Chapter 1

The Nucleon-Nucleon System

1.1 The Lippmann-Schwinger Equation for the Scat-
tering Process

Let us consider two-nucleon scattering and de n&; and K, to be the individual nucleon
momenta. The relative momentum is then given as

P= %(kl R2) (1.2)
The momentum eigenstates in the nucleon-nucleon (NN) c.m. systeare then
@ (1.2)
and are chosen to be normalized as

hpjpi= 3p p9: (1.3)

They are eigenstates to the free Hamiltonian for the relative motion

_p 2
Ho= — 1.4
0= (1.4)
wherem is the nucleon mass.
Let V be the NN potential, which is assumed to be energy independent.
The Schmedinger equation for a scattering state S)

(Ho+Vv) & =€ ¥ (1.5)
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can be cast into an integral equation, the Lippmann-Schwinger egtion (LSE):
Ho E) OV = v (1.6)
PO e T v O (1.7)
P E +1i Ho P
Let us consider the con guration space representation. The cjugate variable topis
X=1% t; (1.8)
and we choosg %i to be normalized as
hejxd = 3(x %9: (1.9)

Then the Fourier transform is given by

1

The con guration space representation of the free propagator

1
is given as
1 Z
K A e I e
= i d? ip % 1 e ip x°
(2 )3:2Z E+i p*=m
= 1 dp ° x %) 1
(2 )3 ~ E+i p’=m
_ 1 4 ! do Fio(p ) 1
(1.12)
with  j % %0j
Standard residue techniques lead to
m eipﬁjx %
hxj Go j x4 = (1.13)
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which exhibits the outgoing wave behavior from the source point® to x. It results the
con guration space representation of the LSE

I GO )
hxj i » (%
1 _ mZ 3Oeipﬁjqu )
= ——&f* — —V y :
B e 2 d®x X 0] xy 9
(1.14)
Thereby we assumed a local potential
ejVixd= 3x %9V(X9 (1.15)
In a well known manner one reads o the asymptotic form fojy xj! 1
1 : ePx
) % .
%) | e + — f(R)); 1.16
p (X 2 )} ( ~ T(®) (1.16)
with the scattering amplitude f (%) depending on the directionx”of observation
r— 7z
f®= m 5 d*x%e P v(x) 060 (1.17)
This can be interpreted in terms of a scattered momentum
8’ %p; (1.18)
and one introduces a transition amplitude
Z
h190j tjgd (21)§ d®x%e if,oxov(xo) S) (_Xc)
= iV i
(1.19)

Apparently t is the result of the scattering process and determines all scatitgg observ-
ables.
Is there an integral equation directly fort? From (1.24) we read o

tig v Vi (1.20)
and using (1.7) we nd

Vig+V GV Ui

Vig+V Gtjd

tjd

(1.21)



We can strip o the initial state | § and get the operator relation
t=V+V Gt (1.22)

which is the LSE for the transition operator. Its simple physical intgoretation results by
iterating that equation:

t

V + VG (V + VGot)
V + VGV + VGV GV + VGV GV GV + :::

(1.23)

This is the Born series for scattering oV, a sum of terms of increasing order iW. Each
term consists of a sequence &% with free propagations in between. This is a general
structure valid for any number of particles.

It is useful to visualize that multiple scattering process in the form

E:

where the dashed lines stand for the action of and two horizontal lines for the free
propagation Gy between two interactions. Intuitively one can start from that sumof
terms (1.23)

*o----0

t=V+V GV+V GVGGV+::: (1.24)
and ask the question: can this series be summed up into an integrauation for t ?
Obviously it can:

t=V+ VG(V + VGV + VGV GV + ::); (1.25)
and we recovert again on the right hand side and thus get
t=V+V Gt (1.26)

which is the LSE.

Of course if one starts from Eqg. (1.23) in an ad hoc manner one hasknow the form of
the free propagatorG, and therefore one has to make contact to the underlying dynamica
equation, in our case the Schredinger equation. Formally howevthis multiple scattering
series is quite general and also valid for the Bethe-Salpeter equatiovhereGy is di erent
from the Gy used in our nonrelativistic context.
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1.2 Alternative Derivation of the Lippmann-Schwinger
Equation

A free momentum eigenstate obeys
Hojpi = Epjpi (1.27)
and a scattering state obeys
Hjipi® = Ejpi® : (1.28)
Here a scattering state is de ned via
jpi® = ®jpi = lim, i G(E+i)]jpi; (1.29)

where ) is the M ller operator, which maps a free statg pi onto a scattering state
igi®
jpit.

