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1. Introduction

Owing to their unique structure, mechanical strength, variable
electrical properties, and high thermal conductivity, carbon

nanotubes (CNT) have been the focus
of intense research with a range of applica-
tions in nano-scale engineering and
electronics.[1–5] Methods of CNT production
involving the catalytic decomposition of
hydrocarbons in the presence of metal, as
a by-product of arc-discharge or hydrocar-
bon flame production of fullerenes, laser
vaporization, plasma-enhanced and thermal
chemical vapor deposition, are well-
established.[6–11] The initial conception of
CNTs as being perfectly seamless cylindrical
structures of graphene layers without
defects (except at the caps), has been shown
to be oversimplified from experimental
evidence.[12] Zhou and coworkers per-
formed intercalation/deintercalation of
potassium and rubidium on compressed
CNTs to show that the samples formed
paper-mache structures of small groups of
graphite sheets instead of crystalline
CNTs (c-CNTs).[13] Also, using electron

nano-diffraction techniques, Liu and Cowley showed that both
helical and non-helical CNTs exist, and the tube cross-section
could be either circular or polygonal.[14] Amorphous CNTs
(a-CNT) are carbon nanotubes that have non-hexagonal carbon
rings (topological disorder), and cannot be represented by the pro-
posed Russian doll model for CNTs.[15,16] In recent years, a-CNTs
have received increased attention due to their ease of growth[17–19]

and their applications in areas like field-emission display devices,
gaseous adsorbents, energy storage, and catalyst support
materials.[20–22] Evidently, the development of these a-CNT-based
devices requires a good understanding of their atomistic
properties. This fact, coupled with the cost and technical difficul-
ties associated with nano-scale experimental analysis, emphasizes
the need to employ simulations as a tool for a preliminary and
fundamental understanding of the atomistic structure and prop-
erties of a-CNTs.

An underlying motive for this work is discovering synthetic
forms of graphite from available carbonaceous materials like
coal. Within significant density and temperature windows,
carbon allotropes have a remarkable proclivity to form layers,
whether as graphene layers in graphite, spherical shells in
“buckyballs” fullerenes, or cylindrical tubes in CNTs. In earlier
works, we predicted the formation of amorphous graphite, which
consist of layers of graphene with 5- and 7- member rings in the
hexagonal network,[23] and multi-shell fullerenes with topological
defects.[24] Theoretical studies of c-CNT are available,[4] but this is
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Amorphous carbon nanotubes (a-CNT) with up to four walls and sizes ranging
from 200 to 3200 atoms have been simulated, starting from initial random
configurations and using the Gaussian Approximation Potential. The important
variables (like density, height, and diameter) required to successfully simulate
a-CNTs were predicted with the machine learning random forest technique. The
width of the a-CNT models ranged between 0.55–2 nm with an average inter-wall
spacing of 0.31 nm. The topological defects in a-CNTs were analyzed and new
defect configurations were observed. The electronic density of states and locali-
zation in these phases were discussed and delocalized electrons in the π subspace
were identified as an important factor for inter-layer cohesion. Spatial projection of
the electronic conductivity favors axial transport along connecting hexagons, while
non-hexagonal parts of the network either hinder or bifurcate the electronic
transport. A vibrational density of states was calculated and is potentially an
experimentally comparable fingerprint of the material. The appearance of a low-
frequency radial breathing mode was discussed and the thermal conductivity at
300 K was estimated using the Green-Kubo formula.
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not the case for a-CNTs. Hence, in this work, we explore the
atomistic formation and properties of capped and hollow struc-
tures of single-wall a-CNT (a-SWCNT) and multi-walled a-CNT
(a-MWCNT) obtained from initially random configurations of
carbon atoms. The models were simulated using the accurate
density-functional-theory (DFT) trained machine-learning
Gaussian Approximation Potential (GAP)[25] as implemented
in the “Large-scale Atomic/Molecular Massively Parallel
Simulator” (LAMMPS) software package.[26] We emphasize that
one importance of this work is the formation of ordered carbon
structures from disordered structural configurations. The a-CNT
models formed were validated using ab initio molecular dynam-
ics (AIMD) packages including the plane-wave basis set DFT
code, VASP (Vienna Ab initio Simulation Package),[27] and the
atomic orbital-based package, SIESTA (Spanish Initiative for
Electronic Simulations with Thousands of Atoms).[28] The elec-
tronic structure and transport, as well as the origin of inter-wall
cohesion in a-CNTs, are discussed in detail. We explore the vibra-
tion signatures in a-CNT by computing the density of states and
their corresponding inverse participation ratio, phase quotient,
and bond stretching character. Finally, we provide an estimate
for the average thermal conductivity in a-CNT. We also provide
animations from our work and described them in Section S1,
Supporting Information. For where it applies, two exchange-cor-
relation functionals were used for the DFT calculations within
VASP. These are the generalized gradient approximation
(GGA) of Perdew–Burke–Ernzerhof (referred to as PBE)[29]

