Real-Space Mapping of Electronic Conductivity in Complex Materials
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We introduce KuboMap, a real-space representation of electronic conductivity derived from the
Kubo-Greenwood formula. KuboMap defines a nonnegative conductivity density whose spatial inte-
gral recovers the total conductivity and whose form is guided by Mott’s picture of transport through
spatially overlapping electronic states. This construction provides a direct map of the transport-
active regions of a material. Applied to aluminum, KuboMap recovers an extended metallic conduc-
tion network. Applied to amorphous silicon, it distinguishes an insulating defect-free network from
a defective structure in which localized near-Fermi states form connected hopping-like pathways.
In silicon-oxides, it captures the loss of conduction as increasing oxygen content disrupts Silicon-
rich transport networks. KuboMap provides a physically transparent route from Kubo-Greenwood
conductivity to real-space transport pathways in complex materials.

Electronic conductivity is a fundamental observable in
condensed-matter physics and materials science, yet in
complex materials, its microscopic origin is often diffi-
cult to interpret. In practical electronic-structure cal-
culations, conductivity is commonly evaluated from the
Kubo-Greenwood formula [1, 2], which yields a global
response but does not directly reveal how conduction oc-
curs in real space. This limitation is especially relevant
in disordered and heterogeneous systems, where trans-
port depends strongly on the spatial organization and
localization of states near the Fermi level.

For non-crystalline materials, Anderson and Mott em-
phasized that transport is not simply controlled by ex-
tended Bloch states, but by localized states near the band
edges and by the possibility of hopping between states
that are both energetically accessible and spatially over-
lapping [3-5]. This suggests that a useful real-space rep-
resentation of conductivity should be built from pairs
of states rather than from isolated orbitals. Existing ap-
proaches, such as the space-projected conductivity (SPC)
method [6] and Hindley—Mott-inspired N? constructions
[7, 8], made progress in connecting conductivity to local
structure.

Here we introduce KuboMap, which we regard as a
conceptual shift in how conductivity is represented in
nanostructures. The central idea is to decompose con-
ductivity into normalized pair densities constructed from
products of Kohn-Sham (KS) eigenstates. The result-
ing spatial field reproduces the total conductivity upon
spatial integration while identifying the real-space re-
gions where transport-active state pairs coexist. We
show that KuboMap recovers extended metallic conduc-
tion in aluminum, distinguishes insulating and defect-
mediated transport regimes in amorphous silicon, and
captures progressive suppression of conduction with in-
creasing oxygen content in silicon-oxides.

In the energy eigenbasis, {|m)}, satisfying ﬁ|m> =
E,,|m), where H denotes the KS Hamiltonian, we start
from a Kubo—Greenwood expression for the diagonal con-

ductivity along the Cartesian direction o € {z,y, z} [9],
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Here Q is the cell volume, g is the electron mass, A is
Planck’s constant, Er is the Fermi energy, and P is the
a-th Cartesian component of the momentum operator.
For a finite supercell, 7 accounts for both finite-size level
spacing and thermal broadening; details of its choice are
discussed later.

Motivated by Mott’s [1] and Hindley’s [10] argument
that o o« N2(Ep) [7], where N(Er) is the density of
states at the Fermi level, we seek a nonnegative spa-
tial density p&no)z (r) whose integral recovers Eq. (1). A
natural choice is to build each (m,n) contribution from
the product of the local probability densities |t),,(r)|?
and |1, (r)[?, for KS states (r|m) and (r|n) at position r.
First, we define the overlap matrix
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and construct the KuboMap conductivity density
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TABLE I. Structural broadening (7,), thermal broadening (7:), resulting Gaussian broadening parameter (1), and conductivity

o™ for all structures at 300 K. Broadening parameters are reported in eV, and conductivities are reported in S/m.

c-Al a-Si-216 a-Si-512 SiO1.3 SiO1.5 SiO1.7 SiO9
s 0.026 0.04 0.03 0.09 0.106 0.118 0.135
m 0.008 0.042 0.02 0.097 0.146 0.194 0.196
n 0.035 0.085 0.05 0.20 0.255 0.32 0.335
o 3.5 x 10° 2.6 x 107° 498 282 0.26 0.02 4.6 x 1078
from which For c-Al, we used a 256-atom model obtained from
Ref. [8]. For a-Si, we considered two models: a 216-
ol :/dBT pl(r) (8)  atom model (a-Si-216) from Ref. [15], generated using
1 the Wooten-Winer—Weaire approach and exhibiting a
oM =3 Z ag@ (9) clean electronic gap, and a 512-atom model (a-Si-512)
ac{zyz} from Ref. [16], obtained from machine-learning-driven

Equation (5) therefore defines a nonnegative spatial con-
ductivity density whose integral recovers the Kubo—
Greenwood conductivity [Eq. (1)]. A formal interpre-
tation of Eq. (5) is provided in Section S1 of the supple-
mentary material (SM) [11], where |1, (r)|?[t,(r)]? is
represented as the diagonal kernel of a positive operator
on the doubled Hilbert space H ® H.
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FIG. 1. Geometric interpretation of KuboMap.

