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Chapter 7

Combining Angular Momentum
Eigenstates

7.1 Addition of Two Angular Momenta

Let J,gl) and J,f?) be two sets of angular momentum operators with

T =Y e T
IO = 0 Y @
T TP =0

(7.1)

for k,£,m = 1,2,3. Furthermore, R(j1, j2) is defined as a (2j; + 1) - (2j2 + 1)-dimensional
space, which is spanned by the common eigenvectors

| j1,ma; jo, ma) = | jima) | jamna) (7.2)

of the set of operators (J )2, (J @2 JM J&  The following relations shall hold for
v=1,2:

(TN | grymasgosma) = Gu(jy + 1) | 1,115 j2, ma)

Jél’) |j17m1;j27m2> = my | jl)ml;j27m2>
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where ji, jo are fixed and m, can take the values j,,j, 1, - ,—7j,. The states in (T2
shall be normalized according to

<j17m/1;j27m/2 ‘ j17m1;j27m2> = 5m’1m1 5m’2m2 . (74>
In this space we want to consider the operators
Jp = D+ P (7.5)

Considering the commutation relations (Z.1)), it follows that

[Ji, Je] =i Z EktmIm - (7.6)

The space in which J acts in a direct product Hilbert space, and we want to determine
in this space R(ji, j2) the eigenvalues and common eigenvectors of J and J3. This means
we want to find states

| i d M) = > | jujamama) (jrjamima | jiia I M) (7.7)

mimsa

The coefficients (j1jamims | j1j2J M) that give the amplitude for each product state in
the combined state are called Clebsch-Gordan or vector-coupling coefficients:

(rjemams | 12 I M) = C(jrjed,mumeM) = CI 72 7 (7.8)

mimaoM *

As first step we can immediately determine the eigenvalues of J3 and their degeneracy.
From

Jy = J 4 g (7.9)
follows
J3 ‘ j1j2JM> = M ‘ j1j2JM>
= Z (ma +mo) | j1jamame) C(j1jad, mamaM)

mims
= M Z | j1gemama) C(jrj2d, mima M) .
o (7.10)
Since the basis elements are orthogonal, one has
(my +mg) C(j1jad, mimeM) = M C(j1joJ, mimoM) . (7.11)
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From this follows that

C(jrjad;mumaM) = 0 if M #my+my . (7.12)
Furthermore
C(jrjed; j1,J —j1J) = 0, unless
—J2 < J—5 < jo or  gji—Jo < J < jit)
(7.13)
and
C(j1j2J; J — ja, joJ) = 0, unless
—n < J—jpp < o - < J < it
(7.14)
From (ZI3) and (ZI4) follows that there are
lji—de | < J < i+ (7.15)

allowed values for J.

In general we can say that the eigenvalues of J 2 can be numbers .J (J+1) with J =
0,2,1,3,---. If there is a quantum number J, then there has to be a (2.J + 1) dimensional
space R(J) of eigenvectors | JM) belonging to the operators J 2 and J; with M =
J,J—1,---,—J. From ([I2) followed that M = my + my, where —j; < m; < j; and
—jo < mo < jo. Let us consider now the number of states g(M) for different values of

M. Without loss of generality we assume j; > js.
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The largest value of M is j; + jo, thus one has

9(j1 + J2)
g1 +i2—1) =
g1 +72—2) =
(7.16)
The number increases by 1 until
g1 —J2) = 2j2+1 (7.17)
is reached. Then it will stay the same unit M = —(j; — js) is reached and will decrease

again by 1 from —(j; — jo) — 1 or until g(—j; — j2) = 1.

In principle, one can have different states belonging to the eigenvalues J and M. We want
to determine this number of states p(J). From the number of states belonging to a given

M

gM) = p(J =M |) + p(J =| M [+1) + p(J =[ M |+2)+---
we can conclude by reversing ([T.IS))

gM=1J) = p(J) + p(J+1)+---
gM=J+1) = p(J+1) + p(J+2)+---

Subtracting both relations leads to
p(J) = gM=1J) — g(M=J+1).
Now we can count the states

p(J > j1+72) = 0, since g(M)=0 for | M|> 71+ 7
p(J=j1+j) = gM=75+7)=1
p(J=jitje=1) = g(M=ji+j2—1) — g(M=ji+j)=1

and continue up to
p(J=j1—j2) = g(M=j1—j2) — g(M=51—j+1) =1,
and finally
p(J < ji—j2) = 0.
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Thus the eigenvalues J within the allowed interval are given by
J = gi+ge, it —1 01— g2, (7.21)
and they occur exactly only once.

We verify that the number of states | jimy) | jams) is identical with the number of states
| j1j2J M), where | j1 —jo | < J < ji+jpand -M < J < M:

]f (27 +1) = (2 +1)(2j2+1) . (7.22)

J=|j1—j2|

7.2 Construction of the Eigenstates
Since we know which vectors | jijo JM) exist, we are left with their explicit construction
and with the determination of the Clebsch-Gordan coefficients.
In analogy to the determination of single angular momentum states, we start from a state
| J=j1+ 2, M =ji+3j2) =|J1J15J2)2) (7.23)
and apply the ladder operator
Jo o= (Jh—ik) = (JY+JY). (7.24)

In general we have

Ji | j1je I M) = \/J(J+ 1) = MM £1) | jij2JM £1) (7.25)

and the corresponding relations for Jil) and Jf). Applying the ladder operators on a
state as given in (7)) leads to

VIT+1) = M(M+1) | jijo; JM +1)
= Z C(jljge], m1m2M) [\/jl(jl + 1) - ml(ml + 1) ‘ jljg mq +1 m2)

mima

422 +1) — mo(my £ 1) | j1ja mimy 1) . (7.26)

