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Local-basis quasiparticle calculations and the dielectric response function of Si clusters

Ming Yu, Sergio E. Ulloa, and David A. Drabold
Department of Physics and Astronomy, and Condensed Matter and Surface Sciences Program, Ohio University,

Athens, Ohio 45701-2979
~Received 8 February 1999; revised manuscript received 12 August 1999!

We present anab initio computational scheme for evaluating the dielectric response function of Si clusters.
All calculations are carried out employing a basis of localized atomiclike orbitals and including quasiparticle
corrections. The self-energy operator is evaluated in the GW approximation, with a full frequency dependence
for the dielectric matrix. The approach is convenient and computationally optimal for the calculation of optical
properties of complex systems lacking full periodicity, such as surfaces and clusters. We present here the
quasiparticle-level structure for Si20 and Si60 clusters and discuss the sensitivity of their optical properties to
quasiparticle corrections. We find that the optical gap is larger than in bulk silicon, clearly the net result of size
quantization over structural disorder.
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Computer modeling of electronic and optical properties
materials is one of the most promising and rapidly devel
ing areas of condensed matter theory. To a large deg
structural ~and ground-state properties in general! are well
described by density-functional theory in the local-dens
approximation~LDA !. Other quantities of obvious impor
tance, including electronic, transport, and optical respo
functions are only qualitatively described in the LDA and
is of special importance to devise new methods that prov
accurate estimates of excited statesand associated propertie
at tolerable computational efficiency. It is with a view to
meetingboth of these criteria that we introduce areal-space
implementation of Hedin’s ‘‘GW’’ approximation1 and ap-
ply it to Si clusters. Our work provides both some insigh
into the electronic properties of these clusters, and sugge
path towards a full real space version of the GW approxim
tion, which we expect to have utility in any system lackin
full translational periodicity.

A systematic approach to calculate quasiparticle exc
tion energies is based on the solution of the following eq
tion:

H0~r !cnk~r ,v!1E d3rS~r ,r 8,v!cnk~r 8,v!

5«nk~v!cnk~r ,v!, ~1!

where H0 is the Hartree Hamiltonian, and«nk(v) and
cnk(r ,v) are the quasiparticle energy and wave functio
respectively. The nonlocal and energy-dependent self-en
operatorS(r ,r 8,v) contains formally all the effects of ex
change and correlation. It is in general a complex quan
where the imaginary part describes the damping of the q
siparticle. Calculations ofS(r ,r 8,v) are difficult even for
the uniform electron gas, as there is no explicit solution
the vertex function, in general. The simplest working a
proximation was introduced by Hedin in 1965,1 in which the
vertex is approximated by the lowest-order function, so t
the S(r ,r 8,v) is given by the product of the Green’s fun
tion and the screened Coulomb interactionW(r ,r 8,v8)
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S~r ,r 8,v!5
i

2pE dv8e2 ihv8G~r ,r 8,v2v8!W~r ,r 8,v8!,

~2!

with

G~r ,r 8,v!5(
nk

cnk~r ,v!cnk* ~r 8,v!

v2«nk~v!2 ih sgn@m2«nk~v!#
, ~3!

W~r ,r 8,v8!5E d3r 9v~r2r 9!e21~r 9,r 8,v8!. ~4!

Here, m, v(r2r 8), and e21(r ,r 8,v8) are respectively the
chemical potential, the bare Coulomb interaction, and
inverse dielectric function, andh is an infinitesimal conver-
gence factor.

A number of successful computational efforts based
the GW framework have been presented over the
decade.2 Most of the calculations start from the LDA ban
structure and employ a set of plane-wave~PW! basis func-
tions. A plasmon-pole model has been used to simplify
frequency dependence of the screened Coulomb interac
and to reduce computational costs. In this framework, it
been shown that the GW corrections bring the quasipart
band-structure into good agreement with experiment
many semiconductors, metals, and insulators.2,3 In such cal-
culations, a large number of PW’s are typically needed,
pecially for more complex systems, such as surfaces
clusters, and in general, solids with large unit cells or s
tems with ‘‘hard’’ pseudopotentials. Recently, some effo
have been made to reduce the requirement of large b
function sets. Rohlfinget al.4 have implemented an efficien
scheme for quasiparticle calculations employing localiz
Gaussian orbitals as a basis. The applications to bulk
surface systems showed a reduction on the computation
and produced the same accuracy as using a PW basis
bulk Si, for example, the number of Gaussian orbitals nee
to perform the GW calculation is 40-60 per unit cell, where
350 PW’s are needed in the conventional approach.4