and the combination of the slater exchange[30] with the
Perdew–Zunger parametrization of Ceperley–Alder Monte–
Carlo correlation data in the local density approximation[31,32]

(referred to as LDA). However, except where explicitly stated,
the results discussed herein are those obtained using the PBE
functional.

2. Computational Method

The carbon nanotube generator applet, developed by Veiga and
co-workers,[33] was used in constructing a 400 atom, armchair
crystalline CNT model (n, m= 10) that is discussed in this work.
For the amorphous CNT models, we utilized the GAP C-C inter-
atomic potential, which was trained on an extended set of refer-
ence data that was obtained from DFT-LDA simulations.[25,34–37]

The starting models were arranged as cylindrical bulks of ran-
domly positioned carbon atoms that are at least 1.43 Å apart.
The symmetry in the geometry of CNTs required that the models
were formed by including the periodic boundary condition (PBC)
in one dimension, call it the z-axis, while the capped a-CNTS
were formed by adding a narrow space of 3.5 Å in the z-axis
between the cylinders. Without PBC in the x- and y- directions,
the magnitude of the input variables (like the density, diameter,
height …) required to successfully simulate a-CNT becomes non-
trivial. To obtain good a-CNT models as shown in Figure 1, we
trained a Random Forest (RF) classifier[38–40] on a set of forming/
non-forming models (refer to Figure 2) to predict the important
input variables (features), and a decision tree model to obtain
their acceptable range of values. RF is a parallel ensemble learn-
ing technique that combines multiple decision tree algorithms[41]

and involves a voting process that exploits those algorithms to

obtain a better predictive performance. It uses random sampling
of the training data set (with replacement) in building decision
trees and for splitting the nodes in the network. In the RF imple-
mentation, the height (H) and diameter (d) of the models were
substituted by a unit-less parameter (aspect ratio; AR=H/d).
At the initial stage, the parameters used in building the training
dataset were sampled uniformly within reasonable limits

Figure 1. Figure showing some a-CNTmodels with 3-fold coordination for
each atom. The colors indicate the number of tubes in the a-MWCNT.

Figure 2. Examples of models that do not form [LEFT] and models that
form [RIGHT] a-CNT based on their input variables.
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(AR: 1–12; system size: 200–1500 atoms (in multiples of 40); vac-
uum in the x–y plane: 1–10 Å; cutoff radius: 1.4–1.7 Å), which
ensured that the initial configuration was constrained to form
a cylindrical shape. The final configurations obtained after
MD simulations were labeled as “formed” (label= 1) or
“not-formed” (label= 0) a-CNT. In addition to human validation,
we automated the labeling process by using an “in-house”Model
Filtering and Scoring Algorithm (MoFaSA) that assigns labels to
models from a scoring metric. The scoring metric estimates the
shape of the model, based on a combination of clustering analy-
sis (to identify non-connecting nanotube walls) and shape
descriptors (like asphericity, acylindricity, and relative shape
anisotropy). These shape characterizations are implemented
on a surface reconstruction of the atomic coordinates of each
cluster using the alpha-shape method[42] on a constructed
Delaunay tessellation.[43,44] An illustration of the decisions made
by MoFaSA on different configurations is presented in Figure 2.
With a total of 850 labeled models, the next step involved using
RF in ranking the features by their level of importance, aimed at
reducing the number of variables required in generating addi-
tional training dataset. The feature importance is an implicit
selection process implemented in RF that can be obtained using
the Gini impurity criterion given as[45]