The propagators, or Resolvents, are given by

Go(2) =

1.30
Z Ho ( )

and

1-
z H°

G(z) = (1.31)
Here Gy(z) is the free propagator (Resolvent) ands(z) the full propagator (Resolvent).

Let us consider
Gyt G'=(z Hp) (z H)= Ho+H =V, (1.32)
where we use thaH = Hy+ V.
Multiplying Eq. (1.32) from the left with Gy and from the right with G yields
Go(G,t! G NG = G Gy = GV G (1.33)
or

G = Go+ GV G : (1.34)

The above relation, Eq. (1.34), is called rst Resolvent Identity.
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Applying the rst Resolvent Identity on a momentum eigenstate andmultiplying both
sides of the resulting equation with yields

i G(E+i)jpil = 1 Go(E+i)jpi + i1 Go(E+i)V GE+i)]pi
= E¥1 H, jpi + 1 Go(E+i )V GE+1)]pi
= jpi + i Go(E+i)VGE+i)jpi:
(1.35)
Taking the limit ! O gives, together with the de nition Eq. (1.29), the Lippmann-
Schwinger equation for states
ipi® = jpi + Go(E+i)Vjpi® (1.36)
If we multiply Eq. (1.36) by V and de ne
Vipi® = tjpi; (1.37)
we obtain
Vipi® =Vijpi + VGE+i)Vjpi® (1.38)
or
tipi = Vjpi + V G(E+i)tjpi: (1.39)

Since the operators in Eq. (1.39) are applied on a general statpi, we can consider this
eguation as operator equation:

t = V+V GyE+i)t: (1.40)

This equation is also called operator Lippmann-Schwinger equation.

A next task is to derive from Eq. (1.36) a relation to the scattering ave function * ().
Let us consider

hej 8@ = hejpi + hejGoVja® (1.41)
which leads to
D@ hejpi® = brjpi + JriGot| (1.42)
hejd + d*p’hej fAhPj Got ]

(1.43)

Applying the de nition of Gy leads to
Z
eipi® = hejpi + dphej ¢ E.;hpf)mpi; (1.44)
+ |

p@
m
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which is the desired equation for the scattering wave function™ (r).

Energy conservation leads to an additional constraint for the-operator. If a momentum
before the scattering event is denoted withp, and after the scattering event withp?® then
energy conservation requires
p® _ P’

)

¢ = p?: (1.45)

m m P

This means that we can extract an energy conservingfunction from the matrix element
he®i T(E)jpi = (Ep Ep) W°jL(E)|pi: (1.46)

The latter relation is sometimes called on-shell condition. The physiceneaning is that
the observables oNN scattering only determine the matrix elements consistent with the
relation (1.46).

1.3 The Lippmann-Schwinger Equation for the Bound
State

Let us assume, thatV supports a bound statg i at E = E,h0: Then
(Ho+ V)] i =Epj ol (1.47)

or
(Ho Ep)j bi= Vj (1.48)

SinceEy0 there is no regular and square integrable solution to the left handds alone
andj i obeys the homogeneous LSE

. 1 .
= ——V 1.4
joool E. H, V) Y (1.49)
Using the con guration space representation Eq. (1.12) fde = E,h0 we see that (1.21)
guarantees the correct exponential fall-o behavior of

r—7z

. - — o 3oe
b pi B(¥)= m > dx—jx X

miEpjix *

V(x) (x) (1.50)



1.4 Connection Between Homogeneous and Inhomo-
geneous LSE's

It is of interest and importance to relate the homogeneous equatipvalid at the discrete
energykE = E,
j o = Go(Ep)V | (1.51)

and the inhomogeneous equation, derived f&i0
t(E)=V + VG(E)(E) : (1.52)

The transition operator t(E) can be evaluated also foE). What happens forE ! E?
We rewrite (1.52)
(1 VG(E)) t(E) = V (1.53)

t(E) = (1  VGHE)) Vv (1.54)

Let us expand

t(E) = (1+ VG + VGVG + 1)V
= V(1+GgV + GgVG&V + :::1):
(1.55)
If we apply t(E) ontoj i and chooseE = Ey, then we nd, using Eq. (1.31)
t(Ep)j ol = V(1 +21+1+ )] y; (1.56)
which is clearly diverging.
More precisely
(E) = [(G' V)Gol'V
1
— 1
= CGog Ho V v
1
— 1
= G g wY
= G,'G1tv
(2.57)
Inserting the completeness relation
Z
j whpj+ dpj Pin Pj=1 (1.58)



to the left of V gives

t(E) = (E Ho) | ol hjV
z Eb
1
NG )
+ dp(E Ho)]j o IE 192:mh MY
.1 .
= \Z/J ol £ Ebh bl V
1 *)
O 9 iy
+ dp Vj o |mh p 1V
(1.59)
We see explicitly thatt(E) has a pole atE = Ej
t(E) ' V] ! hpjV for E! Ey (1.60)
E Ep