If we project this result on states | jijomims), we obtain the following relation for the
coefficients:
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VI +1) = M(M +1) C(j1jo], mimaM £ 1)
= V(G + 1) —my(my F 1) C(jijad, mi F 1, mgM)
+ \/]2(]2 + 1) — mg(mg + 1) C(jljgj, mimeo F 1, M) . (727)

This relation allows to determine all C-G-coefficients up to a number A(J, jij2), which
does not depend on the quantum numbers M, m; or my. If we set M = J in (L21), we
obtain for the case M + 1

0 = Vil +1) —mi(my — 1) (ujad, (my = 1)(J +1—mq)J)
+ Vie(a+1) = (J+ 1 —mi)(J —my) C(jijatsma, J —ma, J),  (7.28)

where we used that in this special case M = J = m; — 1 4+ my. Thus, with

C(j1jod, g1, J—j1 J) = MJ, j1j2) > 0 and real, all other C-G-coefficients can be obtained
from the recursion relation (7.28]). To determine the constant A(J, jij2), one uses the
normalization condition for the states

U= (ujad [ ujad) = D | Grjermuma | 1jad ) |* (7.29)

mims2

The remaining phase is chosen so that the C-G-coefficients are real.

The transformation matrix between states, which is represented by C-G-coefficients, is
unitary:

(uiad M | jrjod' M) = " (jujad M | ajamama) (jrjamama | jujad'M') — (7.30)

mims
or
5JJ/ 5MM’ = Z C(jlng,mlmgM) C’(jlng',mlmQM') (731)
mims
and

(rjamama | jjamimb) = Y (jjamamy | s M) (jrjad M | jrjamimb) — (7.32)
JM

or equivalently

(Smlmll (szm/z = Z C(jljgj, mlmgM) C(jljgj, m'lm'z M) . (733)
JM
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From the unitarity and the property ((L.12)) follow simplified relations

ojp = Z C(jrj2,mae M —my, M) C(jijad, miM —myM) (7.34)
mi

Sty = Y Cljijadymy M —my, M) C(jrjad, my M —mi, M) . (7.35)
J

7.2.1 Symmetry Properties of Clebsch-Gordan Coefficients

A study of the general expressions for the C.G. coefficients will reveal the following sym-
metry properties:

C(jrjag, mamam) = (_1)Jil+]:2_]: C(jrjad, —m1 —my —m)
= _1)J1+]2_] .C(jljljv m2m1m)
= (‘Djl_ml[?—] C(j1gjz, m1 —m — my)
[Jz]
= 1y i,y = ), (7.36)

where the symbol [j] is defined by

bl =25 +1 (7.37)

The relations ((Z30) bring out the symmetry properties of the C.G. coefficients under the
permutations of any two columns or the reversal of the sign of the projection quantum
numbers. Note that when the third column is permuted with the first or second, there is
a reversal of the sign of the projection quantum numbers of the permuted columns. This
is essential to preserve the relation m; + ms = m. By using the first symmetry relation
one finds

C(j1jad, 000) = (—1)75273 O, 000). (7.38)

Thus, one obtains the condition
C(j125,000) = 0 (7.39)

if j1 + 72 — j is odd. Moreover, the quantum numbers ji, jo, 7 should all be integers;
otherwise the projection quantum numbers can not be zero. The C.G. coefficient of
([39)) is known as parity C.G. coefficient, since in physical problems such a coefficient
contains the parity selection rule.
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7.3 Special Cases

7.3.1 Spin-Orbit Interaction

Angular momentum coupling is often used when calculating with Hamiltonians con-
structed from subsystem angular momentum operators. One example is the spin-orbit
coupling in the H-atom. Consider the Hamiltonian

2

P — — — —
H = o™ +V(r)+W(r) L-S = Hy+Hso L- S, (7.40)

in which the spin-independent term is Hp and the term with the factor Hgp is the spin-
orbit part. The independent spaces are orbital angular momentum for operator L and
intrinsic spin for S. Since the two operators commute, one can write L-SorS-L. We
combine the two angular momenta to a total angular momentum

J=1L+§8. (7.41)

Since the electron carries spin %, one has

|f|:|E|i% IL|> 0. (7.42)
The total angular momentum is conserved, thus
[H,J? = [H,Js] =0. (7.43)
From (Z41)) follows
J?2 = (L+8? =L?+ 8% +2L-5. (7.44)

By solving for the scalar product and inserting the result in (Z.40), one obtains

1,2 - -
H:H0+HSO§(J2—L2—S2). (7.45)
Thus by forming combined angular momentum states (eigenfunctions of J 2 J3 as well as
of L ? and S 2), H has become diagonal in these angular momenta, and one can directly
read off the energy:

Ep = (sJ| H|tsJ)

= (Hy) + (Hso) = [J(J+1) — L(t+1) — S(S+1)]. (7.46)

N | —
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To be more precise, we form the eigenstates to J 2 and Js as

1 1 1
[ 05 IM) = pel: 5 JrmamaM) [ £ o mams) (7.47)

mima2

or in coordinate and spinor representation

1
VI O.0) = D2 CU S JmamaM) Yo, (0,9) X3, - (7.48)

mima2

These functions are normalized according to

/ dip dcos @ (3&?”5 (6, ¢) yl;{’ﬂg’(e, ©) = 655 Onrnar Ourr . (7.49)
The eigenstates of H then have the following form
Y = Ryy(r) yén%w (7.50)
and
L-S Vi = % (J(J+1) = £(e+1) = S(S+1) VAT (7.51)

Introducing the radial momentum P, as in (B.64]), one obtains the radial Schrodinger
equation after projecting on the Y4
2

(PT + w +V(r)+Wi(r)

2mir?