GðtÞ ¼ 1�
Xm
i¼1

PðijtÞ2 (1)

The summation is over all the classes (t) in a training set (m),
and PðijtÞ is the probability that a randomly selected training
example (i) is correctly classified. The Gini scores for ranking
the parameters (feature importance) for a K-fold (K= 4) cross-
validation set are shown in Table 1 and plotted as a radar chart
in Figure S1, Supporting Information. The prediction revealed
that the aspect ratio and system size are the most important fea-
tures. While the average energy is obtained at the end of the sim-
ulation, it serves as an important feature during training since
well-formed a-CNTs have lower total energies compared to the
deformed structures. Also, as our ML model is applied post-
MD, it is still reasonable to use the energy as a feature. Next,
we trained a decision tree classifier to obtain a decision boundary
that infers a range of suitable AR for the initial configuration
(see a representative decision tree in Figure S2, Supporting

Information). We generated 634 new training models with a dif-
ferent set of parameter distributions, based on the predictions
obtained from the initial dataset. The cutoff radius was fixed
at 1.43 Å. The amount of vacuum in the x–y plane and the system
size was uniformly sampled between 3–6 Å and 200–3200 atoms
(in increments of 20) respectively, and AR was sampled in a nor-
mal distribution with a mean value of 4.3 and standard deviation
of 1.2. An instance of the decision boundary is shown in Figure 3.
The orange region in the plot indicates that the optimal AR range
is between 0.32–0.51. The black and grey scatter points are pre-
dictions made by our ML model on a test set for a range of input
variables that formed (value= 1) or did not form (value= 0)
a-CNT respectively. It shows that the decision boundary from
our classifier makes a close to accurate prediction on unseen
data. Before implementing the decision tree algorithm, the fea-
tures were scaled by subtracting the mean of the distribution and
by dividing the result by the standard deviation. The mean and
standard deviation used for AR and system size are shown in
Table 1.

For all a-CNT models in this work, the MD simulation proto-
col involved sampling the atomic positions and velocities on the
canonical ensemble using a Nosé-Hoover thermostat at a fixed
temperature of 3000 K for 240 ps with a timestep of 1 fs. Next,
the models were allowed to find a more energetically and struc-
turally favorable configuration by cooling to room temperature at
a rate of 2.7� 1013 K s�1. We stress that the cooling rate does not
alter bonds formed during or after heating. Finally, the structures
were relaxed using the conjugate gradient (CG) algorithm as
implemented within LAMMPS with a force tolerance of
10�6 eV Å�1. We further validated the energies and structure
of the final models by implementing DFT CG relaxation within
VASP (using PBE and LDA functionals) and SIESTA. The energy
difference between the GAP models and DFT-relaxed models
ranged between 0.03 eV atom�1 ≤ δE ≤ 0.07 eV atom�1, and
the relaxation process did not lead to bond breaking or forming.
This confirmed that the atoms are formed in energetically stable

Table 1. Table showing the important feature index predicted from a
random forest classifier with K= 4 cross-validation set. It also shows
the accuracy rate on the test set for each fold and the mean and
standard deviation calculated for scaling the aspect ratio and system
size for the decision boundary construction. See discussion in the
Supporting Information.

Kfold-1 Kfold-2 Kfold-3 Kfold-4 Mean Std

Aspect ratio (height/diameter) 0.32 0.34 0.32 0.33 4.3 1.25

System size (no. of atoms) 0.18 0.20 0.19 0.23 1672 883

Cutoff radius [Å] 0.13 0.12 0.12 0.08

Vacuum in the x–y plane [Å] 0.11 0.12 0.12 0.13

Energy [eV atom�1] 0.25 0.22 0.25 0.23

Accuracy [%] 87 92 87 89

Figure 3. The decision boundary from a decision tree model using the
aspect ratio and system size as features. 1 means an acceptable a-CNT
formed, while 0 indicates otherwise. The feature values were scaled by
subtracting the mean of the distribution and dividing the result by the stan-
dard deviation. The mean and standard deviation used for AR and system
size are shown in Table 1.
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and realistic local configurations. The size of the models gener-
ated ranges from 200 atoms to 3200 atoms, forming both
a-SWCNT and a-MWCNTs (up to 4 walls). The models will
henceforth be referred to as a-CNTN, where N is the number
of atoms. In the discussions that follow, we have selected 10
independent models with N= 200 (a-SWCNT), 400, 840, and
2000 (a-MWCNT) atoms (40 models in total).