Thus t(E) has a pole at the energy where the homogeneous LSE has a solytiwhich
is the same as requiring that the homogeneous part of the inhomogeus LSE has a
solution:

(E) = V Gy(E) ( E) (1.61)

Put
(E) V (E) (1.62)

then
(E) = Go(E)V (E) (1.63)

This is identical to (1.38) and thus
(E) = b atE = Ey (164)

This pole int(E) at the NN bound state will be of decisive importance for describingna
interacting system of 3 or more nucleons.

1.5 Realization in a Partial Wave Representation in
Momentum Space

We introduce the momentum space basis to a xed orbital angular nmeentum | and
magnetic quantum numberm

j plmi (1.65)
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These states are de ned via

0
he jplmi %Y.m(p‘%

They are complete and orthonormal
Z

dp? jplmhplmj=1
Im
0
pimjprmt = P,
Let us consider the LSE foit(E) in this basis

FpA%MYt(E)jplmi = ,
1

X
MYV jplmi + dpp®hpd MYV

[ognoo O

1 . :
=g PR (E jpimi

E+i

We take V to be rotationally invariant:

RPIPMOVipImi = o mmo Vi(PP)
which leads to an integral equation in one variable:
YA 1
1
— 00,~,0@ 0 0
t(ph) = Vi(pp) + 0 dp™p”® V(PP = — Som ti(p°D)

What is V;, assumingV (r) to be given? Introduce states

jrimi
de ned analogously to (1.59) via
. . (x 1)
hcjrimi xr Yim (%)
Then
Z Z
h plmjrimi= dp° dxhpImjpihp? xhxjrimi
z z
- 3,0 s, (P p 1 ipox (X T)
2. :
= = jipn i

11

Yim (%)

(1.66)

(1.67)

(1.68)

(1.69)

(1.70)

(1.71)

(1.72)

(1.73)

(1.74)



Therefore, assuming a local potential:
vV = hgim j Vv j plni
(PP) = tpimjVjpyni

= dr r2 dr¥® hp® I m j %l mi
0 0
hzr £TJ \% Jrzllmlhkrlmjplml
= = drr? dr®r®j,(p%9
20 0
2 7t 2 -
= Z dr r2ji(p%) V(r) ji(pr)

0

(r 9

rr0

V(r) ji(pr)

(1.75)

This is one way to determine the momentum space representationafocal potential.
The LSE fort, can easily be solved by standard methods.
Let us now consider the full space for two nucleons including spin ambspin:

. .11 .
jp(ls)im (5 5)tmd y
C(lsjymm my)jplmjijsm m;i
m
X 11 1.1 :
C(Qit’ m ¢ )Jé ij éJmt m i (1.76)

Clearly one hass =0;1 andt = 0;1. The antisymmetry (working in isospin formalism)
leads to the well known restriction

()rstt= 1 (1.77)
for the allowed quantum numbers. Thud = 1 states are
'So; °Po; %P1 'Da; PPy PR (1.78)
andt = O states are
p:3s, 3Dy %Dy (1.79)

The hyphen denotes coupled states, whetds not conserved. A well known mechanism
for that is the tensor force.
For a general NN force, which conserves spin and parity one has

mO(IQSC)J Omot%?jVijS)jmtm ti = jj° mm?O &% mmo ssOV||st;tm t(po; p) (180)

Because of (1.71) conservation of isospin follows and the indicatedependencies fol

is redundant.

There is a dependence om, the charge state of the two nucleons, in case of charge-
independence breaking (CIB) or charge-symmetry breaking (C$B
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CIB means:np & pp=wong forces CSB meansnn 6 pp=uong forces

It is well established that in the state!S, the np force is di erent from the nn or pp force.
This is evident in the di erent scattering lengths:

app = 2348 0:009m

App=swrong = 17:36  0:4fm (recommended value)
(G.A. Miller et al, Phys. Rep. 194 (1990) 1)
anm = 186 0:3fm

(extracted from + d! n+ n+ ;B. Gabioud et al, Phys. Rev. Lett. 42 (1979) 1508;
O. Schori et al, Phys. Rev. C35 (1987) 2252). That absorption experiment has been
redone at Los Alamos and is presently being analyzed.

