concentric shells measured
rom the centroid of the system. The inter-layer separation between the
utermost concentric shell showed a consistent value around 2.87 Å for
ll the models. This value is less than the inter-layer separation observed
n pristine Carbon nano-onions ( ≈ 3.5 Å) [61–63] . In the animation for
he formation of BO 300 and BO 1374 provided in the supplementary mate-
ial, the path of buckyonion formation brings about the creation of the
utermost layer, and then the system slowly forms inner shells. The ani-
ation for BO 1374 confirms that an initial cluster of atoms exists, which

s then shaped spherically, followed by the formation of an outermost
ayer (green shell) with the inner (still random) cluster separated from
he outermost shell. Next, a second layer is formed (red shell), which
chieves a stable geometry after a considerable amount of time. After
his stage has been completed, the formation of the innermost (blue
hell) layer commences. The formation process, combined with the con-
istent gallery width between the two outermost shells, suggests a level
f stability in the outer-shell formation process of the buckyonions. The
5 
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Fig. 8. Cross-sections of the charge density [in 𝑒 − /Å3 ] distribution between 2 shells in a BO 300 model. The charge density values were scaled by a factor of 100. 
The location of atoms, isosurface, and contour plots for 5 slices are presented in the first ( 𝑅 1 ), second ( 𝑅 2 ), and third ( 𝑅 3 ) row. The columns ( 𝐶 1 - 𝐶 5 ) show the 
progression from the outer to the inner shell. 𝐶 3 is the mid-slice between 𝐶 1 and 𝐶 5 , and 𝐶 2 ( 𝐶 4 ) is the mid-slices between 𝐶 3 and 𝐶 1 ( 𝐶 5 ). The charge distribution 
in the opposite end of the plane considered here is shown in the supplementary material. 

Fig. 9. The delocalized 𝜋-electrons in the mid-section of the -xz plane in a BO 300 
model. The PBE functional was used in this calculation and the charge density 
values were scaled by a factor of 100. 

Table 5 

Average PBE and LDA values for the total and 𝜋 or- 
bital charge densities for BO 300 on a 240-bin 3D grid. 

Avg. Charge Density PBE [ 𝑒 − /Å3 ] LDA [ 𝑒 − /Å3 ] 

All bands 
Supercell : 2 . 199 ± 0 . 035 2 . 201 ± 0 . 035 
Gallery : 0 . 095 ± 0 . 007 0 . 096 ± 0 . 005 
𝜋 bands 
Supercell : 0 . 543 ± 0 . 037 0 . 548 ± 0 . 037 
Gallery : 0 . 021 ± 0 . 001 0 . 020 ± 0 . 001 
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6 
tability of the outer-shell and the fullerene growth process was further
onfirmed by creating a randomly distributed 540-atom cluster inside
 720-atom spherical fullerene isomer [34] , following the simulation
rocess in Section 2 . Fig. S3 shows the evolution of the system with ob-
ervable faceting occurring at regions with pentagons in the outermost
hell. Analysis of the number of atoms in each shell revealed that the
utermost shell remained with 720 atoms (green shell) throughout the
imulation while forming two inner-shells with 364 (red shell) and 176
blue shell) atoms. This is shown in the animation for the growth process
BO growthProcess.mp4) provided in the supplementary material. 

. Electronic Structure and Charge Density Distribution 

The electronic properties of the models were analyzed from calcu-
ations of the electronic density of states (EDoS) and the localization
f Kohn-Sham states ( 𝜙) was calculated as the corresponding electronic
nverse participation ratio (EIPR), which is given by: 