3. Results and Discussion

3.1. Formation and Nano-Structure

We have provided animations showing the time evolution in the
formation of capped and hollow a-CNT in the Supporting
Information. The a-CNTs were observed to form an outermost
tube first, which is followed by the formation of the inner tube(s).
This formation process is similar to what we observed in a
different work with multi-shell, non-classical fullerenes.[24]

The final models have diameters ranging from 0.5 to 2 nm for
a-CNT with up to 4 walls, and the average gallery (space between
any 2 consecutive layers) in the a-MWCNTs models was calcu-
lated to be 0.31 nm, which is within the range that had been
reported in experiments[46] and also close to the inter-layer spac-
ing in graphite. The structural order of the a-CNT models was
analyzed from the radial distribution function (RDF). In
Figure 4, the peaks obtained for the a-CNT models were com-
pared with those from the generated armchair c-CNT model
and amorphous Carbon (a-Carbon)[47] model. The RDF peak
for the first shell in all the a-CNT models was close to the
C─C bond length observed in c-CNT and graphite. Notably,
the RDF of a-CNT200, which is a single-walled a-CNT, has
similar features resembling a-carbon and only the multi-walled
a-CNT models reproduced the third c-CNT peak around 2.84 Å.
This is a consequence of the higher ratio of hexagonal to non-
hexagonal rings (6:n; n= 5 or 7) observed in a-CNTs which have
larger system sizes. The size of the topological defects, which are
the non-hexagonal arrangements of carbon atoms incorporated
in the hexagonal network, was calculated using King's criterion

for ring statistics[48] (see inset in Figure 4) and it showed similar
values for all the a-MWCNTs with a slight decrease observed for
a-SWCNTs.

Defects in nanostructures like CNT play a role in their mor-
phology and chemical properties. Experimentally and otherwise,
an accurate and quantitative description of the defects or a stan-
dard for distinguishing them is still needed. To this end, we stud-
ied the ring defects in the a-CNT models, Figure 5a–f shows all
the possible defects that exist in the a-CNT models. Figure 5a–c
are the Stone-Wales (SW; 5665), 5675, and Stone-Thrower-Wales
(STW; 5775) defects respectively. We refer to these defects (a–c)
as primary defects because they can exist alone in the hexagonal
C network. On the other hand, Figure 5d–f are the inverse Stone-
Thrower-Wales (ISTW; 7557þ 57), 7558þ 57, and 7557þ 7558
defects respectively. They are termed secondary defects because
they are combinations of two distinct defects. In Figure 5, the
blue ellipses that are positioned over the C atoms that connects
2 pentagonal rings in the defect sites, are used to classify the
defect type. It engulfs two connecting vertex atoms in
Figure 5a–c and two shared basal atoms in Figure 5d–f. The
57, STW, and ISTW defects are well-known defects in carbon
nanotubes,[49–54] but to our knowledge, there is no report on
the 5675 and 7558 defects; hence, this is the first time such
defects will be reported for any layered carbon network. We note
that the heptagon-pentagon and octagon-pentagon ring connec-
tions still preserve the 3-fold coordination of the C atoms.

3.2. Electronic Structure, Transport, and π-Electron
Delocalization

The electronic density of states (EDoS) for a-CNT was computed
within VASP and the extent of localization of Kohn-Sham states
(ϕ) was calculated as the electronic inverse participation ratio
(EIPR) using the following equation

