
Subject for this video: 

 

Finding Absolute Extrema on General Intervals; the 2nd Derivative Test 

 

Reading: 

 General: Section 4.5 Absolute Maxima and Minima 

 More Specifically: pages 299 – 302, Examples 2, 3 

 

Homework: 

H63: Finding Absolute Extrema on General Intervals; the 2nd Derivative Test  

(4.5#35,43,49,51,53*,73,79) 

 

  



Recall the definition of Critical Numbers from Section 4.1 (introduced in the Video for H55) 

 

Definition of Critical Number for 𝒇(𝒙) 

Words: critical number for 𝑓(𝑥)  

Meaning: a number 𝑥 = 𝑐 that satisfies these two requirements: 

 The number 𝑥 = 𝑐 is a partition number for  𝑓′(𝑥). 

 The number 𝑥 = 𝑐 is in the domain of 𝑓(𝑥). 

That is, 

 𝑓′(𝑐) = 0 or 𝑓′(𝑐) does not exist 

 𝑓(𝑐) exists 

.  



Recall the definition Absolute Extrema from Section 4.5 (introduced in the Video for H61) 

 

 

 

 

 

  



And recall this example from 

the Video for H61, illustrating that 

absolute extrema do not always occur. 

 

[Example 1] 

(similar to 4.5#9,11,15,17,18) 

 

The graph of a function 𝑓(𝑥) is shown. 

 

Fill in the table below. 

 
. 

Interval 
Local Maxes 

in that interval 

Local Mins 

in that interval 

Absolute Max 

in that interval 

Absolute Min 

in that interval 

[6,15] 𝑓(8) = 9 𝑓(12) = 6 𝑓(15) = 10 𝑓(12) = 6 

(6,15) 𝑓(8) = 9 𝑓(12) = 6 none 𝑓(12) = 6 

(8,15) none 𝑓(12) = 6 none 𝑓(12) = 6 

[12,15] none none 𝑓(15) = 10 𝑓(12) = 6 

(−∞, 4) none none none none 

(4,∞) 𝑓(8) = 9 𝑓(12) = 6 none none 

.  

x 

 f (x) 

(2,4) 

(6,7) 

(8,9) 

(12,6) 

(15,10) 

 y = 2 

 x = 4 



Recall the Closed Interval Method (introduced the Video for H62) 

There is one important situation where both absolute max and absolute min are guaranteed. 

 

And there is a theorem that tells us where Absolute Extrema have to occur. 

 

 

Theorems 1 and 2 are the basis for the following procedure (the Closed Interval Method) for 

finding the absolute extrema on a closed interval for a function that is continuous on that interval. 

 



But what about the situation where the domain of the function is not a closed interval? How does 

one determine the absolute extrema that do occur? 

 

As we will see in this video, that question is answered in different ways for different functions. 

 

For some familiar function types, the approach can be to 

 First, consider the end behavior to determine which kinds of absolute extrema will occur. 

 Then, find the locations of those extrema. 

 

 

 

  



[Example 1] (Similar to 4.5#43,49) For the function 𝑓(𝑥) = −3𝑥
4
− 4𝑥

3
+ 36𝑥

2
+ 5 

(A) Find all absolute extrema of 𝑓(𝑥) on the interval (−∞,∞) 

  







(B) Find all absolute extrema of 𝑓(𝑥) on the interval [−2,∞) 

  



(C) Illustrate your results from (A) on the given graph of 𝑓(𝑥). 

 

 



(D) Illustrate your results from (B) on the given graph of 𝑓(𝑥). 

 

 



The example that we just completed was a familiar function type (a polynomial), and so we were 

able to determine which kinds of absolute extrema would occur before doing any calculations, by 

simply reasoning in terms of the graph shape. 

 

Of course, the fact that we did not have to do any calculations to determine which kinds of extrema 

would occur does not mean that that determination is easy. One must have the wisdom to know that 

the approach should be to reason in terms of the graph shape.  