(J(J+1)—L(l+1)=S(S+1)) — Eﬂ) Res(r) = 0.
(7.52)

1
2

Since J = + %, each energy level with ¢ # 0 splits into two separate levels. This is in

the case of the H-atom called fine structure.

j=1+12

<H.>
j=1-1/2
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The order of the levels depends on the sign of W (r). A relativistic theory the for H-atom
gives
ho 1 dV(r)

W) = o g (7.53)

7.3.2 Coupling of Two Spin—% Particles

Let us define

1

1
U+ = | 5,:*:5 >(1) X V4 = | +

)@) - (7.54)

N | —

Y

NN

The states x(j, m) :=| jm) with total spin j = 0 and j = 1 are obtained in the following
way. There is one state

x(1,1) = uyvy . (7.55)

From this state, one obtains via applying the ladder operator J_ the states

V(1,0) = % (wyv +u_vs) (7.56)

and
x(1,-1) = u_v_ . (7.57)
These states already have the correct normalization because of

(urvg |upvy) = (ug [ uy) (v [vg) = 1. (7.58)

One could have obtained (Z.56) even without calculation, observing that x(1,0) has to
be symmetric in u and v, since J_ = J) + J® is symmetric in (1) and (2). The relative
phase follows from

JYuy = u_ and JP 0, = u_, (7.59)

whereas the factor % ensures the correct normalization. The vector x(0,0) with j =

m = 0 has to be orthogonal to x(1,0) and has to contain the products u,v; and u_v,.
Therefore,

1
x(0,0) = — (up v —u_vy). 7.60
0.0) = 5 (e —uvy) (7.60)
The phase is for both cases consistent with the fact that the C-G-coefficients have to
be positive and real. x(0,0) is an antisymmetric state vector, which means that when
coupling two spin—% states the singlet state is antisymmetric with respect to the exchange
of the particles.
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7.4 Properties of Clebsch-Gordan Coefficients

As relatively simple example for the results derived in Section 7.2, we study the coupling
of two equal angular momenta j; = jo» = j to a total angular momentum 0. This means
we have to calculate C-G-coefficients C(jj0; m — m0). From (7.28)) we obtain with J =
M =0,m =mand my—1=—m

0 = Vj(G+1)—mm+1) C(jj0;m—1,—m+1,0)
+ V(G +1) —m(m+1) C>jj0;m, —m,0) , (7.61)
from which follows
C(j50;m —1;—m+1,0) = —C(jj0;m,—m,0) . (7.62)
Since the C-G-coefficients (7.28)) are positive and real, one has
C(jj0:4,~4.0) = a = A(0.jj) > 0. (7.63)
Applying the recursion relation (Z.28)) (j — m) times starting from (Z.G3)) gives
C(j50;m, —m,0) = a (=1)"™ | (7.64)

which gives a change of sign (j—m) times. Here a is a positive constant. The normalization
condition (7.29)) gives

+7j
o> > (=) P=1. (7.65)
m=—j
Thus
1
a = NoER (7.66)
and
.. —1)i—m
C(770;m,—m,0) = % (7.67)
From this follows that the vector
1 i _
| 7700) = : (=1)77™ | jjm —m)
V25 +1 Sl
1 i .
= : (=17 [ gm)yay |7 —m)@
V25 +1 Sl
(7.68)
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is rotationally invariant, i.e., a scalar.

The result given in (L67) illustrates the following important fact: In the above considered
case, one obtains an additional factor (—1) if j and thus m are half-integers. The reason
is the positive choice of A(J, j1, j2). Apart from this, the addition of two angular momenta
is a completely symmetric process. Specifically, the states

|]1]2JM> and |]2]1JM> s (769)

which differ only in the order of j; and j, are identical up to a phase factor. The same
has to be valid for

C(jljg J7 m1m2M> and C(jgjl J7 motnq M) . (770)
Since the C-G-coefficients are real, one has to have
C(ijlj, m2m1M) = (—1)N C(j1j2J7 m1m2M) y (771)

where N does not depend on M, since the operators J., which combine different M
values, are symmetric with respect to interchanging (1) and (2). To determine N, we set
M = J and use again that A(J, j1j2) has to be positive. Then C(j;j2.J, mimsoJ) has to be
positive for m; = j; as well as C(jaj1J : mamyJ) for mg = jo.

m +m2=J

Fig. 7.3 mi —

me plane, as used for calculating the phase when interchanging j; and js.

In Fig. 7.3 the state | j1J2,71,J — j1) is marked as A, and the state | jij2, J — Jja, J2) as
B. When going from B to A, the recursion relation (7.28)), (Z.69) has to be applied

Jo — (J—jl) = Jj1+Jo—J times.
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Thus, one obtains
C(jijad; J = ja, jo, ) = (=127 C(jujad; g1, J — 1, J) - (7.72)

According to (T.71)) we had

C(jasidijo, J = jo, J) = (=1)N C(jujad; J — jo, joJ) - (7.73)
Inserting (Z72) into (L.73]) gives
C(jagr, J; jo, J — o, J) = (=) (=127 C(5ygaT; v, J — G, J) (7.74)

where the C-G-coefficients need to be positive. This is fulfilled for
Since N, as mentioned before, is independent of M, it follows for the general case

C(jgjlj; mgmlM) = (—1)J_j1_j2 C(]ljgj, mlmgM) . (776)

7.5 Clebsch-Gordan Series

We had constructed
ima)lama) =Y Cljrjags mamam)|jm) (7.77)
J

How does this construction behave under rotation? Both sides of (.77 are vectors, which
need to be rotated by and angle w = («, 3,7), where latter are the Euler angles. This
leads to