IðϕnÞ ¼
P

i jainj4
ðPi jainj2Þ2

(2)

where ain is the contribution to the eigenvector (ϕn) from the ith
atomic orbital. High (low) values of EIPR indicate localized
(extended) states. The Fermi-level (Ef ) in the EDoS and EIPR
plots in Figure 6 was shifted to zero. The EDoS plots for
a-CNT do not show any spectral gap at Ef , and a few electronic
states appear localized around the Fermi level. The non-zero gap
(NZG) observed for a-CNTs has been reported for armchair
SWCNTs, as well as SWCNTs with n�m 6¼ 3ζ, where ζ is a pos-
itive integer.[55,56] In addition to the NZG similarity in armchair
c-CNT and a-CNT EDoS, we found that replicated periodic
images of both structures in the z-direction share a degree of
structural similarity as well (see left (right) inset in Figure 6
for a-CNT (c-CNT)). The effect of disorder in the a-CNTs network
on the electronic conduction active path was analyzed by projec-
ting the electronic conductivity into a spatial grid. This involved
an implementation of the space-projected conductivity (SPC) for-
malism which exploits the Kubo–Greenwood formula (KGF) to
obtain information about the conduction pathways in materi-
als.[57,58] Figure 7 is a representation of the conduction path
observed in a-CNT. We found that a-CNT favored axially directed

Figure 4. Radial distribution function g(r) for different a-CNTmodels com-
pared with crystalline CNT (c-CNT) and amorphous Carbon (a-Carbon).
The inset shows the ring distribution obtained using King's criterion
for ring statistics.
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conduction paths along connected hexagonal carbon rings. This
axial electronic conduction path is consistent with published
results for crystalline carbon nanotubes.[59–61] While the pres-
ence of non-hexagonal rings in a-CNT restricts electron flow
in the network, this effect is not as pronounced as it is in amor-
phous graphite.[23] As shown in Figure 7, the 7-member ring
does not completely terminate the conduction path but rather

acts as a bifurcation of the electron transport initially in the path
along the yellow-colored C atoms into the path indicated by the
red-colored C atoms. On the other hand, SPC analysis on the
generated c-CNT model showed ballistic electronic transport
i.e., without scattering (see Figure S3, Supporting Information),
which has been confirmed in experiments,[59,62] as well as by the-
oretical calculations.[63] The deviation from ballistic conductivity
in a-CNT supports the premise that topological defects influence
electronic properties and transport in carbon nanotubes.[64–67]

The conduction path in a-CNT is unique, as it differs from
one model to another because of the randomness of the topolog-
ical defects. This property thus provides potential technological
applications for a-CNTs as base materials in electronic devices
that require unique paths for electronic transport. An example
is the Physical Unclonable Functions (PUFs), which are state-
of-the-art secret key generators for advanced security, especially
in the Internet of Things (IoT). Moon and co-workers achieved an
implementation of c-CNT-based PUFs by placing a network of
all-printed single-wall c-CNTs between multiple electrodes,
thereby increasing the variation in the distribution and range
of the resistance within and across the c-CNT network.[68] In
the amorphous regime, amorphous sub-stoichiometric silicon

Figure 5. Figure showing primary ring defects in a-CNT. These defects are a) Stone-Wales (5665), b) 5675, and c) Stone–Thrower–Wales (5775) defects,
which are the primary defects. The secondary ring defects in a-CNT are the d) inverse Stone–Thrower–Wales (7557)þ 57, e) 7558þ 57, f ) 7557þ 7558
defects. The blue ring indicates the connecting vertex atoms (a–c) or shared basal atoms (d–f ) in pentagon-forming rings, from which we classify the
defects.

Figure 6. Electronic density of states for a-CNT. The [LEFT] and [RIGHT]
insets compare the structure of a-CNT and armchair CNT. The periodic
images of the models were replicated in the z-direction.
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oxides, like SiO1.3, have been confirmed to be promising base
materials for PUF device fabrication,[69] owing to their unique
electronic conduction path that is inherent from topological
defects induced by the oxygen vacancy sites.[70] Similarly, the
random distribution of the topological defects in a-CNT also
provides it with a unique conduction path that varies from
one model to another, which can make it a viable base material

for PUF device fabrication as well. Additionally, Behinia
and Rahimi showed that engineering topological defects into
c-CNTs allows for specific electronic conduction paths, which
is useful in the design of nanoscale electrical switches.[71]

Qualitative calculation of the average KGF conductivity for the
models revealed that the conductivity of a-CNT decreased by a
factor of order 102 when compared to the crystalline CNT,
and this is in agreement with the experimental reports in
refs. [60,72].

