
Chapter 9

Randomwalks and the Metr opolis
algorithm

Nel mezzodel cammindi nostravita, mi ritrovai perunaselva oscura,chéla diritta via
erasmarrita.(Divina Commedia,Inferno,CantoI, 1-3)Dante Alighieri

Theway thatcanbespoken of is not theconstantway. (TaoTe Ching,Book I, I.1)Lao
Tzu

9.1 Motivation

In the previous chapterwe discussedtechnicalaspectsof Monte Carlo integration suchasalgorithms
for generatingrandomnumbersandintegrationof multidimensionalintegrals. Thelatter topic servedto
illustratetwo key topicsin MonteCarlosimulations,namelya properselectionof variablesandimpor-
tancesampling. An intelligent selectionof variables,goodsamplingtechniquesandguiding functions
canbecrucial for theoutcomeof our MonteCarlosimulations.Examplesof this will bedemonstrated
in the chapterson statisticalandquantumphysicsapplications.Herewe make adetourhowever from
this mainareaof applications.Thefocusis on diffusionandrandomwalks. Therationalefor this is that
thetricky partof anactualMonteCarlosimulationresidesin theappropriateselectionof randomstates,
andtherebynumbers,accordingto theprobability distribution (PDF)at hand.With appropriatethereis
however muchmoreto thepicturethanmeetstheeye.

Supposeour PDFis givenby thewell-known normaldistribution. Think of for examplethevelocity
distribution of an idealgasin a container. In our simulationswe could thenacceptor rejectnew moves
with a probability proportionalto thenormaldistribution. This would parallelour exampleon thesixth
dimensionalintegral in theprevious chapter. However, in this casewe would endup rejectingbasically
all movessincethe probabilitiesare exponentiallysmall in most cases.The result would bethat we
barelymoved from the initial position. Our statisticalaverageswould thenbe significantlybiasedand
mostlikely not very reliable.

Instead,all Monte Carlo schemesusedare basedon Markov processesin order to generatenew
randomstates.A Markov processis a randomwalk with a selectedprobability for makinga move. The
new move is independentof theprevious historyof thesystem.TheMarkov processis usedrepeatedly
in MonteCarlosimulationsin orderto generatenew randomstates.Thereasonfor choosinga Markov
processis that when it is run for a long enoughtime startingwith a randomstate,we will eventually
reachthemostlikely stateof thesystem.In thermodynamics,this meansthataftera certainnumberof
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Randomwalks and the Metropolisalgorithm

Markov processeswe reachanequilibriumdistribution. This mimicks theway a realsystemreachesits
mostlikely stateatagiventemperatureof thesurroundings.

To reachthisdistribution, theMarkov processneedsto obey two importantconditions,thatof ergod-
icity anddetailedbalance.Theseconditionsimposethenconstraintson our algorithmsfor acceptingor
rejectingnew randomstates.The Metropolisalgorithmdiscussedhereabidesto both theseconstraints
andis discussedin moredetail in Section9.5. TheMetropolisalgorithmis widely usedin MonteCarlo
simulationsof physicalsystemsand the understandingof it restswithin the interpretationof random
walksandMarkov processes.However, beforewe do thatwe discussthe intimatelink betweenrandom
walks, Markov processesandthe diffusion equation. In section9.3 we show that a Markov processis
nothingbut thediscretizedversionof thediffusionequation.Diffusionandrandomwalksarediscussed
from a moreexperimentalpoint of view in thenext section.Therewe show alsoa simplealgorithmfor
randomwalksanddiscusseventualphysicalimplications.We endthis chapterwith a discussionof one
of themostusedalgorithmsfor generatingnew steps,namelytheMetropolisalgorithm.This algorithm,
which is basedon Markovian randomwalks satisfiesboth the ergodicity anddetailedbalancerequire-
mentsandis widely in applicationsof MonteCarlosimulationsin thenaturalsciences.TheMetropolis
algorithmis usedin our studiesof phasetransitionsin statisticalphysicsandthesimulationsof quantum
mechanicalsystems.

9.2 Diffusion equationand randomwalks

Physicalsystemssubjectto randominfluencesfrom theambienthave along history, datingbackto the
famousexperimentsby theBritish BotanistR.Brownonpollenof differentplantsdispersedin water. This
leadto thefamousconceptof Brownianmotion. In general,smallfractionsof any systemexhibit thesame
behavior whenexposedto randomfluctuationsof themedium. Although apparentlynon-deterministic,
therulesobeyedby suchBrowniansystemsarelaid out within the framework of diffusion andMarkov
chains.ThefundamentalworksonBrownianmotionweredevelopedby A. Einsteinat the turnof thelast
century.

Diffusion andthe diffusion equationarecentraltopics in both PhysicsandMathematics,andtheir
rangesof applicabilityspanfrom stellardynamicsto thediffusionof particlesgovernedby Schrödinger’s
equation.Thelatter is, for a freeparticle,nothingbut thediffusionequationin complex time!