> DI (WD, (@) jiw)ljeve) =Y Cljrjag; mimam) D3, (w)| ) (7.78)
v1,v2 Jp
The state on the right side of (Z.78]) must also be
i) =Y C(jriads whptyp) i) | arth) (7.79)
mau

Inserting this into (.T8)) and taking the scalar product with (j; ) |(j2p5| leads to a relation
between the rotation matrices

Z Dzjximl (w)Dzjjzmg (w)(smm 5#21/2 =

viv2
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Z C(jrjagsmamam) C(jujads typigst) Dl ()00t Opupy (7.80)

Jpp

Since pf, = p — pf, together with evaluating the Kronecker symbols, one obtains from
((C78)) the so-called Clebsch-Gordan Series

Dy (w) D2, (w) = ZC(j1j2j;m1m2m) C(jrjads papap) D3 (w). (7.81)

J

Without proof, the inverse is given by

D, (w) =Y Cljrjad; mimam) C(jrjaj; ppiap) Dit oy () DI () (7.82)

mip1

Application to wave functions: A rotation is equivalent to unitary transformations. Take
e.g. two wave functions,

Vi) = ZD W) (7)
77bju("j!) = ZD 'iju (783)

Taking the expectation value leads to

Wi (P gm(T)) =D (D3, (@) D1 (@) (s ()50 (7))

m’ !

Sum =Y (D}, ) (@)D, (w) (7.84)

7.5.1 Addition theorem for spherical Harmonics

Take two points on a sphere S: P, = (01¢1) and Py = (62¢2). Then consider a system
which is rotated by an angle w leading to a sphere S” with P, = (0]¢}) and P, = (05¢)).
We want to show that the quantity

I:= Z(Ylm)*(elﬁbl) Y (0202) (7.85)

m

is invariant under rotation of the coordinate system. Start with

I o= ) (") (056)) Y™ (0505)

m
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— Z (DL ) ()DL (W) (V™) (01¢01) Y™ (022
= D> W) (6i61) Y™ (0202) (7.86)

mima2

For the last equality the orthogonality of the D matrices (e.g. (Z85) was used.

Let us choose a specific coordinate system Sy, where P; is parallel to the z-axis, and P,
is located in the x-z-plane: the coordinates ins Sy are (00) and (#0). Then

I = ) (¥y")*(00) Y;"(60)

m

A+1.
= ;\/ — g om0 Y (60)

i,
_ 4+ Pi(cos 6). (7.87)

™

7.5.2 Coupling Rule for spherical Harmonics

Consider a rotation of a frame from S to Sy by an angle w.
Coordinates in S: Pi(01¢1) and Py(62¢)

coordinates in Sy: P parallel z-axis, P in x-z plane,
rotation in Euler angles (a5v) = (¢00).

How does Y;™((f2¢2) associated with P, transform under this rotation? Consider

Y2(00) = > Dly(¢10:0)Y," (022)

=/ %4—:1 Z(Ylm)*(elﬁbl)ylm(%@)a (7.88)

where the last identity is given by (Z87)). This gives a simple representation for

Dho(600) = \/ 22 () (00). (7.89)

This relation is very useful in connecting rotation matrices for integer j with spherical
Harmonics.
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Consider the Clebsch-Gordan Series

D! (¢00)DE2 (460) = Zczlzzz mymam) C(lylsl; 000) D! ($0). (7.90)

m10

Replacing the rotation matrices with spherical Harmonics according to (7.89), taking the
complex conjugate and having in mind that C.G. coefficients are real, leads to

- . (2L +1)(2l,+ 1) .
Y (09) Y2 (0¢) = Z\/ @l D) C(1ylyl; mymam) C(l1lam; 000) Y™ (0),

(7.91)
which is the coupling rule for spherical Harmonics with the same argument. The parity

C.G. indicates that this product is non-vanishing only if 1 + I, — [ is even.

The above allows an easy evaluation of integrals involving three spherical Harmonics:
[0y 0) v 60 v 00

— Z lllz C(lylal; mymom) C(l1l2l;000)/dQ(Yng)*(eﬁb) Y;"(00)

z z
= —22_ C(lilsls; mymams) C(lhl5l3: 000), (7.92)

471'13

where [ = V20 + 1.

7.6 Wigner’s 3 — j Coefficients

In our considerations of combining two angular momenta, we so far treated the third
angular momentum, the sum | JM), in a special way. A more symmetric treatment in
terms of 3 — j coefficients considers the three angular momenta on equal terms.

Suppose that we combine two angular momentum states j; and j, to form a third state,
| j3, —mg3), then we combine this state with one of the same j; but opposite 3-projection,
mg, so that the total projection is zero. If couple this to a state with total J = 0, then
we have an isotropic quantity, a scalar, formed by coupling three angular momenta to
zero. The corresponding coupling coefficient was invented by Wigner and is called 3 — j

coefficient. Its symmetries under permutation of arguments are simpler than those of the
C-G-coefficient.