Inter-layer cohesion in layered carbon structures derives from
a combination of Van der Waals forces and delocalized electrons
originating from occupied states near the Fermi level
(E < Ef ).

[23] These states are linear combinations of π-orbitals
that are projected in the normal direction to the local plane
defined by each sp2 carbon atom. For the a-CNT models, the con-
tribution of the electrons in the π subspace was decomposed
from the total electronic charge density and projected as isosur-
faces on sliced partitions. Figure 8 shows the π-electron distribu-
tion for ten bands closest to the Fermi level. Figure 8a shows the
π-electron distribution on a single slice of a 400 atom a-CNT
model. The atoms contributing to that particular slice are shown
in Figure 8b. The red atoms (R1) are above the green plane,
which is the slice being considered. There are 2 shades of black
in Figure 8b, the lighter (B1) and darker (B2) shades of black cor-
respond to atoms that are below and intersect the green plane
respectively. The reader can find a 3D visualization of contribut-
ing atoms in Figure S4, Supporting Information, which is a CW
rotation of Figure 8b. In Figure 8c, the π-electron density is nor-
malized to the maximum value in the slice and mapped to a
mesh grid with zero values (colored as black) to increase the con-
trast in the π-electron density distribution. We have labeled the
atom positions in Figure 8a that corresponds to Figure 8b. In
Figure 8a, o, x and x∗ and corresponds to R1, B1 and B2 atoms
respectively. x- and o- are atoms within the region that do not
contribute to the π orbital. xo indicates a combined contribution
of two atoms (x and o) to the charge density. The figure shows a
slice that was taken at 1.9 Å from the origin and Figure S5,

Figure 7. Spatially projected electronic conductivity in a-CNT. The pres-
ence of the 7-member ring defect causes a bifurcation of the electronic
conduction path on the yellow-colored C atom into the red-colored atom.
The conductivity path is the white transparent blob.

Figure 8. The figure in (a) shows the π-electron distribution on a single slice of a 400 atom a-CNT model. The atoms contributing to that particular slice
are shown in (b). In (b), the red atoms (R1) are above the green plane (the slice being considered). There are 2 shades of black in (b), the light (B1) and
dark (B2) shades correspond to atoms that are below and intersect the green plane respectively. In the plot in (c), the π-electron density is normalized to
the maximum value in the slice and mapped to a mesh grid with zero values (colored as black) to increase the contrast in the π-electron density distri-
bution. We have labeled the atoms positions in (a) that corresponds to (b). In (a) x and o correspond to B1 and R1 atoms, respectively. x∗ are B2 atoms.
x� and o� are atoms within the region that do not contribute to the π orbital, while xo indicate a combined contribution of two atoms (x and o). The figure
shows a slice was taken at 1.9 Å from the origin. An animation, PiBandDensity_mov.mp4 in the Supporting Information shows variations in the π-electron
distribution for multiple slices across the a-CNT400 model discussed here.
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Supporting Information shows the slicing pattern implemented
on the a-CNT400 model. The choice of 1.9 Å is arbitrary and we
have provided an animation (PiBandDensity_mov.mp4) in the
Supporting Information that shows variations in the π-electron
distribution for multiple slices across the a-CNT400 model dis-
cussed here. The cross-interaction of the quasi-free π-electrons
in the gallery posses weak metallic bonding between the tubes,[73]

and this contributes to the cohesion between the layers.[23,24,74,75]

In a-CNT, the maximum value for the π-electron density is
�10% of the maximum total charge distribution in all the bands,
and it is also � 2.75% of the maximum total charge
distribution around the center of the gallery. We show here that
dispersive forces beyond the local density approximation are not
necessary to form inter-wall tubes, and such corrections have
little effect on the final tube geometries. In our simulation of
amorphous graphite,[23] the inclusion of Van der Waals correc-
tions in the VASP implementation[76] did not show any appreci-
able difference in the total energy when compared to that of the
GAP models. The values observed at the center of the gallery in
a-CNTs were lower than those from amorphous multi-shell
fullerenes (�4.3%)[24] but larger than amorphous graphite
(�2.0%).[23] The mid-gallery values for these amorphous carbon
allotropes are influenced by the local atomic curvature and by the
degree of the linear combination (cross-interaction) of the Kohn-
Sham orbitals describing the π-bands. It is noteworthy that in the
amorphous phase of these layered carbon structures, layering
persists despite the absence of an exact graphite stacking registry.