In this paper, we present a different GW approach usin
localized-function basis set for the calculation of optic
2626 ©2000 The American Physical Society
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properties. The local functions are a set of polarized ato
orbitals ~PAO!, which have been used successfully in t
density-functional molecular dynamics developed by San
and co-workers,5 as well as in more recent work by Ordejo´n
et al.6 These implementations have been shown to be r
able, and with execution times much shorter than otherab
initio methods. The use of a localized basis set is extrem
convenient to study the structural equilibration and cor
sponding electronic structure of systems lacking translat
invariance. In particular, nine orbitals per atom (sp3d5) are
found to be sufficient to perform calculations for mo
semiconductors,7 and provide band structures similar to oth
methods specifically designed for that task. Taking this i
consideration, we have developed our GW quasiparticle
optical function calculation in the framework of this efficien
local basis. An additional feature of our calculations he
and possible due to the efficiency of our approach, is t
instead of using the simple plasmon pole model to appro
mate the calculation of the dielectric matrix elements,
take into account the full frequency dependence of the
electric matrix. Our aim is to have a highly accurate form
lation for the study of the optical properties of complex sy
tems, such as surfaces and clusters. The first applicatio
our approach is to the study of Si20 and Si60 clusters, as well
as bulk silicon.

In general, Eq.~1! has to be solved self consistently wit
respect to the charge densityr(r ) and the quasiparticle en
ergies entering the expressions~2! and~3!. In most GW cal-
culations performed, however, the self-energy operator is
tained assuming the LDA Green’s function, an
incorporating the screened interaction inW(r ,r 8,v8) at the
same level.2–4 For convenience, we also make this appro
mation in our present work, although a fully self-consiste
treatment is clearly possible~see discussion below!. Further-
more, the quasiparticle energy is obtained considering
real part of the self-energy correction with respect to t
LDA exchange-correlation potentialVxc,

«nk5«nk
LDA1Znk^nku@ReS~«nk

LDA!2Vxc#unk&,

Znk5F12
] ReS~v!

]v U«
nk
LDAG21

, ~5!
e

rg
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where the renormalization factorZnk arises from the energy
dependence of the self-energy.

The diagonal matrix-element of the self-energy opera
^nkuS(v)unk& is conveniently implemented in a Fourier rep
resentation, since the screened interactionW(r ,r 8,v) can be
written in terms of theinversedielectric matrix-elements,

W~r ,r 8,v!5 (
GG8

(
q

BZ

ei (q1G)•r

3
4pe2

Vuq1Gu uq1G8u
ẽGG8

21
~q,v!e2 i (q1G8)•r8,

~6!

ẽGG8~q,v!5dGG81
8pe2

Vuq1Gu uq1G8u

3(
c,v

(
k

MG
vc~k,q!@MG8

vc
~k,q!#*

3H 1

«ck2q2«vk1v1 ih

1
1

«ck2q2«vk2v1 ihJ . ~7!

Here, v(c) denotes the valence/filled~conduction/empty!
bands,V is the volume of the system, and theq sum is over
the first Brillouin zone.8 The symmetrized dielectric matrix
elementẽGG8(q,v) is calculated within the random phas
approximation, as vertex corrections are neglected in the G
approximation. The symmetrized inverse dielectric matr
elementsẽGG8

21 (q,v) are obtained by direct inversion of th

matrix ẽ(q,v) for the needed values ofq and v. The
ẽGG8(q,v) matrix-elements are rescaled to enforce thef-sum
rule.3

The matrix element of the real part of the self-ener
operator required in the quasiparticle energy calculation@Eq.
~5!# is given by
^nkuReS~v!unk&52
8pe2

V H (
G,G8

(
q

BZ

(
m

occ MG
mn~k,q!

uq1Gu
@MG8

mn
~k,q!#*

uq1G8u
ReẽGG8

21
~q,v2«mk2q!