The physical interpretation of Eq. (5) is illustrated
schematically in Fig. 1. Individual near-Er states may
be spatially localized and therefore do not, by themselves,
define a conduction pathway (isolated purple blobs). By
contrast, the products |t),,(r)|?|1,(r)|? isolate the re-
gions where two relevant states coexist in space, and
the union of these pair-overlap regions defines the con-
ducted transport network identified by KuboMap (con-
nected purple channels). A mathematical description of
this picture is given in Sec. S2 of SM [11].

We applied KuboMap to face-centered cubic (FCC)
aluminum (c-Al), amorphous silicon (a-Si), and silicon-
oxide stoichiometries (SiO,). The calculations were
performed using density functional theory within the
Vienna ab initio Simulation Package (VASP) [12].
We used projector-augmented-wave potentials [13] and
the Perdew—Burke-Ernzerhof exchange-correlation func-
tional [14].

molecular-dynamics (MD) simulations and containing co-
ordination defects and near-Er states. The silicon-oxide
models, SiO, with stoichiometries x = 1.3,1.5,1.7, and
2.0, were taken from Ref. [17].

For each structure, we averaged over 10 snapshots
sampled at 300 K from a 5 ps trajectory with a 0.5
fs timestep, following 1 ps of equilibration, to esti-
mate the room-temperature conductivity. Temperature-
dependent conductivity for these models will be ad-
dressed in future work, together with calculations using
hybrid functionals, such as the Heyd—Scuseria—Ernzerhof
functional [18], to assess the eigenvalue placement and
localization.

KuboMap was evaluated on a uniform grid with 0.2
A spacing for all systems, using 30 states above and 30
states below the Fermi level. Additional implementation
details are provided in Sec. S3 of the SM [11].

The Gaussian broadening parameter n [Eq. (3)] must
account for both finite-size spectral discreteness in the
KS spectrum and thermal fluctuations of the near-Ep
states. We therefore require

n? >n? +n?, (10)

where 74 is the structural contribution, estimated from
the spacing of the states nearest E'r, and 7, is the thermal
contribution, estimated from the root-mean-square (rms)
fluctuation of the same states along the MD trajectory
[19, 20]. We discuss this further in Sec. S4 [11].

Table I summarizes the average values of ns, ¢, 17, and
the corresponding average conductivity o(") evaluated at
1 over the 10 snapshots for each structure. The individual
snapshot values are discussed in Sec. S5 of the SM [11].
The estimates of s and 7; used 30 states below and 30
states above the Fermi level. The corresponding near-Ep
states and their rms fluctuations, used to determine 7,
and n;, are shown in Fig. S1 of the SM [11].

In Table I, clear material-dependent trends emerge for
the Gaussian broadening parameters. Thermally disor-
dered c-Al has the smallest broadening parameters due to
its dense metallic spectrum near Er [Fig. S1(a/d)]. The
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FIG. 2. KuboMap in aluminum (Al) and amorphous silicon (a-Si). (a) KuboMap for crystalline Al (top row) and thermally
disordered Al (bottom row). Column (i) shows the bulk KuboMap distribution, column (ii) an zy slice through an atomic
lattice plane at z = 12 A, and column (iii) an xy slice through an interstitial region at z = 13 A. (b) Electronic density of
states (EDoS; gray) and inverse participation ratio (IPR; red) for a-Si-216, together with its atomic structure, which exhibits no
connected KuboMap pathway. (c¢) EDoS (gray) and IPR (red) for a-Si-512, and the corresponding KuboMap projection, shown
as a gray isosurface on the atomic structure. Repetition of the supercell along [100] reveals a connected transport pathway
and selected atoms in the original and repeated cells are labeled 1-4: red labels indicate atoms along the conduction pathway,
while blue labels mark corresponding atoms across the periodic image.

amorphous-Si models show larger broadening scales. The
values for 7, and 7; are comparable in a-Si-216, which re-
flects the strong sensitivity of the sparse near-gap spec-
trum to thermal fluctuations [Fig. S1(b/d)]. The a-Si-
512 model contains additional states near Er, associated
with non-four-fold coordinated Si atoms as discussed in
Ref. [16]; consequently, its values are smaller than that
of a-Si-216 [Fig. S1(c/d)].

The SiO, series exhibits the largest broadening pa-
rameters overall, with both 7ns and 7, increasing sys-
tematically as the oxygen content rises from SiOj 3
to SiOs. This trend reflects the progressive depletion
of near-Er states and the growing sensitivity of the
electronic-structure to thermal fluctuations as the sys-
tem approaches stoichiometric SiOy [Fig. S1(e-i)]. Ac-
cordingly, the selected n values are therefore largest for
the oxide models, ensuring that the broadening exceeds
both structural and thermal lower bounds while remain-
ing physically guided.