In deriving the 3—j coefficient we need to perform the usual angular momentum coupling.
The first combination is, according to (7))
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| (J1J2)ds, —m3) = Z | jijamama) (Jijamams | jije, ja — ms) - (7.93)

mima2

The second condition, which produces the state (0,0), is

| (j1J23)00) = > | (jija)js — ma,ms) (jajs, —msms | jsjs00) . (7.94)

m3

The C-G-coefficient for coupling to equal angular momentum to total angular momentum

zero is given by (T.G7) and is in our case (—1)/37™%//2j5+ 1 . Using this in (Z.94) and
combining this with ((Z93]), we obtain the expression for three angular momenta coupled
to zero

o . . : v J2 3
00) ~ 7.95
| (J172J3), 00) m%zjms [ vma) | jama) | ams) ( my mg Mg ) ( )

in which the proportionality constant is just a phase. With the phase (—1)717727™3  this
leads to the definition of the Wigner 3 — j coefficient

C(jrjedss mime —ms) . (7.96)

1 J2 3 _ (—1)n72=ms
my Mo M3 \/2j3+1

The 3 — j coefficient is zero unless
mi + mo +msg = 0. (797)

The triangle condition | j;1 — jo | < Jj3 < 7j1 + jo of (TIH) has, of course, also to be
fulfilled. Because of (.70, one has

< j2 ,jl .j3 ) _ (_1)j1+j2+j3 ( jl j2 j3 ) . (798)

ma Mmyp M3 my Mg M3

This can be verified since with (7.96])
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. . . (_1)j2-j1—m3 o
( 7;7’?2 73111 ;7753 ) - W O(szljg;mgml — mg)
(—]_)(j2—j1—m3)+(j3—j1—j2) o
- C(]1]2]3; mimey — mg)

V273 +1
= (_1)j3—2jl (_1)—j1+j2 ( jl j2 j3 )

my My M3

= (1)t (1)t ( JuoJ2 s ) '

my Mo Mg
(7.99)

The factor (—1)%! =1 even for half-integer j;. Furthermore, one can show that the 3 — j
coefficients are invariant under cyclic permutation, i.e.,

JvoJg2 g\ _ (s o g2\ _ [ J2 J3 & (7.100)
my Mgy M3 m3z M1 mgo M3 Ty '

and that they fulfill the relation

—m; —mg —Ms3 my Mg M3

( J1 J2 J3 ) — (_1)j1+j2+j3 ( JuoJz s ) . (7.101)

We can rewrite the basic formula (7)) for combining two angular momenta using the
3 — J notation:

J1 J2
| M) = Y > | iamama) Spymem

mi=—ji ma=—j2

x (=1 M o7 < oS ) : (7.102)

my mo M

The unitarity relation analogous to (.33]) reads

: Ji J2 J3 J1 J2 I3 _
Z | 275+ 1) (m’1 ml mg) <m1 Mo M3) B 5m/1m1 6m/2m2 Oma -z, —ma
js
(7.103)

and the one corresponding to (Z.31])
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‘ o J2 s Ji J2 J3 — 5. 85,
Z (23 +1) (ml ma mé) <m1 Mo mg) = Ogis O

mimsa

(7.104)

Thus, in both sums the orthogonality conditions for the 3 — j coefficients require weight
factors of 2j3 + 1.

If one of the angular momenta in the 3 — j coefficients is zero, the expression simplifies
and is in analogy with (Z.67]) given by

o0 g\ oo (1)
(ml 0 mg) - 5]1]3 57711—7713 \/m : (7'105)

This is more complicated than ([L67), but it is simpler under the exchange of j; and js.

7.7 Cartesian and Spherical Tensors

For theoretical and practical purposes, it is important to analyze the classification of
tensors of different ranks with respect to their behavior under rotations. A tensor of rank
K can be defined as a quantity with 3* components

thingoom, > Mi=1,2,3 (7.106)
if it transforms under rotations !, = Zizl R, x, as
ni-ng
_ -1 -1
= > twem BN R
ni-ng
(7.107)

In other words, the tensor components %,, ... ,,, which span the space, are at the same
time a basis for the representation of the rotation group, which is defined as

The (t,,..n, ) represents a k-fold product representation of SO(3) and are called Cartesian
tensors.
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In Chapter 5 we constructed via the angular momentum eigenvectors | jm) all represen-
tations of SO(3). Thus there has to be a connection to the above introduced quantities.
According to (5.196) we had found for the transformation under rotation of a state | jm)

|gm’)" = Ulapy) |jm)

+Jj

— Z | gm)(Gm | U(aBy) | jm'),

m=—j

(7.109)

where the rotation is parameterized with Euler angles. The matrix elements have the
form (cp. B197)

Dye(@By) = {gm |7 e PR 7% | jm)
_ eiam—iym’ <]m | eiBJz ‘jm/>

_ eiam—i'ym’ dinm/(ﬁ) )

(7.110)
Thus we have the explicit transformation
+J ‘
Y = 30 1 m) Dhelat) (7111)
m=—j

For j = 1 the D-function is explicitly given in ([@33). The set of vectors | jm) for fixed
7 can be combined analogously to tensors to a multi-component mathematical object,
whose components transform under rotations according to (ZIITI):

[ gm') =Y |jm) DI, (R) (7.112)
with D/ (R) = (jm | U(R) | jm')
We define: A quantity with (2k 4+ 1) components
k) . —
tW o g=—k,—k+1, - +k
is called spherical or irreducible tensor of rank k, if its components transform as

+k
9 = 3" Dk (R (7.113)

q=—k

Let us compare the simplest Cartesian and spherical tensors and order according to the
number N of components of the tensors:

N = 3% for cartesian tensors of rank k

N =2k + 1 for spherical tensors of rank k
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e N = 1: Scalar quantities. Here Cartesian and spherical tensors coincide , scalars
are invariant quantities.

e N = 2: This case only occurs for spherical tensors and leads to the spinor represen-

tation k& = %

e N = 3: A spherical tensor with three components corresponds to an angular mo-
mentum j = 1. A Cartesian tensor with N = 3 is a vector. Both quantities are
irreducible representations of the rotation group, since they are in irreducible spaces:
The spherical tensor via its definition (TI13]), and the vector, since via " = RZ the
rotations get defined. Thus, both quantities have to transform equivalently. And
we have to show that we can uniquely associate with each vector v a tensor vél).