In addition, nd breakup experiments are being presently performed (W. TornowUNL),
in order to extract a,, using modern Faddeev calculations.

In t = 1 states di erent from 1S, CIB or CSB is not yet convincingly established, though
small e ects at least have to be there, simply because of the di enepion masses.
We shall drop in the following the possiblen;-dependence in the notation.

In this most general basis, the LSE fot is represented as

ISt jt(E)ip(s)jti = r100)((|QSEtJVJIO(l'S)J'ti

+ dp®® p2hp° (19)jt jVipl1°%)jt i
joo 0O
1 O 0 - - - - -
= poa:mho °8)jtjt(E)ip(Is)jti  (1.81)
or
| | X 21
tia (PSP = Vi3 () + i Pop%vg o(pp°9 = pog: i (0°D) (1.82)
100
Sinces is at most 1 and parity is conserved
l=1%r1=1° 2 (1.83)

Thus one has either a single equation or two coupled equations. A priment example
for the coupled case is
35, 3D, (1.84)

acting in the deuteron.
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1.6 NN Phase-Shifts

The t-matrix generated by the coupled or uncoupledSE is unitary. Let us choose a
matrix notation

t  th(rh) etc. (1.85)
Then
t=V +VGt=V+tGyV (1.86)
The adjoint of that is
Yy =V + VGt (1.87)

sinceVY = V: This is valid on physical grounds. Subtraction yields

t oty VGt VGtY

VGt t)+ V(Gy Gy)tY

(1 VGt t)=V(G Gyt
t ¥ = (1 VG) V(G Gy)tY

(1.88)
Now 1
Gy = E H, 1 (1.89)
thus

and we get, back in explicit notation
Z 1

X 0@
A oY 21) (E D) tyelpp®

0 100 m

tia(ph)  tyo(PP)

= 2im p%—E : '[|0|00(I3JJ mE) t||00(pp mE)
N (1.92)
Let us choose the on-the-energy shell valups p°= P mE :
tm(pp)  to(pp) = imp § tiaed PRty o{ PP) (1.92)
100
Back in matrix notation this is
t tv = imptt? (2.93)
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Now we introduce aS-matrix
S=1 impt (1.94)

and nd

Sy

a impt)(1 + impt?)
1 imp (t tY imptt?Y) =1 (2.95)

Thus S is unitary and can be parameterized in the coupled case by 3 pararmeet
|

co2 e? 1 jsin2 e+ 2

= o - 1.96
isin2-el(1* 20 coe? 2 (1.96)
which is the "Stapp" or "bar"-phase shift parameterization
(H.P. Stapp et al, Phys. Rev. 105 (1957) 302).
In the uncoupled cases is simply _
S = ¢ (1.97)

with  real.
The well known NN phase-shift parameters by the Nijmegen group

(V.G.J. Stoks et al, Phys. Rev C48 (1993) 792)
can be viewed on-line at

http://nn-online.sci.kun.nl/

and by George Washington University INS Data Analysis Center (R. AArndt et al,
Phys. Rev. D45 (1992) 3995)

http://http://gwdac.phys.gwu.edu/

which also links several other partial wave analysis for e.g. pion-rleon scattering or
photoproduction.

1.7 Deuteron Properties

The homogeneous LSE Eq. (1.51) is now projected onto the basisegivin Eq. (1.73).
Thus for

(P hp(s)jtj o (1.98)
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with | =0;2,s=] =1, t =0 one gets the set of two coupled equations
z
1 X L

p?
= m lo=0;2 O

(p) = dp’ p” Vio(pp?)  1o(p?) (1.99)

This can be solved numerically by standard techniques. Realistic fecare adjusted to
reproduce various measurable quantities:

Ep,= 2:2246 MeV

Q = 0:2859fm ? (there are theoretical uncertainties in the description of that ex
perimental value caused by MEC)

A = 0.8883 fm 2 (asymptotic normalization constant for thes-wave component)

= Ap=As = 0:02564 (asymptoticd=sratio)

The deuterond-state probability
R1

s R o 5(P)prdp
s mprdp+ o 3(p)pPdp

is not a measurable quantity, but strongly correlated to nuclear biling energies, as we
shall see later. In general, the smallepy the larger the triton and -particle binding
energies.