Figure 2(a) shows KuboMap for crystalline and ther-
mally disordered FCC Al. In both cases the conductiv-
ity density is spatially extended, consistent with metallic
transport [Fig. 2(a,i)]. The crystalline system exhibits
a regular, spatially periodic KuboMap pattern, whereas
the thermally disordered structure shows a more hetero-
geneous distribution, reflecting modulation of the local
overlap by atomic displacements.

The contrast is more apparent in the zy slices. In the
lattice-plane slice at z = 12 A [Fig. 2(a,ii)], crystalline
Al displays a regular pattern tied to the ordered atomic
arrangement, while thermal disorder partially disrupts
this periodicity and redistributes the local intensity. In
the interstitial region slice at z = 13 A [Fig. 2(a,iii)],
crystalline Al forms a highly regular interstitial network,
whereas the thermally disordered case is more diffuse and
irregular. In both cases, however, the KuboMap remains
connected across the cell, consistent with metallic trans-
port.



The conductivity of the thermally disordered c-Al at
n = 0.05 eV is 3.5 x 105 S/m, typical of a conducting
metal (Table I) [21]. The conductivity of crystalline Al
is not reported, since the DC conductivity of FCC Al is
infinite. Additional details for c-Al are given in Sec. S6
of the SM [11].

Figures 2(b) and (c) compare two limiting cases for
amorphous silicon: defect-free a-Si-216, which exhibits
a clean gap around Ep, and defective a-Si-512, which
contains states near Fr. In both structures, localized
states appear in the valence- and conduction-band tails,
and their degree of localization is quantified by the in-
Lo Cnia Ci‘“z where
[Za cn;,,,] ’
Cnsa 15 the square of the wavefunction coefficient of KS
state n from the atomic orbital a (s, p, and d). Z,, — 0
corresponds to extended states, while Z,, — 1 indicates
localization. The essential difference is whether such KS
states occur close enough to Er to support electronic
transport pathway.

In a-Si-216, the electronic density of states (EDoS),
in the left panel of Fig. 2(b), shows a clear gap around
Er (gray curve) with Fermi level at 0 eV (black dashed
line), consistent with insulating behavior. Although some
band-edge states exhibit finite IPR (red lines), the ab-
sence of appreciable near- E'r spectral weight implies that
few states are available to support electronic transport.
Accordingly, no KuboMap conduction pathway is ob-
served in the structure as shown in the right panel of
Fig. 2(b), where the atomic radii are scaled by Z,, and
color-coded by coordination number.

In a-Si-512, The EDoS/IPR plot in the top panel of
Fig. 2(c) reveal that the Fermi level is closer to the
valence-band edge (reminiscent of a p-type doping net-
work), with several states near Er. In particular, the
two closest KS states above Er have small splittings of
~ 0.054 eV and =~ 0.045 eV, whereas the third closest
state is much farther away, with =~ 0.55 eV (also see Fig.
S1(c) [L1]). These near-Ef states are associated with co-
ordination defects, including non-four-fold coordinated Si
atoms (see discussion in Ref. [16]).

Unlike a-Si-216, a-Si-512 exhibits a connected
KuboMap pathway, shown in the bottom panel of
Fig. 2(c). The gray isosurface identifies the regions
that dominate the electronic conduction pathway. Re-
peating the supercell once along [100] shows that this
pathway is not confined to isolated defect sites, but re-
mains connected across the periodically repeated struc-
ture. The labeled atoms (1-4) mark how the channel
crosses the supercell boundary and continues into the
image cell. The pathway passes through atoms with
large Z,, weight (scaled by atomic radii), including both
under-coordinated and over-coordinated atoms (in blue
and red), indicating that conduction in defective a-Si is
concentrated along structural motifs that support local-
ized near-Er states.

verse participation ratio (IPR), Z,, =

The contrast in conductivity between the two amor-
phous Si models is correspondingly strong (Table I). For
insulators like a-Si-216, any physically reasonable choice
of n gives essentially zero conductivity; at the selected
value n = 0.085 eV, we obtain only o = 2.6 x 107° S/m,
which is consistent with experimentally reported values
at room-temperature [22, 23]. By contrast, defective a-
Si-512 is conductive with o & 498 S/m at n = 0.05 eV,
implying that defect-induced near- E'r localized KS states
strongly supports hopping-like transport [3, 4]. Addi-
tional details for amorphous Si are given in Sec. S7 [11].