To illustrate this connection, we consider a special case rotations around the 3-axis. The
components of vél) transform with the matrix

Dy (=6.00) = (jg| ¢ | j) = " b,

e 0 0
= 0 1 0 : (7.114)
0 0 ¥
so that we have for the components
o0 Ugl)
o= o (7.115)
e—i0 M)

-1

On the other hand, the components of the rotation matrix in Cartesian coordinates is
given as

cosf@ —sinf 0

R.n(0) = sinf cosf¢ 0 | , (7.116)
0 0 1
thus
vy = cosf vy —sinf vy
vy = sinf vy + cosf vy
vy = vy . (7.117)

Comparing (TII5) and (ZIIT), we see that v3 transforms like v\". If one defines
1
vy = — (v £ 7.118
+ + NG (01 2) ( )
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one finds from (ZII7) that

vy = € Uy
v o= ey . (7.119)

A comparison with (ZII5) shows that vy transforms as v\,

In summary:
By defining
m _ 1 :
vy = vp = :Fﬁ (v £ 1v9)
Uél) = Vs
(7.120)

we can associate with each Cartesian vector ¢ a spherical tensor with angular momentum
j = 1. The sign in (ZII])) to chosen so that when introducing spherical coordinates, one

has
[4m
T4+ = T ? }qil(e, QO) . (7121)

Thus we explicitly showed that each Cartesian vector ¢ transforms with respect to rota-
tions like a quantity with angular momentum j = 1.

Let us now consider a Cartesian tensor of rank 2 with the components ¢y, k, ¢ = 1,2, 3.
It has nine components, as many as a spherical tensor with £ = 4. But t;, and té4) are
completely independent and have no connection with each other!

According to the general tensor rule (L.I03)), ¢, transforms like the product of two systems
with j; = jo = 1. We have already shown explicitly that two angular momenta j;, = jo = 1
can be coupled to total angular momentum 0,1,2. One can show this explicitly in the
following way:

1. tr(t) = Zi:l tee = t© is invariant and corresponds to j = 0.
2. The antisymmetric part t,(clé) = % (tge — ter) has three independent components.
One can define an axial vector (pseudovector) via a, = > ,, €nke t,ilz). Then a,

transforms like an angular momentum state with j = 1.

3. The remaining part is the symmetric, trace-free quantity ¢, := %(tkg—f—tgk)—%(skg trt,
which has five components and transforms like an object with j = 2.

158



Therefore, we can rewrite a tensor of rank 2 as

1
te = 19 + 1) + 5 Ouet® (7.122)

It is no accident that the parts with 7 = 0 and 7 = 2 correspond to symmetric tensors,
while tgz) is antisymmetric. This corresponds to the rule for the interchange of two angular
momenta in the state | jijoJ M), since the factor (—1)777172 = (=1)/72(j; = jp = 1)
gives a change of sign only for J = 1. In general, any tensor ¢,, .. ,, can be decomposed
by the techniques of symmetrization, antisymmetrization and trace-operation into its
irreducible parts. For the lowest rank tensors these results are summarized in the following
table:

Cartesian Tensor Spherical Tensor
scalar S t((]o) < 10,0)
1/2 .
- t%q)/ < % , M), spinor

il

T W N | A

3-vector v t(q; < [ 1,m); Y,
3/2
f b e 1tm
symmetric tensor with trace 0
L (e + ) — L Gge tr(2) t) < |2,m)

The observables of classical physics can be characterized according to this scheme. How-
ever, those observables only correspond to spherical tensors with integer j. For j = 0
and j = 1 we already encountered numerous examples. An example for j = 2 is the
quadrupole moment of a classical charge distribution

Qre = / d’r p(r) lxk:cz - %m 7"2} : (7.123)

This tensor is obviously symmetric and tr Qg = 0.

7.8 Tensor Operators in Quantum Mechanics

We apply the considerations of the previous Section now to quantum mechanical observ-
ables. By writing

T = UR) TU(R) (7.124)

we arrive at the following transformations for
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1. Cartesian tensors

UNR) Ty, o, UR) = TV .

= > Tuew By - R, . (7.125)
ny-ng
2. Spherical tensors
’ +k
UNR) TV UR) = 107 = Y 170 DY (URT)). (7.126)
q=—k

Considering infinitesimal rotations around an axis 7, we obtain with
U0 = 1+i7-J = DX = (kq|1 + 07 J|kq)
= Oq¢ + i(kq | 0i-J | kq')

(7.127)
the result
- J, 1) = Y T® (kq |- T | kq') . (7.128)
q
For a rotation around the 3-axis, we recover the familiar relation
5. T = ¢ T, (7.129)
which is analogous to
J3| kq) = q|kq) . (7.130)

Defining the commutator with the tensor operators corresponds thus to applying the
operator on states

[J3, T3] — Js | ka) . (7.131)

Since ([7.I128) contains the scalar product 7 - f, this correspondence holds also for J, and
J; and Ji. We obtain

e, T = Vh(k+1) —qlg £ 1) T)y) - (7.132)

The following table summarizes the results of this Section:
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Cartesian Cartesian Spherical Spherical Angular
Tensor Tensor Tensor Tensor Momentum
Rank £ Operator Rank & Operator States
k k
by, Ty, ¢k e | kq)
El c-numbers Operators c-numbers Operators Hilbert
in Hilbert in Hilbert Space
Space Space Vectors
Trf. R;,llm . ~R;,11nk Rotation Matrices D((jq)(R_l) D((fq)
Ex:
Sp. To = T3 Xo = X3 | 1,0)
Note: The Hilbert space vector | #) = | xjx913) is not contained in any of the categories
in the table, since it transforms as
UR)|Z) =|RT) . (7.133)