1 (
G,G8

(
q

BZ

(
m

MG
mn~k,q!

uq1Gu
@MG8

mn
~k,q!#*

uq1G8u
PE

0

`dv8

p

Im ẽGG8
21

~q,v8!sgn~v8!

v2v82«mk2q
J . ~8!
a
ore
sid-
,

e

The v8-integral in Eq.~8! is performed by considering th
full frequency dependence ofẽGG8

21 (q,v8). This is particu-
larly important for systems where the plasmon modes me
with the single-particle excitations at finiteq, for which the
plasmon-pole model fails. The transition matrix-eleme
MG

mn(k,q)[^mk2que2 i (q1G)•runk&, which appears both in
the dielectric matrix element@Eq. ~7!# and in the self energy
e

t

@Eq. ~8!#, can be calculated either in a real space or in
reciprocal space representation. The former is found m
suitable for a localized system, such as the clusters con
ered here. TheVxc potentials are of the Ceperley-Alder form
as parameterized by Perdew and Zunger.9 The renormaliza-
tion factor Znk is obtained numerically by evaluating th
energy-dependence of the self energy around each«nk

LDA . A
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TABLE I. Calculated band-structure energies of Si at high symmetry points~in eV!. The lattice constant
is the experimental value of 5.43 Å. A 125k-point grid and ten specialq points were used in our GW
calculation, with 80-G vectors. The von der Linden-Horsch plasmon-pole model was used in all diele
matrix calculations~Ref. 15!. The LDA calculation of the third column and the GW calculation of the si
column were performed by Rohlfinget al. ~Ref. 4! and GW result of seventh column was by Hybertsen a
Louie ~Ref. 3!. Number of orbitals per unit cell~with two atoms! is in parenthesis. The experimental valu
are from Ref. 13.

k-point LDA LDA LDA GW GW GW GW Expt.
~8 PAO! ~18 PAO! ~60 GO! ~8 PAO! ~18 PAO! ~60 GO! ~PW!

sp3 sp3d5 Ref. 4 sp3 sp3d5 Ref. 4 Ref. 3 Ref. 13

G25v 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
G15c 2.21 2.67 2.57 3.54 3.70 3.36 3.35 3.40
X4v 23.35 22.63 22.78 23.72 22.75 22.93 22.99 22.9, 23.3
X1c 2.90 0.48 0.65 4.24 1.28 1.43 1.44 1.25
L3v 21.54 20.98 21.17 21.74 21.22 21.25 21.27 21.2, 21.5
L1c 2.38 1.72 1.47 3.70 2.89 2.19 2.27 2.1, 2.4
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detailed description of our computational scheme will
presented elsewhere.10

To analyze the optical properties, we concentrate on
macroscopic dielectric function,11

eM~v!5 lim
q→0

1

ẽGG8
21

~q,v!uG5G850

. ~9!

The inverse dielectric matrixe21(q,v) has, in general, non
vanishing off-diagonal elements due to lattice periodici
and the proximity of atoms around the central unit cell, bo
of which influence the optical spectra. Calculation of t
macroscopic function via Eq.~9! allows one to study various
optical properties, such as the absorption spectra, whic
directly related to the imaginary part of dielectric functio
Im eM(v); the dielectric constante05ReeM(0); aswell as
the electronic contribution to the frequency-dependent c
ductivity s(v) under the relation of e(v)51
1(4p i /v)s(v).12 The global local field~LF! effects in
eM(v) are important in bulk/extended systems, but ob
ously disappear when the system becomes dilute, such
the clusters considered here. Notice, however, that the ‘
larizability’’ of all the atoms in the cluster~i.e., the intra-
cluster LF! is explicitly taken into account in our approac
On the other hand, intercluster LF effects would appea
one is, for example, describing a nanostructured solid, wh
clusters are assembled in close proximity, and embedde
some sort of matrix.11

As an initial test of our method, we have calculated t
band structure of bulk Si near both the valence- a
conduction-band edges. Two different sets of basis orbi
are used, the minimal basis ofsp3 orbitals and the large
basis of sp3d5 orbitals per atom. The results at high
symmetry points are given on Table I. As can be seen th
the results at the LDA level for the band structure requird
orbitals to be fully converged~see first two columns!, and
show the well-known indirectG25v→X1c ~approximately!
gap in silicon~if grossly underestimated by'0.8 eV for 18
PAO, as is typical in LDA calculations.2,3! On the other
hand, the GW corrections using either the minimal basis
e
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@GW~8 PAO!# or larger basis set@GW~18 PAO!# are compa-
rable~although'20% smaller for the larger PAO set!, indi-
cating good convergence in our GW correction with resp
to the size of the basis functions. Notice however, that
right G25v→X1c indirect gap ~1.28 eV!, and proper band
alignment is obtained only for the fullsp3d5 set ~18 PAO!.
Comparing with other GW calculations, we find that our G
results agree well with those using 60 Gaussian orbi
@GW~60 GO!#,4 or using plane wave functions@GW~PW!#.3