Let us now consider the single nucleon momentum distribution

(1.100)

11 X X2
n(k) 53 h ymj R K™ j pmi (1.101)
m i=1
1X . s .
= 3 hpymj (KR K")] pmi (1.102)
m
We have 1
p= 5K RT) = KT (1.103)
and thus 1 X z
n(k) = 3 d*ph ymja (K P hpj pmi: (1.104)
m
One has
Z 1
KRj pmi = dp ptRjp(Is)imi (p)
0
X X

C(lsj;m;m m|)Y|m|(Q)jsm myi (k) (1.105)

| m
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and therefore
1 X X X

W = 3

C(°sjm m m)
m 110 m

CUsjimim m) Y, (K) Yin, (K)
o(k) 1K)

Now, with & being de ned asa® 2a+ 1 we have

S _
A

)
f

C(lsjmim m) = ( )™ m C(jsl; mm m)

Using the above relation we nd

X X
2 YI%,(Q) Ylm|(Q)

m 110

n(k)

S _S _
N N

S
1o(k) (k) o
l, mim m)C(Gsl% mm m)
Vi, (R) Y.m.(f%)‘? 2(K)

X
R I (5
1=0;2

(1.106)

(1.107)

(1.108)

(1.109)

(1.110)

This is displayed for several realistic NN forces in the next gure, wdre di erent short

range behavior of NN forces is re ected fok ~ 1fm *:
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There is hope to measure these quantities in electron scattering dauterons.

Of interest is also the NN correlation function, the probability to nd 2 nucleons at a

18



distancer:

1 X . . .
C(r) 3 h omj (+ %) pmi
1X _ .
= = h ymjrihy pmi
3 m
1 X
= T r(r) (2.112)

I
o
N

The connection between con guration and momentum space is givéy
SN
(== dp@ipr) i(p) (1.112)

0

The | = 0 and 2 parts of C(r) together with their sum are displayed below. We see
di erences at short distances, depending on the strengths ofdhshort range repulsions,
as shown in the next gure
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1.8 Nuclear Forces

The determination of the nuclear force is a longstanding and still unk/ed basic problem.
The whole issue on how to set up a framework for deriving a nuclearde is not touched
here. Simply a list of so called "realistic" NN forces is given:

Paris potential (dispersion theoretical background) by M. Lacotye et al, Phys. Rev.
C21 (1980) 861

Nijmegen 78 potential (one-boson-exchange background) by M.Nilagels et al,
Phys. Rev. D17 (1978) 768

AV14 potential (one-pion tail, otherwise phenomenological) by R. BNiringa et al,
Phys. Rev. C29 (1984) 1207

Bonn potential (meson exchange potential (multiple meson), bag®n time-ordered
perturbation theory by R. Machleidt, K. Holinde, Ch. Elster, Phys.Rep. 149 (1987)
1 and R. Machleidt, Adv. Nucl. Phys. 19 (1989) 189

All those potential have ?=Ng.m 2 with respect to the Nijmegen data base.

Most recent NN potential, howeverall phenomenological with about 30-50 parameters t
the Nijmegen data base with a >=Ng» 1 and are

Nijmegen | (includesr 2-term)
Nijmegen Il (local)
Reid 93 (local) by V.G.J. Stoks et al, Phys. Rev. C49 (1994) 2950

AV18 (updated AV14, local, as operators de ned) by R.B. Wiringa etl, Phys. Rev.
C51 (1995) 38

CD-Bonn (nonlocal) by R. Machleidt, F. Sammarruca, Y. Song, PhysRev. C53,
(1996), R1483.

They come in charge-dependent versions and describe the NN datato 350 MeV per-
fectly well with  2=Ngam 1

This is the rst time that one has a set of "realistic" nearly phase-egivalent NN forces.
They cover a certain range of properties, a NN force can have:
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local versus nonlocal

soft or hard core

What is still missing in that family are potentials with dynamical nonlocaliies at very
short distancesr  0:8fm, say, resulting from the overlap regions of extended nucleons.
They might be good for surprises.

1.9 Construction of the NN Potential From Invari-
ance Requirements

We want to investigate to what extent the form of the potentialVyy (1; 2) acting between
two nucleons is determined by the requirement that the Hamiltonian @scribing the sys-
tem be invariant under various symmetry transformations. This aalysis will be made
considering the two nucleons as identical particles, i.e., disregarditite di erence of the
mass and charge between the neutron and proton. The Hamiltonidras then the form

1
H = m (Pl + p3) + Van (1;2) ; (1.113)
m
m being the nucleon mass.

Regarding the symmetry properties oH, we shall assume rst of all invariance under the
restricted Galilei group. Then we shall assume invariance under tligscrete transforma-
tions of space re ection, time invariance and permutation of the tew nucleons. Finally,
we shall assume invariance under the isospin transformations oktroupSM (2).