The state | ¥ ) is a superposition of infinitely many angular momentum eigenstates:

‘f> = Z ‘En,57£7m><En57€7m|f>

ném
U, .
= > | Eutim) i(r) Vim(Q) (7.134)
ném

where one has to sum (integrate) over the entire spectrum of the Hamiltonian.
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7.9 Wigner-Eckart Theorem

7.9.1 Qualitative

The Wigner-Eckart Theorem states that the matrix elements of an irreducible tensor
operator between any well defined angular momentum states can be factored into two
parts:

1. one part depending on the magnetic quantum numbers

2. another part completely independent of the magnetic quantum numbers.

That means that (1) contains the entire geometry or the symmetry properties of the
system, and (2) contains the dynamics of the physical process. Formally this is written
as

Grmp| T Gima) = C(Gikjgs mapmy) (gl Tl i) - (7.135)
This means the entire dependence of the matrix element on the magnetic quantum num-

bers can be factored out as C.G. coefficient, and a ‘reduced” matrix element independent
of the projection quantum numbers (double bar matrix element).

Remarks:
(a) The literature gives different definitions, sometimes containing a factor J F=/2Jf+ 1.

(b) the C.G. coefficient depends on the coordinate system that is used to evaluate
the matrix element and implies the conservation of angular momentum. If this
factorization is possible in one coordinate system, then it is possible in all coordinate
systems obtained by rotation from the original coordinate system.

Consider matrix elements in a rotated coordinate system (7'):

(Wjgmg (O TE ) m, () |

= Z (D7) ) (@) Dy (@) Dy (@) 8, (P ()t (7))

= Z (D3] 1) (@) D (@)D (@) C kg i) Gig | Tl i)
me p'm;

= ZC JikJ; mp M) Z(Djmf ) @)D g (@) G Tl i) 0,0

ml

= C(Jikl?f; mipmy) <]f||Tk||]z> (7.136)

162



For the second equation the coupling of two rotation matrices,

k i
Dy (w )D”,

mml

=" CjikJ; mipM) C(jikJ;mip M) D3y (w) (7.137)
J

was used and summed over m; and j’, remembering that m, —m; + u' = M'. For the
last equality the summation over J was replaced by j; and the orthogonality of the D
matrices gives d,, s

The consideration in (Z.I36]) is not a proof of the Wigner-Eckart theorem, rather a con-
sistency check.

7.9.2 Proof of the Wigner-Eckart Theorem

Following Wigner as layed out in Brink-Satchler (1962).

Define an irreducible tensor operator of rank k via

Q = (W ()LL) Wy, ()
= [ d905,, ) TEE) Vi) (7.138)

One can carry out the angular integration either by rotating the functions in a fixed
coordinate system or by rotating the coordinate system and keep the functions fixed. Let
us do the latter and rotate the coordinate system through Euler angles such that 7 goes
from (00) to (f#¢). This leads to

Q = [0 S (D2, () DD () 6,0, (00) TEO0) (00

mum

= D> ClkJ;mpM) CUjskJ; mip' M') 45, (00) T(00) 1), (00)

fu 'm)J
x / dQ(Dfr{,f ) () D () (7.139)
With A
s

Summing over J and m/; gives

. 47 .
Q = C(jikjpsmiptM) S pnr > Cliikggsmip'my) 45, (00) TE(00) 4hj,m, (00)
w

2jp +1 2~
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= C(ikjg;mipM) Smpns Gl Tk ll5i), (7.141)

where the term in the bracket in (T.I41]) is defined as ‘reduced’ matrix element.

Example:
Calculate the reduced matrix element for the case of the spherical harmonics:
47T m/ % m/ m/
UIvillt) = 5= D Cldlysmim'my) (¥,)"(00)™ (00)%;" (00)
(20 + 1) (20 + 1)\ '/
(2 1) C(l;lls,000), (7.142)
where Y(00) = |/ 2Z£L6,,0 was used.

7.10 Applications

An important application of the Wigner-Eckart Theorem are the so-called selection
rules. From (L.I41]) and the properties of the C'— G coefficients follows that

(8,5'm" | T | a, jm) = 0 (7.143)
only if
m = m+q (7.144)
and
=kt k+i—1 - [ k=G (7.145)

A very important application of this result are the selection rules for electromagnetic
transitions. If the wave length is large compared to the size of the system under con-
sideration, the radiation probability is given by the square of the matrix elements of the
electric dipole operator e@:

(E'.j'm' | e Q-] Ejm) , (7.146)

where & describe the polarization vector of the electric field (and is thus a c-number).
Only the matrix elements

(E',j'm' | Q| E, jm) (7.147)
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determine the transition probability. Since Cj corresponds to a spherical operator with
k =1, the allowed transitions must fulfill

-/

or
Aj = j'—j = £1,0 (7.148)

which constitutes the so-called E'1-selection rule.

The selection rule (TI44]), m’ m+q (here ¢ = 1) determines the direction of polarization of
the emitted light and can be observed if the m-degeneracy is removed (as in the Zeeman-
effect). If £'is parallel to the magnetic field, one obtains in (C.146])

—

0 = Q3 = Qo . (7.149)
Because of ¢ = 0 follows
m' = m or Am = 0. (7.150)

This means: The Am = 0 transitions lead to quanta which are polarized parallel to the
magnetic field. Due to the transversality of the electromagnetic waves, those quanta are
emitted perpendicular to the magnetic field. If £'is perpendicular to the magnetic field:

£Q = Q1 + 202 = aQu + BQ_y . (7.151)

Here we use the relation (LI20) for the transition from Cartesian to spherical vector
components. Then the selection rule reads

m' = m+1l or Am = m'—m = +1. (7.152)
Thus Am = +1 transition lead to polarization perpendicular to the magnetic field, i.e.,
the quanta can also be emitted in the direction of the magnetic field. In this direction
they are either right (Am = —1) or left (Am = +1) circular polarized, if m denotes the
initial and m’ the final state.