We next examine amorphous silicon-oxide as an-
other test-case for KuboMap. Figure 3 compares sub-
stoichiometric SiO, models with = 1.3, 1.5, and 1.7
[Fig. 3(a)—(c)] to stoichiometric SiOy [Fig. 3(d)]. The
EDoS and IPR show a clear composition-dependent trend
across Si0O,. SiO; 3 has several near- Er states with large
IPR and the highest KuboMap conductivity (282 S/m).
As the oxygen content increases to SiO1 5 and SiOq 7, the
near-Ep spectral weight decreases and the conductivity
drops to ~ 0.3 S/m and 0.02 S/m, respectively. In stoi-
chiometric SiO9, which is a good insulator, the spectrum
is depleted around Er and the conductivity is strongly
suppressed to 4.6 x 1078 S /m, consistent with experimen-
tally reported values at 25°C (= 300 K) [21].

The real-space KuboMap projections show that in sub-
stoichiometric SiO,, the transport-active regions are con-
centrated in Si-rich parts of the network containing con-
nected Si—Si motifs and atoms with large IPR weight. As
the oxygen content increases from SiO; 3 to SiOq 7, these
KuboMap regions become progressively less continuous
and more spatially confined, consistent with the reduc-
tion in conductivity. Stoichiometric SiOs is qualitatively
different: its KuboMap does not form a connected path-
way, indicating that although localized states remain,
they are not sufficiently connected near Er to support
appreciable transport (similar to a-Si-216). Thus, the
conductivity decrease from SiO73 to SiOy reflects the
progressive disruption of the Si-rich conduction network
by oxygen incorporation. KuboMap therefore captures
the transition from a conducting Si-rich network to an
insulating oxide with increasing oxygen content. Addi-
tional details for SiO, are given in Sec. S8 [11].

In summary, we have introduced KuboMap, a non-
negative real-space conductivity density derived from
transport-weighted overlaps of near-Fermi-level Kohn—
Sham state pairs. By construction, its spatial integral
recovers the total conductivity. KuboMap reveals ex-
tended metallic conduction in FCC aluminum, separates
insulating and defective amorphous silicon through the
presence of connected hopping-like pathways, and tracks
the loss of conduction in silicon-oxides as oxygen disrupts
Si-rich transport networks.

Looking ahead, KuboMap’s favorable system-size scal-
ing opens a path toward atomic-to-continuum electric
current-flow simulations. This direction parallels recent
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FIG. 3. Analysis of silicon-oxide systems. The top panels show the electronic density of states (gray) and inverse participation
ratio (IPR; black) for (a) SiO1.3, (b) SiO1.5, (c) SiO1.7, and (d) SiO2. The inset text is the conductivity. The bottom panels
show the corresponding structural models, with Si atoms in brown and O atoms in red. Atomic radii are scaled according to
the IPR magnitude, normalized independently for each model, and the gray isosurface represents the KuboMap projection.

work by the authors on heat-flow simulations, where the
site-projected thermal conductivity (SPTC) method [25]
was used to define the conductivity field for finite ele-
ment thermal modeling [26]. In this context, KuboMap
could provide the electronic-transport analogue, enabling
spatially resolved electronic conductivity from atomistic
simulations to be embedded directly into continuum-scale
current-flow simulations.
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‘Real-Space Mapping of Electronic Conductivity in Complex Materials’
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Abstract

We introduce KuboMap, a real-space representation of electronic conductivity derived from the Kubo—
Greenwood formula. KuboMap defines a nonnegative conductivity density whose spatial integral recovers
the total conductivity and whose form is guided by Mott’s picture of transport through spatially overlapping
electronic states. This construction provides a direct map of the transport-active regions of a material. Applied
to aluminum, KuboMap recovers an extended metallic conduction network. Applied to amorphous silicon, it
distinguishes an insulating defect-free network from a defective structure in which localized near-Fermi states
form connected hopping-like pathways. In silicon-oxides, it captures the loss of conduction as increasing
oxygen content disrupts Silicon-rich transport networks. KuboMap provides a physically transparent route

from Kubo—Greenwood conductivity to real-space transport pathways in complex materials.

Data Availability

Data supporting this work are provided at Ref.

S1 Formal representation of the KuboMap density ansatz

We show that the nonnegative density, p(%) (r) in Eq. (5), admits a natural operator representation on a doubled
Hilbert space and satisfies the required normalization [Eq. (7)] and sum rule [Eq. (9)]. This is a formal
‘2

realization of the ansatz, not a uniqueness proof. The point is that |, (r)|?|w,(r)|? is not naturally a diagonal

kernel on 77, but is one on the doubled space .7# ® 7, which is also a Hilbert space, with inner product

(11| 2@yn) = (01 | ¢2) (V1 | v2), (S1)
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extended by linearity and completion. Such doubled-space constructions are standard when representing quan-
tities that depend on pairs of states, and closely related ideas appear, for example, in thermo-field dynam-

ics.

In the position basis, (r|TT,,|r) = |y, (r)|?, where I1,, = |m) (m| projects onto eigenstate m, products of diagonal

kernels such as |y, (r)|?|y,(r)|? can be written as a single diagonal kernel on 77 ® J#! as
[V (©) Py (1) = (r.x | (T @ TL) | o), (S2)

where |r,r) := |r) ® |r).