 

What about cases where the function is not a familiar type, so one cannot determine which types of 

absolute extrema will occur by simply reasoning in terms of the graph shape? 

 

  



[Example 2] (Similar to 4.5#35,51,53) For the function  𝑓(𝑥) = 55 − 4𝑥 −
250

𝑥2
 

(A) Find all absolute extrema of 𝑓(𝑥) on the interval (0,∞) 

 

  













(B) Illustrate on the given graph of 𝑓(𝑥). 

 

 

 

  



The Second-Derivative Test for Local Extrema 

In Section 4.1, we learned how to determine the location of local maxes and mins for a function 

𝑓(𝑥) by studying the sign behavior of  𝑓′(𝑥). We used the First-Derivative Test for Local Extrema 

to reach our conclusions. 

  



There is another useful tool for determining the location of local maxes and mins for a function 

𝑓(𝑥), one that involves studying the sign behavior of  𝑓′(𝑥) and 𝑓′′(𝑥). It is called the Second 

Derivative Test for Local Extrema. 

 



Observe that the Second-Derivative Test does not apply to situations where both 𝑓′(𝑐) = 0 and 

𝑓
′′(𝑐) = 0. It is useful to think about why it would not apply. 

 

Consider the functions of 𝑓(𝑥) = 𝑥
4
+ 5 and 𝑔(𝑥) = −𝑥

4
+ 5 and ℎ(𝑥) + 𝑥

3
+ 5 

 

Observe that 

 𝑓′(0) = 0 and 𝑓′′(0) = 0. 

 𝑔′(0) = 0 and 𝑔′′(0) = 0. 

 ℎ′(0) = 0 and ℎ′′(0) = 0. 

 

The Second-Derivative Test for Local Extrema does not apply to these functions at 𝑥 = 0. 

 

Now consider the graphs of the functions, shown on the next page. 

  



Graphs of 𝑓(𝑥) = 𝑥
4
+ 5 and 𝑔(𝑥) = −𝑥

4
+ 5 and ℎ(𝑥) + 𝑥

3
+ 5 

   

Observe that 

 𝑓(𝑥) has a local min at 𝑥 = 0. 

 𝑔(𝑥) has a local max at 𝑥 = 0. 

 ℎ(𝑥) does not have a max or min at 𝑥 = 0. 

 

So we see that it is possible for a function to have 1st and 2nd derivatives both equal to zero at some 

𝑥 = 𝑐, and for that function to have a local min, or a local max, or neither at 𝑥 = 𝑐. 

 

That’s why the 2
nd-Derivative Test does not apply in such a case. Note that in such a case, one 

would use the 1st-Derivative Test to determine if there was a local max or min at 𝑥 = 𝑐. 



[Example 3] (Similar to 4.5#73,79) Suppose that it is known that a function 𝑓(𝑥) is continuous on 

an interval containing 𝑥 = 7 and that 𝑓′(7) = 0 and 𝑓′′(7) < 0. 

Describe the behavior of the graph of 𝑓(𝑥) at the point (𝑥, 𝑦) = (7, 𝑓(7)). 

 

 

  



The Second-Derivative Test for Absolute Extrema 

 

 

 

  



[Example 2](revisited) (Similar to 4.5#35,51,53) studying the function  𝑓(𝑥) = 55 − 4𝑥 −
250

𝑥2
 

(C) In part (A) of this example, it was found that 𝑓′(5) = 0. Then a sign chart for 𝑓′(𝑥) was made. 

That sign chart was used to determine that on the interval (0,∞), the function 𝑓(𝑥) has an absolute 

max at 𝑥 = 5 and no absolute min. 

 

Redo that investigation using the Second-Derivative Test for Absolute Extrema. That is, having 

determined that 𝑓′(5) = 0, don’t proceed to make a sign chart for  𝑓
′(𝑥). Instead, use the Second-

Derivative Test to determine the absolute extrema. 

 

 

  