Apart from selection rules, the Wigner-Eckart Theorem can be used to make predictions
about relative magnitudes of matrix elements, especially of intensities. In relative
magnitudes the reduced matrix element of (CI36) cancels. We consider as example the
magnetic moment. We consider a system of electrons (or nucleons). The magnetic
moment is given by a vector operator fi, which is in general composed of the angular
momenta E(i) and the spins g(i):

i= wple + ) ninSe (7.153)

i
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where the parameters ,ufi) and Nfz) are proportional to the magnetons of each particle.
The entire system is assumed to be in a state | E,, jm). The observable values of the
magnetic moment are given by the expectation values

(Enjm | i | Eajm) (7.154)

and consists of (25 4+ 1) numbers. According to the Wigner-Eckart Theorem, all these
numbers can be expressed by a single number, the reduced matrix element

(Enj || 1|l Eng) (7.155)

(independent of m; and thus a number) and well-known C-G-coefficients. In this sense,
one can refer to a magnetic moment of the state. Let us consider a specific expectation

value, pz (m = 0). With (ZI36) one obtains

C(177;0mm)

E,j E,jm) . 7.156
NoIES (Engm || || Engm) (7.156)

<En]m | M3 | En]m> = (_1)

The C-G-coefficients are given by

C(j1j:mom) = —C(1jj;0mm) = —— = cos . (7.157)
jG+1)

7.4 C-G-coefficient

C(j17; mOm).

We can define the magnetic moment by
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W Enj) = (Enjj| ps| Enjj) = _\/(j+ 1){27'—'— 1) (Eng || pll Eng) - (7.158)

Then we obtain with (ZI57)

)+ 1
(Bnjm | s | Eajm) = u(Enj) cosf % (7.159)

From this result and Fig. 7.4, one can see the geometric character of the C' — G coef-
ficients. They express the dependence of the magnetic moment from the direction of /i
in space with respect to the states. Thus, the Wigner-Eckart Theorem allows a group
theoretical calculation of matrix elements as function of the geometrical parameters of
the problem, and one can calculate ratios of matrix elements without needing further dy-
namical information. The theorem does not give any tools for the calculation of absolute
magnitudes.

As example, we calculate the reduced matrix elements for the anomalous Zeeman

Effect. First, we need to calculate the splitting of the atomic levels according to the
interaction Hamiltonian

HZeeman = UB B(L3 + 253) ) (716())

where the constant magnetic field B points in z-direction. The splitting of the energy
levels is calculated via the matrix elements

<En€j>€ajm | HZeeman | Enéjajm> . (7161)

Since H zeeman only contains the 3 components of Land S , this matrix is already diagonal,
and the splitting of the energy levels is given by

AEanm = <Enéja€>jm | HZeeman | Enéjagajm> . (7162)
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We need to calculate the matrix elements

(Bntjs U, gm’ | L+ 25 | By, 0, jm) - (7.163)

According to the Wigner-Eckart Theorem, they are (expressed in spherical tensor com-
ponents) proportional to

(Bnej, £, | T | Engj, €, jm) . (7.164)

This can be seen most easily when considering the 3 components

(v, gm" | Ly + 2S5 | v,jm) = (y,jm’ | Lo +2S | v,jm) = C(jlj;m})m’) F(7,7)

(7.165)

Both quantities are proportional to the same C-G-coefficient. Thus we set

(- |E+2§ | ) g (- |j| c) (7.166)

This factor g is known as Landé g-Factor. In the present case, we can determine g
without calculating the dynamics of the problem. We first use that

L+25=J+3§8 (7.167)
and set
g =1+« (7.168)
where « is defined via
T N S S R I A (7.169)

To calclllate awe calculate the matrix elements of J - S in two different ways. First by
using J = L+ 9,

J. S =L-8§+8%=2(J*-L*+5?, (7.170)
ie.,

(Eneilgm’ | J- S | Eneiljm) = = (jJ(+1) =0l +1)+s(s+1)) 6 . (7.171)

N | —
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On the other hand, we have (E = E,;;)

(E.¢jm' | J-S | E tjm) = > (E.tjm' | J | E.¢jm")(E, (jm" | § | E,(jm)7.172)

m'1

since the states | E,;, {jm) are a complete set in the considered subspace. With (7.169)
follows

(E.gm' | TS | Etjm) = o Y (B Ljm' | J | E,tjm"WE, (jim" | J | E,(jm)

m/’

= a (B tjm' | J 2| E, tjm) .

(7.173)
A comparison of (LIT3) with (ZI7I) gives
1
57 U0+ D +s(s+ 1) = 0= 1) (7174)
and
1
g =14 ——— (JU+1)+s(s+1)—£((L+1)). 7.175
57 U0+ D)+ s(s+ 1)~ ¢+ 1) (7175)
In all formulas we have s(s +1) = %; however, they are written in a more general way

since they are valid for many-electron systems as long as one has LS-coupling. The
Landé factor depends on j and ¢, not on £,¢;. One can thus write

The energy splitting is proportional to m, but of different magnitude for the different
terms. This leads to the complicated level scheme of the anomalous Zeeman Effect.
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