We introduce a diagonal resolution on 7 ®
fawe i= [ @x e e, (s3)

which acts to extract diagonal position kernels”, and from which the overlap matrix can be written compactly

as

Bt = [ dx (ifLylr) (eiFL ) (s4)

= Tr(ﬁdiag (ﬁm & ﬁn)) . (SS)

Here ﬁdiag captures the overlap of the diagonal kernels, i.e. the overlap of the corresponding probability densi-
ties.

Next, for each (m,n) pair, we define the positive operator

\/E\mn = an (flm & IA]n) (56)

So that
(r,r|§,,m|r,r> = B <r|ﬁm‘r> <r|ﬁn‘r> (S7)
:ﬁmn|ll’m(r>|2|'//n(r>|2~ (S8)

"Following Fano°*, one may view operators (e.g. the density matrix) as vectors in an N2-dimensional Hilbert—Schmidt space with
inner product Tr(A"B), which is naturally isomorphic to a doubled space .# ® J#* (or equivalently ./ ® J# up to conjugation), thereby
justifying the use of tensor-product representations for pair-index quantities such as |y, (r) ||y, (r)|?.

zﬁdiag is not the identity on ¢ ® J¢; traces involving ﬁdiag are understood distributionally and reduce to explicit integrals over r.
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Moreover, the normalization [Eq. (7)] is encoded as

T (Tag En ) = B Tr(Lig (1 @T1,)) = 1. (59)
We then define the positive operator
i(()znoz = Z Yinn Wim Wn Emnz (510)
m,n
and the spatial conductivity density is its diagonal kernel,
pat (r) = (rr|Zgh r. ) (S11)
= ZYmnﬁmn|Wm(r)|2|ll/n(r)|2wmwm (S12)
m,n
which coincides with Eq. (5). Finally,
[ ol ) =Tr(Laag 502 (S13)
=Y Yon W i Tt (Liag Enn ) = 0S8 (s14)

m,n
=1

as established in Eq (9).

S2 Geometric interpretation of KuboMap

Underlying the discussion of Fig. 1 in the main text, one may give a simple geometric (real space) interpretation
of of the KuboMap conductivity density p(r) using Mott’s picture of the conductivity being the squared of near-
Fermi level (EFr) states contribution, the so-called NZ(EF) . First, suppose we start from the crude idea that

the conductivity is controlled by the density of states at the Fermi level,
0 < N(EF). (S15)

If y,,(r) are Kohn—Sham states with eigenvalues E,, at position r, then the corresponding local density of states
is

Pu(r) =Y 8(En—Er) |yn(r)]? (S16)

If the states near E are localized, this quantity appears as a collection of isolated blobs in space. Regions where

P (r) = 0 contain no near-Er weight and are inactive in this one-state picture.

The more relevant idea is that what matters is not N(Er), but ¢ o< N*>(Er). This suggests introducing the
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pair-density field
P (r) = Za(Em —Ef)S(E, — EF) |‘l’rn(r)|2 |Wn(r)|2 (S17)

mn
For a pair (m,n), define

Pun(r) = Ppu(r) P, (r). (S18)

This product is nonzero only at points in space where both densities are nonzero

Pn(r) =0 <= P,,(r) =0 0r Z,(r) =0. (819)

Thus, Z,,(r) identifies where the two states coexist in real space and thereby defines their overlap region
Q;
Ruyn={reQ: Z,(r)Z,(r) >0}. (S20)

In this picture, transport is governed not by individual localized orbitals taken separately, but by the real-space
overlap of pairs of states near the Fermi level. Considering all relevant pairs, labeled by «, each pair defines a

set Ry, and the candidate conduction space is the union over all such pairs,

% =R (s21)
i=1

This gives a simple geometric criterion: if the regions Ry remain isolated, & consists of disconnected is-
lands and conduction is hindered; if they form a connected or percolating network, conduction becomes possi-

ble.

S3 Numerical implementation of KuboMap

The KuboMap field is evaluated on the same real-space grid used to represent the Kohn—Sham orbitals. For a

supercell of volume Q and grid dimensions (ny,ny,n;), the number of grid points is

N, = nynyng, (S22)
with cell volume
Q
AV = —. (823)
Ny
Continuum integrals are approximated by
Ny
/ drf(r)~Y f(r)Av. (S24)
i=1
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The overlap matrix is then evaluated on the grid as

1

— 25
Bk + € (52

Ny
B & Y Dun(x;)Du(r;) AV, and By =
i=1

where

Dy (r) = | Y (r)? (S26)

is the grid-resolved density of band m, and € is a small regularization parameter. B, is the inverse overlap

matrix.