( 𝜙𝑛 ) = 

∑
𝑖 |𝑐 𝑖 𝑛 |4 

( 
∑

𝑖 |𝑐 𝑖 𝑛 |2 ) 2 (5)

here c 𝑖 
𝑛 

is the contribution to the eigenvector ( 𝜙𝑛 ) from the i th atomic
rbital (s and p) as implemented within SIESTA using the LDA self-
onsistent energy functional with a single 𝜁 basis set. Low EIPR values
orrespond to highly extended states (evenly distributed over N atoms)
nd high EIPR values describe localized states. Fig. 7 (a) shows the EDoS
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Fig. 10. Single band decomposition of the 𝜋 electron bands close to the Fermi-level (in the 600 th band). 4 (7) bands below (above) the Fermi band are plotted. The 
charge density values were scaled by a factor of 1000. 
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nd EIPR for the BO 60 model and pristine C 60 fullerene (inset in 7 (a)).
hile discrete states were observed for the C 60 and BO 60 models, the

tructural symmetry present in C 60 fosters degeneracy in its electronic
ensity of states; therefore, electronic states occupying the same en-
rgy level (extended EIPR with low values) exists. On the other hand,
he absence of certain structural symmetries in BO 60 resulted in mod-
rately localized states over a wider energy range, breaking the elec-
ronic degeneracy. Similar high EIPR values were calculated for BO 300 
see Fig. 7 (b)), but unlike in BO 60 , the states in BO 300 were distributed
n a continuous spectrum suggesting non-degeneracy in its energy
andscape. 
7 
The electronic density of states in the vicinity of the Fermi energy
 𝐸 𝑓 ) is important to many physical properties like transport and super-
onductivity. The conducting behavior of graphite is a consequence of
he absence of any overlap in the valence ( 𝜋) and conduction ( 𝜋∗ ) bands
t 𝐸 𝑓 . Drabold and co-workers, in their work on the spectral proper-
ies of large single-shell fullerenes [64] , reported the narrowing of the
 𝑓 gap as the number of atoms increases. In this work, the EDoS plot

hows a gap for BO 60 at 𝐸 𝑓 , while for larger BO 𝑁 

models do not have
ny gap at 𝐸 𝑓 (see Fig. 7 (c) and (d) for BO 840 and BO 1374 respectively,
ith states engulfed around 𝐸 𝑓 ). This behavior has been investigated
y Liu and co-workers [65] , using the scanning tunneling spectroscopy
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echnique, from which they observed that small- 𝑁 buckyonions were
emi-conducting, and increasing metallic properties were observed with
ncreasing 𝑁 , and hence with an increasing number of shells as well. 

Inter-layer cohesion in layered carbon structures like graphite and
morphous graphite derive from a combination of Van der Waals forces,
s well as delocalized 𝜋 electrons in the galleries [4,66] . This non-
ispersive contribution, involving weak “metallic ” interactions between
he quasi-free electrons, was proposed by Rozploch and co-workers
66,67] . Interpretation of the contribution of the 𝜋 electrons to inter-
ayer cohesion requires a calculation of the individual contribution of
he wavefunctions (Kohn-Sham orbitals) describing the system. There-
ore, within the interpretation of the DFT formalism, the distribution of
he delocalized electron gas in the gallery was investigated using elec-
ronic charge density distribution. The total charge density was calcu-
ated using both PBE and LDA functionals for BO 300 models. The ob-
ained values were spatially projected on a 240 ×240×240 grid. The av-
rage charge density contribution from all the bands is presented in
able 5 , and five cross-sections of the total charge distribution between
wo shells (in the -xz plane) are shown in Fig. 8 . 

In subsequent discussions on Fig. 8 , 𝑅 𝑗 𝐶 

𝑘 represents the position de-
ned by row 𝑗; column 𝑘 . Using only 𝑅 𝑖 ( 𝐶 

𝑖 ) refers to all the columns
row) in the i th row (columns). 𝑅 1 , 𝑅 2 , and 𝑅 3 show the location of
toms, isosurface, and contour plots for each cross-sectional slice respec-
ively. 𝐶 

1 - 𝐶 

5 show the progression from the outer to the inner shell. 𝐶 

3 

s the mid-slice between 𝐶 

1 and 𝐶 

5 , and 𝐶 

2 ( 𝐶 

4 ) is the mid-slice between
 

3 and 𝐶 

1 ( 𝐶 

5 ). The charge density values in 𝑅 2 were scaled by a factor
f 100. As a guide, the first set of atoms contributing to the charge den-
ity from both shells of the buckyonion, shown in 𝑅 1 𝐶 