Our results also closely resemble the experimental da13

despite the lack of adjustable parameters.14

We then apply our approach to study the quasipart
energy spectrum and the dielectric response functions of20

and Si60 clusters. The electronic and atomic structures of
clusters were obtained from the first-principles quant
molecular-dynamics method mentioned before.5,16 In the cal-
culation of the electronic band structure, a larger basis
sp3d5 orbitals was employed.17 The atomic structures an
the electronic density of states~EDOS! of the resulting Si20
and Si60 clusters are illustrated in Figs. 1–3. The lowe
energy ‘‘equilibrium’’ configuration of the Si20 cluster, ob-
tained after annealing and quenching,16 is of a compact and
closed-network type@see Fig. 1~a!#, with no clear central
atom group. On the other hand, the equilibrium configurat
of the Si60 cluster@Fig. 1~b!# is slightly more oblate in shape
than the Si20 cluster, and with several interior atoms exhi
iting a degree of overcoordination. The difference in th
structures is reflected on their EDOS, both in the shape of
EDOS, and also in the LDA band gap, giving quite differe
values, 1.12 in Si20, and 0.55 eV in Si60, respectively@see
Figs. 2~a! and 3~a!#. Moreover, the annealing of the structu
yields interesting spatially localized highest occupied m
lecular orbital and lowest unoccupied molecular orbital sta
and others near the gap.16,17

In the quasiparticle calculation, we use supercells of
315315 Å3 for Si20, and 20320320 Å3 and Si60.8 The
transition matrix-elementsMG

mn(k,q) were calculated using a
Fourier representation with 850G vectors in reciprocal
space, to achieve a good description within an accuracy
1022. We find that, due to the complex products of mat
elementsMG

mn(k,q) in expressions such as Eqs.~7!–~8!, the
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cutoff energy and corresponding number ofG-vectors re-
quired are much lower than for the wave functioncnk(r ) or
the densityr(r ). The symmetrized dielectric matrix eleme
ẽGG8(q,v) is computed according to Eq.~7! for the neededq
and v. The inverse matrixẽGG8

21 (q,v) is then obtained by
numerical inversion. Thev8-integration in the second term
of Eq. ~8! is performed over a one-dimensional grid with 0
eV step, in a range of four times the bandwidth, large eno

FIG. 1. ~a! Lowest energy atomic structure of Si20, and~b! Si60.

FIG. 2. ~a! Electronic density of states of Si20 calculated using
LDA with an sp3d5 basis.~b! The quasiparticle energy spectru
using the GW correction. The Fermi level is set at 0.0 eV. Le
broadening is 0.05 eV.
h
to achieve convergence. The pole structure along the
energy axis is regularized by an imaginary infinitesimal fa
tor ih (h50.1 eV in the present calculation!. The renormal-
ization factorZnk is calculated numerically by a five-poin
derivative formula around each«nk

LDA . The resulting nearly-
constant value ofZnk'0.85 for most band energies in bot
clusters is in agreement with the typical assumption o
constant value made in the literature.18 The imaginary part of
the self-energy operator is also analyzed to evaluate the
time of the quasiparticle. In all bands, except near the bot
of the valence band and the top of the conduction band~i.e.,
away from the gap!, it has a magnitude of order 1022 eV,
showing the good stability of the quasiparticles for exci
tions close to the gap. TheVxc data used in Eq.~5! are taken
from the local basis functional LDA results, which rang
from 211.7 to29.9 eV in these clusters.

The calculated quasiparticle excitation spectrum for S20
and Si60 clusters is presented in Figs. 2~b! and 3~b!, respec-
tively. In general, of course, the quasiparticle correction
pends on the particular energy level and wave function c
sidered. Compared to the LDA EDOS@Figs. 2~a! and 3~a!#,
we find that the quasiparticle energy spectrum remains m
or less unchanged in shape as compared to LDA ED
except for a small enhancement near the valence band e
On the other hand, the LDA conduction band energies
shifted to higher energies, opening the gap by about 1.3
in Si20, and 0.9 eV in Si60 after the GW correction. The
fundamental band gap of Si20 is then at 2.42 eV, and that o
Si60 at 1.45 eV, for the largersp3d5 basis~see Table II for
other values!.