The elements of the momentum matrix are obtained from the wavefunction derivatives as

N,
Py =Y () daWm(ri) AV, a € {x,yz} (S27)
i=1

from which the momentum matrix is constructed as

2meh

Yinn = (528)

To analyze how the conductivity density is distributed across pairs of Kohn—Sham states, we define the effective
pair-strength kernel

erz;f = Yon Bnn- (529)

so that the weighted band-pair matrix is then

Moy = W, w,. (S30)

Analogous to the spectral analysis of the I'-matrix in the scape-projected conductivity method~", we charac-
terize the distribution of the band-pair response by analysis the singular-value spectrum of the effective kernel

Weff. We compute the singular value decomposition
wet —usvT, (S31)

where the diagonal matrix S contains the singular values so > 0. For comparison across systems, we consider
the normalized spectrum s /51, which removes the overall scale of We' and isolates the shape of the spectral
decay. In this representation, a rapidly decaying spectrum indicates that the response is dominated by a small
number of contributing pair modes, whereas a slowly decaying spectrum implies that the response is distributed

more broadly across the selected band manifold. The corresponding singular vectors provide the dominant
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contributing modes associated with these pair-strength channels.

With these definitions, the discrete KuboMap field is

ﬁ(ri) = ZanDm(ri)Dn(ri) (832)

m,n

which is the grid analogue of Eq. (5). Here, r; labels a grid point, so p(r;) is a scalar field value, not a matrix.

Finally, the conductivity is recovered as:

o) Pp(r)AV (S33)

S4 Choice of the broadening parameter

The Gaussian width, 17 account for both structural finite-size and thermal contributions. So in Eq. (10) we

defined
n*>ni+n7, (S34)

where 7, and 1, denote the structural and thermal components, respectively. We use s € {—, +} to denote states
below and above EF, respectively, and write the N eigenvalues closest to Er as {&] fvz 1» ordered by increasing

distance from Er. The successive level spacings are defined as
Er—¢, s=—,i=1,

A = (S35)
ef —Er, s=+,i=1,

+ ot
& —& 1

s=+,i=2,...,N.

The structural contribution is then estimated as the mean level splitting around the Fermi level,

1 U
L=5y L LA (836)

S€{77+} i=1

This choice is consistent with the finite-size argument of Allen and Feldman~’ for thermal conductivity, where
they emphasized that in finite periodic (disordered) structural models, the spectral broadening must exceed the

relevant mean level spacing of the vibrational eigenfrequencies.

The thermal contribution is estimated from fluctuations of the same near-Er manifolds along the MD trajectory.
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Figure S1: Determination of the Gaussian broadening threshold 1. The structural contribution, 7y, is estimated from the
30 Kohn—Sham states above (blue) and below (brown) the Fermi level (black dashed line) for (a) c-Al, (b) a-Si-216, and (c)
a-Si-512. The corresponding thermal contribution, 7, obtained from MD at 300 K, is shown in (d). Panels (e)—(h) show the
75 analysis for the silicon-oxides SiO; 3, SiO; 5, SiO; 7, and SiO», respectively, while panel (i) shows their corresponding
7, values from MD at 300 K.

For each snapshot at time #;, we define

- 1
(1) =5 L) —Er))], se{—+} (S37)
i=1
The thermal broadening is estimated as the average root-mean-square fluctuation of these two branches °*,
-3 L |k @0 -@) 53)
- J t)
2t \ M=

where M is the number of equilibrated MD snapshots and (), denotes the corresponding time average.

Figure S1 show the evaluation of the structural and thermal contributions to the Gaussian broadening parameter
n for all models. Figure S1(a)—(c) show the near-Er Kohn—Sham levels used to estimate the structural con-
tribution, 7, from 30 states below and 30 above the Fermi level for thermally disordered c-Al, a-Si-216, and
a-Si-512, respectively, while Fig. S1(d) shows the corresponding root-mean-square fluctuations used to deter-
mine the thermal contribution, 7;. Figure S1(e)—(h) present the corresponding 7, analysis for the SiO, series,

Si0y 3, Si0y 5, SiOq 7, and SiO,, and Fig. S1(i) shows the corresponding 1), values obtained from fluctuations
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of the same near-Er states along the 300 K MD trajectory.

SS Room-temperature conductivity estimate for the structures

Table S1 summarizes the conductivity for all snapshots obtained at 300 K for all the models considered. The

structure files (in VASP 3 format) used in this work are provided as supplementary data

For crystalline Al, the conductivity is relatively stable across the ten snapshots, with an average value of 3.5 x
103 S/m. The small snapshot-to-snapshot variation reflects the character of the thermal broadening 7); in Fig.
S1(d).

Table S1: Conductivity ¢ (in S/m) for all snapshots at 300 K, for all the systems.