The operators we have at our disposal to build up the potential attie coordinatest,; +»,
the momenta p;; %, the spin vector operators~®; ~? and the isospin vector operators
~1-~@  Going to the two nucleon c.m. frame gives

¥ = 1 tul
1
R = -(#u+
> (1 + *2)
P= R %
P = pt+tpa: (1.114)
1. Assume that the potential operator is hermitian

Van = VY (1.115)
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2. Using time-translation invariance, which maked/yy not explicitly dependent on
the time t, gives

Van  Van (BER;piP;~; -3 -0 @) (1.116)

Let us now discuss the implications of the assumed invariance on thepgndencies
of Vyn oOn the indicated variables.

3. Consider the invariance for rotations in charge space, which éemines the depen-
dence ofVyy on the isospin vectors-® and~@ . The unitary operator representing
a rotation in charge space is given by

Uw) = ™", (1.117)
wherel is the total isospin andw = + w. The required invariance is expressed by
U|y VNN U| = VNN (1118)

with arbitrary A and w. (1.118) will be satis ed if Vy\ is a scalar in isospin space.
In order to construct all possible scalars from® and ~®, it is remarked that any
polynomial expression in~) can be reduced to a linear expression by using

[j(i); (i)] = "y @)
(™2 = 1
(1.119)
so that, e.g.,
(<D ~@y2 = 3 20 -@): (1.120)

Hence, the most general expression that has to be considered igdin both in ~Y
and ~@ . The only scalar quantity obtained in this way is~® ~@ It follows that
Vun IS a function only of this quantity as regards its dependence on theospin
variables of the two particles:

Van  Van (BER; g;P;~®;~@ [0 @) (1.121)

Expanding Vyn in a power series of® ~@ and expressing4® ~®)" with (1.120)
in terms of ~» ~@ and the identity operator in isospin space, one obtains

Vin = Vi(ER; P ~®;~@) + (-0 @) V(5 R; P ~D;~@) 1 (1.122)

We can now limit ourselves to study the implications of invariance an eaderm
V, separately, since all other symmetry transformations commuteitl the isospin
operators. For convenience we drop the indaxfrom now on.
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4. Invariance under space translations is expressed by

wv Uy =V

with U, = exp L P a.We get

U vV ®&R P ~~®) U,

= V(ER & pP;~0;-@):

The condition (1.123) then implies thatV does not depend orR:

5. Invariance under proper Galilei transformations is expresseg b

with

V(#piP 0 ~@)

ULV g = V

Ug exp £P Wt exp :mR o

with +, being the c.m. velocity. It follows that

ULV U

The condition (1.126) then implies thatV is independent ofP:

\%

6. Invariance under space re ections implies in the normal way that

V(Ep W P U ~®,;~0)
V(FE PP wom;~0;~)

V(#p;~D;~@)

Vs -@) = v( s p0-0):

7. Invariance under the permutation of the two nucleons gives

V(gAY ~@) = v( 5 -0

Invariance under the combined transformations (6) and (7) gives

V(g ~®) = V(g g S2-0)
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(1.123)

V(UY £ Ug; U R U UY p Uy UYP Uy UY~O) U, UY =G U,

(1.124)

(1.125)

(1.126)

(1.127)

(1.128)

(1.129)

(1.130)

(1.131)

(1.132)



8. Invariance under time reversal means

VER-D-@) = vy g - -@)
Vi g <0 <)

(1.133)
SinceV is assumed to be hermitian.
9. Invariance under spatial rotations is expressed by
UgV k =V (1.134)
with Uz = exp LJ +aw, with J being the total angular momentum of the
system,J = C + S. Requiring rotational invariance means that
V(g ~;~@) = V(RKRp; R-Y;R~?) (1.135)

where R4a gives the rotated of the vectora

Let us rst take into account the dependence o¥ on the spin variables. Here the proce-
dure is not so straightforward as it was for the isospin, since spinggition and momentum
vectors can be combined to build rotational invariant quantities. Usg spin identi es sim-
ilar to (1.120), one can show thatv can be expressed as

V=V + ~0v® 4+ ~0yO® 4+ v (p-D;~@): (1.136)

V is linear in both ~® and ~® but contains only bilinear combinations of these two
operators. From rotation and space-re ection invariancey andV must be scalarsy ™

and v® pseudovectors. Combination of space re ection and particle exahge [(6) and
(7)] implies that

vV o+ ~@O y® 4 @ y@ 4 V (£ p; <0 ~@)

(1.137)

Taking the average of these two expressions f@r, one gets
V=V +S V + V(Fp-:~9) (1.138)

whereS = (-0 + ~@). v = 1v®;~@) and V now being symmetric under the
exchange of the spin operators. The vector we can use to coostr V are ¢ and
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C = + p butonly C is a pseudovector. ThusY must then beC (scalar quantity).
Then (1.138) reads