3.3. Vibrations and Thermal Conductivity

Carbon nanotube samples that are produced in the laboratory are
not always perfect crystals and may include non-hexagonal carbon
rings. Additionally, there could be impurities (like fullerenes,
graphitic and amorphous carbon, carbon nanoparticles, etc.) in
the samples[49] and this can lead to confusion in the interpretation
of experimental vibrational spectra. In Figure 9 we present a vibra-
tional spectrum that may be an experimentally comparable finger-
print of a-CNT frommethods like Raman[77–79] and infra-red[80–82]

spectroscopy. The atomic vibrational density of states was calcu-
lated within the harmonic approximation model as

gðωÞ ¼ 1
3N

X3N
i¼1

δðω� ωiÞ (3)

where, N and ωi represent the number of atoms and the
eigen-frequencies of normal modes, respectively. The δ function
(approximated by a Gaussian with a standard deviation equal to
1.5% of the maximum frequency) was employed. The (green) scat-
ter plot in Figure 9 is the vibrational inverse participation ratio
(VIPR) that indicates the extent of localization of each normal
mode frequency.[24] Low values of VIPR indicate vibrational modes
that are distributed among a large number of atoms while
higher values imply that few atoms contribute at that particular
eigen-frequency. Additionally, the region where VIPR ≳ 0.15 is
considered the transition frequency from diffusons to locons[83]

and is found to be at around 1582 cm�1 in a-CNT. The lack
of periodicity in the a-CNT lattice restricts vibrations to non-
propagating modes (e.g., diffusons and locons).[84,85] This means
that, unlike crystals, vibrational modes in amorphous systems can-
not be rigorously classified into purely acoustic (at low-frequency
spectrum) and purely optical (at high-frequency spectrum).
However, the phase quotient (Qp) of Bell and Hibbins–
Butler[86] provides a statistical measure for classifying the modes
as in-phase (acoustic mode) and out-of-phase (optical mode) with
respect to neighbouring atoms. The normalized Qp is given as[85]

Qp ¼ 1
Nb

P
m uin ⋅ u

j
nP

m juin ⋅ ujnj
(4)

where Nb is the number of valance bonds, uin and ujn are the nor-
malized displacement vectors for the nth normal mode. The index,
i, summed over all atoms and j enumerates neighboring atoms of
the ith atom. The in-phase vibration of the bulk material gives
Qp ¼ 1 (purely acoustic). Conversely, a value of �1 would
correspond to motion in the opposite direction between neighbor-
ing atoms (purely optical). It then follows that positive (negative)
Qp is more “acoustic-like” (“optical-like”). Another important
tool for understanding vibrations is the bond-bending or
bond-stretching character (SðωÞ) given as

SðωnÞ ¼
P

m juin � ujnj ⋅ r̂ ijP
m juin � ujnj

(5)

where, uin is as in Equation (4) and r̂ ij is the unit vector parallel to
the mth bond. SðωnÞ is close to unity when the mode of vibration
is predominantly of bond-stretching type and will be close to 0
otherwise. Figure 10 shows Qp [TOP] and SðωnÞ [BOTTOM]
for a double-walled a-CNT (DWCNT) with 400 atoms. We have
provided animations to visualize the vibrations in the
Supporting Information. The mid-frequency region around
800–820 cm�1 shows some localization (see inset in Figure 9)
and a local minimum at �807 cm�1, which is also �0 in the
for Qp plot. The behavior of Qp around 0 cannot be interpreted
as acoustic- or optical-like modes. The animation, freq_807.mp4,
shows that the modes in this region are quasi-localized resonant
modes[87] since they are distributed over a number of atoms and
also are not diffuson to locon transition frequencies. Other notable
vibrations in the double-wall a-CNT analyzed are at 32, 44,
55 cm�1, which correspond to twisting vibrations of the outer
shell, translation, and twisting vibration of the inner shell respec-
tively (see Supporting Information for animations of these