Snapshot c-Al? a-Si-216P a-Si-512 SiOq 3 SiOy 5¢ Sio; 74 Si0,°®
S1 3.15 275 806 182 6.75 1.66 257
S2 2.65 1463 527 195 6.05 3.79 135
S3 3.46 5.40 320 161 7.47 1.02 7.55
S4 2.80 5.46 250 851 3.40 1.93 1.79
S5 3.65 800 435 196 40.3 1.97 12.0
S6 5.08 5.72 506 162 42.4 1.55 16.5
S7 4.24 5.90 394 140 8.25 1.44 0.13
S8 2.67 6.91 630 147 8.99 2.64 4.85
S9 421 6.36 743 237 8.49 1.96 0.42
S10 3.03 6.62 369 143 130 1.56 24.9

Avg. 3.49 258 498 241 26.2 1.95 46.0

4 For c-Al, o is reported in units of 105 S/m.

" For a-Si-216, o is reported in units of 10~7 S/m.

¢d For SiO; 5 and SiO, 7, © is reported in units of 1072 S/m.
¢ For Si0y, o is reported in units of 107 S/m.

The amorphous Si models show stronger sensitivity to atomic configuration. For a-Si-216, most snapshots
have very small conductivities, while a few exhibit much larger values, giving an average conductivity of =
2.6 x 107 S/m. In large-gap amorphous systems such as (a)-Si-216, transport is expected to occur only when

thermal motion brings localized states into favorable energetic and spatial alignment

Previous time-dependent Kohn—-Sham simulations suggest that hopping in amorphous Si requires timescales
of order 100 fs~'’. We therefore exclude transient spectral coincidences that are too short-lived to contribute
meaningfully to the conductivity estimate. This timescale criterion was considered when selecting representa-
tive a-Si-216 snapshots for conductivity evaluation. To illustrate this behavior, we provide an animation of a 5
ps a-Si-216 trajectory as supplementary data”', showing Fermi-gap fluctuations and the lifetimes of configu-

rations that may support hopping transitions. In contrast, a-Si-512 has a much larger average conductivity of

3Vienna ab initio Simulation Package
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498 S/m, consistent with coordination defects and more persistent near-Er states that form connected transport

pathways.

The SiO, models exhibit a systematic reduction in conductivity with increasing oxygen content. SiO; 3 has the
largest average conductivity among the oxide compositions, with an average value of 241 S/m, reflecting the
presence of a more connected Si-rich network. As the oxygen concentration increases to SiO; 5 and SiO 7, the
average conductivity decreases to 26.2 x 1072 and 1.95 x 10~2 S/m, respectively. For stoichiometric SiO», the
conductivity is strongly suppressed, with an average value of 46.0 x 10~ S/m, consistent with its insulating

character

S6 Additional analysis of crystalline aluminum

Figure S2 compares the band-pair structure of the (a) pristine c-Al and the thermally disordered c-Al. Fig-
ures S2(a,i) and S2(b,i) shows the inverse overlap matrix, f,,; [Eq. (525)], evaluated for 30 states below and 30
states above the Fermi level. In this indexing convention, Er is located at band index 30, with indices numbered
from O to 60. The f,,,, matrix exhibits a strong diagonal structure, indicating that each state has the largest self-
overlap, as expected. However, the off-diagonal entries are also appreciable and broadly distributed, reflecting

the extended metallic character of the near-Ef states in Al.

The momentum matrix, ¥,,, shown in Fig. S2(a,ii) for the pristine c-Al is considerably more sparse than f,,,.
This indicates that spatial overlap alone does not determine the transport response; only state pairs with ap-
preciable velocity, or momentum, matrix elements contribute significantly to the conductivity. The largest ¥,
values are confined to specific band-pair regions, showing that transport in pristine crystalline Al is dominated
by selected couplings within the near-Fermi manifold. By contrast, in thermally disordered c-Al [Fig. S2(b.ii),
nonzero %, values are more broadly distributed across the off-diagonal elements, indicating that thermal disor-
der relaxes the symmetry-imposed selection of band-pair couplings and spreads the momentum response over a

larger set of near-Fermi states.

The effective pair-strength kernel, WEI [Eq. (S29)], shown in the third column for both systems [Fig. S2(a/bsiii)],
combines the spatial-overlap and momentum-coupling information. The resulting kernel retains the sparsity of
Ymn While weighting the transport-active pairs by their real-space overlap. Thus, W< identifies the subset of

near-Er state pairs that dominate the KuboMap response.

The low-rank structure of the effective pair-strength kernel is further demonstrated by the normalized singular-
value spectrum in Fig. S2(a/b;iv). The spectrum decays rapidly with mode index, indicating that the dominant
transport response can be represented by a relatively small number of modes. Physically, this suggests that

although many state pairs are included in the near-Er window, the effective conductivity density is controlled
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Figure S2: KuboMap Analysis for (a) pristine c-Al and (b) thermally-disordered c-Al. Colormaps of [i] the inverse overlap

matrix, Bpy,; [ii] the momentum matrix, ¥,,; and [iii] the corresponding unweighted effective pair-strength kernel, W,f,‘:lf,

shown for 30 states below and 30 states above the Fermi level, located at band index 30. [iv] Normalized singular-value
spectrum of Weff,

by a smaller subset of collective pairwise contributions. The decay is more rapid in pristine c-Al where states

above mode index “40” tend to zero.