1 and 𝑅 1 𝐶 

5 are
olored in brown and red. Table 5 shows that the average charge density
n the mid-gallery region is ≈ 4 . 3% of the maximum charge density in
he supercell. The low charge density values at the mid-gallery region
re consistent with results from crystalline graphite (almost zero at the
id-gallery) and amorphous graphite (mid-gallery value was at least 2%

f the maximum value of charge density in the system) [4] . The higher
alues calculated for buckyonions could be a consequence of increased
electron mixing due to the local atomic curvature. For completeness,

ig. S4 shows the charge density plot for the last 5 cross-sectional slices
t the opposite end of the model shown in Fig. 8 . Additionally, an ani-
ation ( “TotalChgDensity.mp4 ”) that shows the progression of the total

harge density in the -xz plane along the y-direction is provided in the
upplementary material. The animation confirms that the distribution of
lectrons in the gallery influences inter-shell cohesion in buckyonions
nd the charges are redistributed based on where atoms are located in
ach shell. 

Next, the actual electronic bands contributing to the inter-shell cohe-
ion were obtained from the spatial band decomposition of the 𝜋-orbitals
rom the total charge density in the same 3D 240-grid. The 𝜋 electron
harge density at the mid-section of the -xz plane for a BO 300 model is
hown in Fig. 9 . The charge density values were scaled by a factor of 100.
he locations of the contributing atoms are shown in Fig. 9 [TOP]. The
alues for the 𝜋 electron charge density in the gallery ≈ 0.023 𝑒 − /Å3 , and
ncreases to ≈ 0.033 𝑒 − /Å3 for atoms in each shell that are positioned
pposite each other. In general, the average 𝜋 electron charge density in
he gallery is ≈ 4 % of the average in the supercell (see Table 5 ). An an-
mation showing the distribution of the 𝜋 electrons in a BO 300 model is
lso provided in the supplementary material. For comparison, the total
nd 𝜋 band charged densities, calculated using LDA functional, showed
lose values to the results obtained using PBE functional (see Table 5 ).
his is also reflected in the close similarity between the isosurface plot in
ig 9 and its LDA-calculated counterpart in Fig S5. Finally, the contribu-
ion of individual 𝜋 bands to inter-layer cohesion was also investigated.
he plots in Fig. 10 , which has charge density values scaled by a factor
f 1000, show the isosurface of 4 (7) bands below (above) the 600 th 

and which contains the Fermi level (Fermi band), which corresponds
o the 𝜋 ( 𝜋∗ ) orbitals. To obtain finer isosurfaces, the grid bin size was
ncreased to 360 ×360×360. The average contribution of the 𝜋∗ electrons
8 
n the gallery is (at most) 2 orders of magnitude less than values from
he 𝜋 bands which means that the delocalized 𝜋 electrons are the ma-
or contributions to the inter-layer cohesion. The results also show that
ontributions from more than one band can be localized in a particular
tom which means that the 𝜋 bands are linear combinations (mixing) of
he wavefunctions (Kohn-Sham orbitals) that describe the buckyonions.
t is noteworthy that in these non-classical fullerenes, layering persists
espite the absence of an exact (graphitic) stacking registry. 

. Conclusion 

In this work, the formation of buckyonions from initial random con-
gurations of carbon atoms was achieved using the GAP potential. The
tructure formed within 100 ps and DFT energy validation revealed an
nergy difference in the range of 0.02 - 0.08 eV/atom using VASP and
IESTA . Multi-shell fullerenes with 1 ∼ 4 layers were created for atoms
anging from 60 ∼ 3774 atoms. While there remains a level of topologi-
al disorder in each shell (i.e Stone-Waals defects), the number of atoms
n the innermost shell remained close to 60 or 180 atoms. The bucky-
nions prefer to form starting with the outermost shell and then build
nwards with a consistency in gallery width of ≈ 2.87 Å between the
wo outermost layers. Clustering was proposed as a formation mecha-
ism for the buckyonions. The electronic density of states calculation
howed that more states appear in the Fermi Level as 𝑁 increases. Fi-
ally, the physics of inter-shell layering was investigated by considering
he charge density in the 𝜋 subspace. Results showed that delocalization
f the 𝜋 electron led to an electronic charge cloud in the gallery, which
auses cohesion between shells. 
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