We have also studied the sensitivity of the dielectric

FIG. 3. ~a! Electronic density of states of Si60 calculated using
LDA with an sp3d5 basis.~b! The quasiparticle energy spectru
using the GW approximation. The Fermi level is set at 0.0 e
Level broadening is 0.05 eV.

l
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sponse function to quasiparticle corrections. Notice that
intercluster LF effect should disappear in the case of r
isolated clusters~except for the intracluster terms explicitl
considered here!. In our simulation, we have placed the clu
ter into a cubic supercell, although it is large enough to
sure that each cluster is isolated~with no intercluster electron
hopping!.8 We have verified that the LF effect arising fro
possible long-range Coulomb interaction with the clusters
neighboring cells is indeed negligible on the dielectric fun
tion. Therefore, we have explicitly verified thateM(v)
5 limq→0e00(q,v), as we would anticipate of negligibl
‘‘bulk’’ LF effects.11 The imaginary part of the dielectri
response function of the clusters in the energy region of
terest is presented in Fig. 4, both before~dotted curves! and
after the full GW correction~solid!. The enhancement of th
optical gap due to quasiparticle corrections is clearly see
the figure. Moreover, the shape of the dielectric respo
function is changed slightly near the first absorption pe
producing an overall smoothing and oscillator strength d
tribution. We should point out that these results are in qu
tative agreement with recent photoluminescence meas
ments in Si clusters created by annealing of implan
samples. There, features at'1.5 eV are seen and identifie
with the aggregation of nanoclusters and the associ
quantum confinement effects on electrons, in addition to p
sible surface defects and reconstruction.19

In Fig. 4, we show also the role of the plasmon po
approximation~dashed curves! vs the full frequency depen
dence calculations. It is clear in Fig. 4~b! that in Si60, both
GW calculations agree quite well. On the other hand,
Si20, the plasmon pole approximation overestimates the
correction by'0.3 eV, indicating that consideration of th
full frequency dependence is important in these calculatio
The good agreement in Fig. 4~b! is in accordance with the
good behavior of the plasmon pole approximation seen
bulk calculations.3

In summary, we have developed anab initio method to
calculate the optical properties of semiconductors and in
lators using a local basis set. The frequency dependenc
the dielectric matrix elements is fully included in this GW
calculation for clusters. We find that the GW correctio
significantly enhance the optical gap by 1.3 eV in Si20 and
0.9 eV in Si60 from the LDA results. This influence is large
than in bulk Si, where a shift of'0.8 eV in the optical gap
is found.20 Such tendency to higher shifts was found also
the silicon nanocrystals studied by O¨ ǧüt et al.,21 probably as
a consequence of quantum confinement of the electron du
the small cluster size. The quasiparticle energy spectrum
been obtained starting from the LDA band energies a
wave functions in a nonself-consistent GW approach, a
the work by other groups.2,3 However, recent work on GW

TABLE II. Elemental gap for Si clusters at different approxim
tions, all in eV.

Cluster LDA GW LDA GW
(sp3) (sp3) (sp3d5) (sp3d5)

Si20 1.19 3.11 1.12 2.42
Si60 0.74 1.87 0.55 1.45
e
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~Ref. 22! emphasizes that self-consistency is an import
issue in GW calculations, to guarantee that the final res
are independent of the starting Green’s function~see also
discussion in Ref. 2!. The disagreement with experiment o
the self-consistent GW results for bulk Si~Ref. 22! implies
that higher order vertex corrections beyond the simple G
followed here would have to be considered. To what ext
these effects would impact on the dielectric response fu
tions of Si20 and Si60 clusters and other systems is an impo
tant point deserving further consideration. Our local-ba
approach should allow exploration of this and other rela
issues~such as LF in cluster arrays! from first principles, at a
moderate computational cost. Moreover, excitonic effects
lated to the two-particle self-energy terms in the electro
hole interaction are found to be important in finite-size s
tems due to the weaker screening of the Coulo
interaction.23 For Si nanocrystals, for example, th
exciton effect reduces the band gap, corrected by GW,
gives an optical gap, which is in good agreement w
experiments.21 Incorporation of these effects for Si20 and Si60

clusters, which may indeed contribute to the larger gaps
find here, remains as a future challenge in our formulatio

This research is supported by BMDO through the Offi
of Naval Research Grants Nos. N00014-96-1-0782 a
N00014-97-1-0315, US DOE Grant No. DE-FG0
91ER45334, and NSF Grant No. DMR 96-18789. We tha
A. Demkov and O. Sankey for the use of Fireball96, and
Soler, P. Ordejo´n, and C. Noguez for valuable discussions

FIG. 4. Imaginary part~in arbitrary units! of the macroscopic
dielectric functioneM(v) for ~a! Si20, and ~b! Si60 clusters. The
solid ~dotted! curve indicates results after~before, LDA! GW cor-
rections. Feature broadening in plot is 0.1 eV. Dashed tracesin both
panelsare GW calculations with generalized plasma pole appro
mation, for comparison.
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