S7 Additional analysis of amorphous silicon

Figure S3 compares the band-pair structure of the two amorphous Si models, a-Si-216 and a-Si-512. For a-Si-
216, By, shows broad but structured band-pair correlations, with a visible change across the Fermi-level band
index (”30”). This reflects the separation between valence- and conduction-side states in the nearly defect-free
network. In contrast, the momentum matrix %, is more uniformly distributed and lacks strongly localized
high-intensity blocks, indicating that no small subset of state pairs produces a dominant transport channel. The
corresponding WEI retains this broadly distributed character, consistent with the absence of a connected real-
space KuboMap pathway in the main text. The singular-value spectrum decreases gradually after the leading
mode, suggesting that the weak residual response is spread over many small pair contributions rather than

concentrated in a few dominant transport channels.

The a-Si-512 model shows a qualitatively different overlap structure. Here, 3, contains stronger localized
features near the Fermi-level band index, consistent with the presence of defect- or tail-derived states close
to Er. These near-Fermi states have enhanced spatial localization and therefore produce sharper pair-overlap
signatures. The momentum matrix %, remains relatively sparse and irregular, but the corresponding W,f;;f shows

that a subset of near-Fermi state pairs has sufficient overlap and momentum coupling to contribute to transport.
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Figure S3: KuboMap Analysis for (a) a-Si-216 and (b) a-Si-512. Colormaps of [i] the inverse overlap matrix, B;; [ii]
the momentum matrix, 7,,; and [iii] the corresponding unweighted effective pair-strength kernel, W,ﬁf,f, shown for 30 states
below and 30 states above the Fermi level, located at band index 30. [iv] Normalized singular-value spectrum of weff,

This supports the main-text interpretation that conduction in a-Si-512 is defect-mediated and associated with
localized states that form a connected hopping-like pathway. The singular-value spectra for both amorphous
Si models decay more slowly than in crystalline Al, indicating that the transport response is less dominated by
a few symmetry-selected metallic modes. Instead, the amorphous systems distribute their band-pair response

over a broader set of pair channels.

S8 Additional analysis of silicon-oxides

Figure S4 shows the inverse overlap matrix f3,,,, momentum matrix },,,, and effective pair-strength kernel W<t
for the silicon-oxides. The sub-stoichiometric models, SiOj 3, SiO; 5, and SiOj 7, exhibit unique, unstructured

band-pair patterns, compared to stoichiometric SiO5.

The inverse overlap matrices in Fig. S4(a) show that the sub-stoichiometric systems retain appreciable pair
overlap among states near the Fermi level. For SiO; 3 and SiOj 7, the overlap is concentrated around the near-
Er band indices, with cross-like features extending across the valence- and conduction-side states. SiO; 5 shows
a more localized overlap pattern, suggesting that fewer state pairs dominate the near-Fermi overlap. In contrast,
Si0; exhibits a more block-separated overlap structure, reflecting the stronger separation between occupied and

unoccupied manifolds in the insulating oxide.

The momentum matrices in Fig. S4(b) are generally more selective than the inverse overlap matrices. In the

sub-stoichiometric systems, nonzero ¥,, values appear primarily in band-pair regions associated with near-
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Figure S4: Analysis of Si—O systems. Colormaps of (a) the inverse overlap matrix f,,,, (b) the momentum matrix, ¥;

and (c) the corresponding unweighted effective pair-strength kernel, WEH, shown for 30 states below and 30 states above the

Fermi level, located at band index 30. for SiO 3, SiO 5, SiO; 7, and SiO, (column-wise).

Fermi states, indicating that the Si-rich networks provide both spatial overlap and current-carrying coupling, as
they form the states near Er (see main text). The SiOj 7 case is particularly sparse, suggesting that although
overlap exists, the number of strongly current-active pairs is reduced. For SiO,, the momentum response is
concentrated mainly in a separated block of states, consistent with the absence of a connected near-Fermi

conduction network.

The effective kernels in Fig. S4(c) combine these two requirements and identify the band pairs that are most rele-
vant to the KuboMap conductivity. The sub-stoichiometric models retain significant WeT structure, especially in
regions coupling states across the selected near-Fermi window. These patterns are consistent with the finite con-
ductivities reported in the main text and with the real-space KuboMap projections showing conduction-active
Si-rich regions. As oxygen content increases, the effective pair response becomes more fragmented, reflect-
ing the progressive disruption of the Si-derived transport network by oxygen incorporation. Stoichiometric

SiO; shows a qualitatively different kernel, dominated by separated blocks rather than a connected near-Fermi

band-pair response, consistent with its strongly suppressed conductivity.
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