V=VEP+S CVEP+ V(Ep-Y -~ (1.139)

SinceV andV are scalars, they can only be functions of; p?; L%+ pandp +. Since
the operatorst pandp + are non-hermitian, it is convenient to consider their hermitian
combinations ¢ p+ p ¥) andi(*+ P P ¥). The latter is a constant and can be dropped.
The former can only appear quadratically inVv and V due to time-reversal invariance.
With

(p #++ P> = 2(r’p’+ pr?) 4% + 3~%; (1.140)
we get
Vo= V(EpELY) + S BV (Ap5LY) + V(R -0 (1.141)
From the requirements onV follows that it can only contains terms of the type
~@ .,(2);(.,(1) 1:.)(.,(2) 1,_);(~(1) .p)(.,(Z) 9;

(-9 D)-? ) + (@ DY D)
D =P (D D P 1S 2 (1.142)

The last expression changes sign under time reversal and must leplaced by
(0 BEPD + (<P HED P 1S A et P (1.143)

It can be shown that (1.142) is de facto a function of the other quiities appearing in
(1.141) and thus not independent. We have, therefore, fs

V = (~(1) ~(2)) V(I)(rzlpzle)
+ (~(1) ._(2)) V(ll)(rZ;pz;Lz)
+ (~(1) _p)(~(2) 13) V(III )(r2; p2; L2)
(-9 DD D)+ (-0 DD DV
(1.144)

as most general form o¥/ compliant with all symmetry requirements.

Concluding, the most general, velocity-dependent, non-relativistNN potential has the
form (1.122) with V; given by
Vi — \/iC(rZ;pZ;LZ) + 1 _®@ VI (r2;p2;L2)
+ S VIT(r35phL?) + S LV (5 p%L?)
+ (=Y DEP D+ (P DED DIV e
(1.145)
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where Sy, is the tensor force operator

3
S, = r_2(~(1) H(~@ 9 (~® ~@y - (1.146)

Remark : As shown in the Appendix of S. Okubo and R.E. Marshakinn. Phys. 4,
166 (1958), the potential of (1.145) gives a®-matrix that on-shell is identical to the
one obtained from a potential in which the termV P is dropped. Therefore, if one is
only interested inNN scattering, it can be neglected. The same cannot be said for the
bound states or for the o -shellS-matrix. Often the term V ! , is also neglected. Some
arguments are given in Machleidt, Holinde, ElsterPhys. Rep.149, 1 (1987).

1.10 Simple Introduction to One Boson-Exchange Po-
tential (OBEP)

The basic idea of OBE models is to represent thN interaction as superposition of
tree-diagrams (born terms) which represent the exchange of gie mesons, namely scalar
(s), pseudoscalar §§s), vector (v) bosons P = 07;0 ;1 , respectively), with masses
up to 1 GeV between two nucleons. Mesons with masses larger thas&V would only
give very short-ranged exchange contributions and contribute ia region where the OBE
model is no longer valid.

The couplings for the various mesons are given in terms of their intation Lagrangian
densities by

L NN ps = gps i 5 ps (1-147)
|_NNS = gs S (1.148)
f
I—NNV = gV % + ﬁ \Y (@ x @ v) (1149)

for pseudoscalar ¢ ), scalar (; ) and vector mesons (! ), respectively. m is the
nuclear mass, the nucleon and the meson eld operators. For isospim = 1 means
is to be replaced by~ ~ , with ; being the usual Pauli matrices. Furthermore,
= '5 [ ; ], where are the usual Dirac-matrices (see, e.g., Bjorken-Drell). The
coupling constantsg ( = s;ps;V) and f, and the meson masse® are at least partially
determined from high-energy experiments or symmetry relation3.he Lagrangian density
for vector mesons contains Diracg) as well as Pauli coupling {,). An OBE-potential
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V(9% ¢ is obtained through the superposition of exchange contributionsf the di erent
mesons

X
V(g5e = V(€59 (1.150)
=s;ps;v
with
r WI’ OB
V(g%9 = E® Eq u( 89 @uC 9P u@y) “ug: (1.151)

q q
The factors Eiqo Eﬂq are the so-called minimal relativity factors, which take into con-

sideration the relativistic unitarity condition (see K. Erkelenz, Phys. Rep. 13C, 191
(1974)). They certainly contribute to the nonlocality of V(g% ). (Their e ect has been
studied in a simple model in Ch. Elster, E.E. Evans, H. Kamada, W. Gldde, Few-Body
Systems21, 25 (1996).