Figure 9. Figure showing the total VDoS and VIPR for a-CNT calculated
from the harmonic approximation. The inset shows the VIPR around
797, 825 cm�1.
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modes). We emphasize that the twisting modes of a particular
tube at a given frequency cost very little energy. This is because
the electron gas in the gallery between layers is quite diffuse and it
is weakly correlated with particular atoms in the layer, so the
energy dependence of the system, to the first approximation, is
on the distance between the shells and not affected by the
angle. The radial breathing modes (RBMs) which dominate the
low-frequency Raman spectrum in experiments are unique to spe-
cific MWCNTs and much focus has been given to the research of
RBM because of its importance in the applications of structure
and property characterizations.[88–90] We observed an in-phase,
low-frequency RBM at around 81 cm�1 (see animation in
Supporting Information). RBM in MWCNTs has been observed
experimentally from Raman-active peaks around 100 cm�1,[89]

and in-phase RBM at around 94 ð85Þ cm�1 have been predicted
for armchair DWCNT (SWCNT).[91] We note here that the simi-
larities observed between a-CNT and the armchair CNT could be a
path worth exploring.

Finally, we describe the effect of topological defects on the
thermal conductivity (TC) of a-CNTs. Heat conduction in carbon
materials is usually dominated by phonons (even in graphite);[92]

this allows us to consider the contribution of the heat flux (J) for
each atom[93,94] in a 2000 atom a-MWCNT and then relate an
ensemble average of the auto-correlation of J to the TC (κ) using
the Green–Kubo formula given as[95,96]

κ ¼ 1
3VkBT2

Z
τ

0
Jð0Þ ⋅ JðtÞh idt (6)

where V, T, and kB are the system volume, temperature, and
Boltzmann's constant, respectively. The upper limit of the inte-
gral was approximated by τ (= 2 ns), which is the correlation time
required for the heat current auto-correlation to decay to zero.
The TC was obtained by averaging the integral in Equation (6)
from 10 independent models. The Nosé–Hoover thermostat[97,98]

was used for thermalization and equilibration at T= 300 K at a
fixed volume using a 1 fs time-step, and at the beginning of the

simulation, initial velocities were assigned to the atoms
randomly from a Gaussian distribution. Our result showed
that the average TC calculated for a-CNT was 22.15Wm�1 K�1

at 300 K. The thermal conductivity of MWCNT is
�3000Wm�1 K�1,[99,100] so the thermal conductivity of
a-MWCNT is an order of 102 less than c-MWCNT, which is similar
to what we have reported for the electrical conductivity, respecting a
sort of Wiedemann–Franz rule[101] for nanotubes.

4. Conclusion

In this work, we explored the formation of a-CNT starting from
an initially random configuration of carbon atoms using the GAP
potential. The starting configuration required eliminating the
periodic boundary conditions in the x–y plane only. The complex-
ity involved in the choice of the important variables to simulate
realistic a-CNTs was minimized by learning the important fea-
tures from a random forest implementation. The structure of
the a-CNT models was validated by conjugate gradient relaxation
as implemented within SIESTA and VASP. The diameter of the
a-CNTs ranged from 0.5 nm in a-SWCNTs to 2 nm in a-
MWCNTs, and the inter-wall spacing was � 0.31 nm. The ring
defects in a-CNTs were discussed and a potentially new type
of defect was observed. Electronic structure analysis showed that
there was no band-gap at the Fermi level, which is a property
observed in all armchair CNTs. The delocalized π-electrons in
the gallery were confirmed to be involved in the inter-layer cohe-
sion in a-CNTs. The density of states and corresponding partici-
pation ratio for the phonon vibrations were analyzed, and the
result showed that a-CNTs have localized states only at the
high-frequency end of the vibration spectrum which is consistent
with other amorphous structures. The phase quotient and
stretching character analysis further suggested that those
localized sites were from atoms participating in non-hexagonal
rings. The average thermal conductivity for a-CNT was
22.15Wcm�1 K�1 at room temperature and is an order of 102 less
than crystalline MWCNT, which was also similar to the average
thermal conductivity. In conclusion, the strong proclivity to form
layered structures from chaotic configuration, even with topolog-
ical defects, remains one of the wonders of carbon.
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the author.
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