The meson propagators are usually given by
P =((g° g)2+m’)* (1.152)

and the vertex functions for the meson-nucleon vertices(i)(i =1;2) are given by

=g (1.153)

(= gsi ° (1.154)
((direct) = (g, + f) (1.155)

0 (gradient) = 2f_r\;1 (q°+ q) : (1.156)

In order to take into account the nite extension of the nucleon ad to be able to solve
the dynamical equations, the coupling constants get modi ed witharm factors. This is
essentially achieved by replacing

g ! gF(a%9 (1.157)
whereF (g% ¢ can be, e.g., of dipole type

2 m2

F [(a%4)’ = 25 (90 )

(1.158)
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The exponentn is usually takenasn =1; s the cuto parameter and usually of the
order 1 2 GeV. The positive energy Dirac spinors are given by
r

- Eq+ m 1
(i) - a _ iii 1.159
u’(q) ’m Eq+qm Jn ( )

wherej ii denote the Pauli spinors é and 2 . Inserting (1.159), (1.153), (1.152)

into (1.151) gives for the scalar contribution of the potential (Pali spinors are omitted):

r r__

Ggy = @ MM EGFME+mM 1
0 . 0 . 0
. ® :JI"'lz (¢ «) . d ?+| 1 (8% 9) (1.160)
(Eq+ m)(Eq+ m) (Eq+ m)(Eq+ m)

This expression has, due to thejand E, dependencies, a strong nonlocality. In order to
arrive at expressions, which can be transformed to coordinatessje, one changes variables
to

0

K= 4 4
1
p= ()
(1.161)
and in addition has to introduce the following approximations:
1. On-shell approximation: Eg = Eq
2. Expansion ofE in powers ofrﬂ—zz:
E = (g% g)2+m? : = m+ () +
2 4m
p2 k2
= + — + — +
m 2m 8m
(1.162)

3. Keeping only the lowest order irp? and k2.
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With these approximations, the scalar potential becomes

o p> k2 i
rmz L o e e &P (1.163)

Ve(R: 9 =
whereS = 1 (~1+ ~).

This expression still contains nonlocalities due tp? as well ask ¢ terms. The latter
leads to the angular momentum operatoE = i+  in r-space, whereas the former
providesr ? terms. After a Fourier transform, the coordinate space exprsi®n of the

scalar potential is given by

2 1 s 2
VE(r) = 2—5 Mg 1 i m Y (mgr)
+ ir2Y(mr)+ Y(mr)r2+}Z(mr)ES
4m2 S S 2 1 S

(1.164)

whereY(x) = e *=xand Z4(x) = ™ * (1=x + 1=x2) Y(x).

m

The treatment of the Schredinger equation with a momentum dep®lent potential is given
by O. Rojo, L.M. Simmons,Phys. Rev. 125, 273 (1962). The expressions for the other
potential terms shall only be given here:

gs (1 R)(~2 R)

Voo(R;p) = (1.165)
ps 4m2 k2 + m3,
1 32 k2 3
C(tr- — 2
Wikie) = oy mz % om gt oS & P
k2 1
(~1 ~2) am2 + am2 (~1 R)(~2 K)
f k2 4 k2 1
+ 2 L e 2SR P m— (1 R R
f2 h |
+ 4—r¥12 ~1 =2 k? + (=1 R)(~2 R)
(1.166)

The structure of the expression (1.160) already suggests thate would prefer to work
with OBE potentials in momentum space. Even the already approximatl expressions
(1.163), (1.165), (1.166) are still complicated functions of the mamnta, though they
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can be Fourier transformed analytically to coordinate space. Theoxespondingr-space
expressions to (1.165) and (1.166) are

VE(r) = LG M Y(Myel) ~1 ~5 + Z(Myf) S (1.167)
ps 12 4 ps m ps 1 2 ps 12 .
2 1 m, 2 3
Ve = gm 1 o T yme) 2 Y(mn) + Y(mnr g
1 m 2 3 1
+ 6 ﬁv Y(myr) =1 ~ ézl(mvr)t S 1—22(mvr) Sio
1 gf m, 2 2 m, 2
£ 2m I Tym ¢ 2T Y
1
4Z,(myr) C S 3 Z(myr) Sy
f2 1 m, 2 1
tom g FV Y(mr) =~ 5 Z(mer) S (1.168)

Here the tensor operatolS,, is given by (1.146) and
Z(x)=(m =m)2(1 + 3=x+3=x3)Y(x).

Details on OBE potentials are given in the references quoted in Secti@.8.
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