Let us considerthe one-dimensionaldiffusion equation. We study a large ensembleof particles
performingBrownianmotionalongthex-axis.Thereis no interactionbetweentheparticles.

Wedefinew(x, t)dx astheprobabilityof finding a givennumberof particlesin aninterval of length
dx in x ∈ [x, x+dx] atatimet. Thisquantityis ourprobabilitydistribution function(PDF).Thequantum
physicsequivalentof w(x, t) is the wave function itself. This diffusion interpretationof Schrödinger’s
equationformsthestartingpoint for diffusionMonteCarlotechniquesin quantumphysics.

9.2.1 Diffusion equation

From experimenttherearestrongindicationsthat the flux of particlesj(x, t), viz., the numberof par-
ticles passingx at a time t is proportionalto the gradientof w(x, t). This proportionalityis expressed
mathematicallythrough

j(x, t) = −D
∂w(x, t)

∂x
, (9.1)
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9.2– Diffusion equationand randomwalks

whereD is the so-calleddiffusion constant,with dimensionalitylength2 per time. If the numberof
particlesis conserved,wehave thecontinuityequation

∂j(x, t)

∂x
= −∂w(x, t)

∂t
, (9.2)

which leadsto
∂w(x, t)

∂t
= D

∂2w(x, t)

∂x2
, (9.3)

which is thediffusionequationin onedimension.
With theprobabilitydistribution functionw(x, t)dx we can usetheresultsfrom thepreviouschapter

to computeexpectationvaluessuchasthemeandistance

〈x(t)〉 =

∫ ∞

−∞
xw(x, t)dx, (9.4)

or

〈x2(t)〉 =

∫ ∞

−∞
x2w(x, t)dx, (9.5)

whichallowsfor thecomputationof thevarianceσ2 = 〈x2(t)〉−〈x(t)〉2. Notewell thattheseexpectation
valuesaretime-dependent.In asimilarwaywecanalsodefineexpectationvaluesof functionsf(x, t) as

〈f(x, t)〉 =

∫ ∞

−∞
f(x, t)w(x, t)dx. (9.6)

Sincew(x, t) is now treatedasa PDF, it needsto obey the samecriteria asdiscussedin the previous
chapter. However, thenormalizationcondition

∫ ∞

−∞
w(x, t)dx = 1 (9.7)

imposessignificantconstraintsonw(x, t). Theseare

w(x = ±∞, t) = 0
∂nw(x, t)

∂xn
|x=±∞ = 0, (9.8)

implying that whenwe study the time-derivative ∂〈x(t)〉/∂t, we obtainafter integration by partsand
usingEq.(9.3)

∂〈x〉
∂t

=

∫ ∞

−∞
x

∂w(x, t)

∂t
dx = D

∫ ∞

−∞
x

∂2w(x, t)

∂x2
dx, (9.9)

leadingto
∂〈x〉
∂t

= Dx
∂w(x, t)

∂x
|x=±∞ − D

∫ ∞

−∞

∂w(x, t)

∂x
dx, (9.10)

implying that
∂〈x〉
∂t

= 0. (9.11)

This meansin turn that 〈x〉 is independentof time. If we choosethe initial position x(t = 0) = 0,
the averagedisplacement〈x〉 = 0. If we link this discussionto a randomwalk in onedimensionwith
equalprobability of jumping to the left or right andwith an initial positionx = 0, thenour probability
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distribution remainscenteredaround〈x〉 = 0 asfunctionof time. However, thevarianceisnotnecessarily
0. Considerfirst

∂〈x2〉
∂t

= Dx2 ∂w(x, t)

∂x
|x=±∞ − 2D

∫ ∞

−∞
x

∂w(x, t)

∂x
dx, (9.12)

wherewehaveperformedanintegrationby partsaswedid for ∂〈x〉
∂t

. A furtherintegrationby partsresults
in

∂〈x2〉
∂t

= −Dxw(x, t)|x=±∞ + 2D

∫ ∞

−∞
w(x, t)dx = 2D, (9.13)

leadingto
〈x2〉 = 2Dt, (9.14)

andthevarianceas
〈x2〉 − 〈x〉2 = 2Dt. (9.15)

Theroot meansquaredisplacementaftera time t is then

√

〈x2〉 − 〈x〉2 =
√

2Dt. (9.16)

This shouldbecontrastedto thedisplacementof a freeparticlewith initial velocity v0. In thatcase the
distancefrom theinitial positionaftera time t is x(t) = vt whereasfor adiffusionprocessthe rootmean
squarevalueis

√

〈x2〉 − 〈x〉2 ∝
√

t. Sincediffusionis stronglylinkedwith randomwalks,wecouldsay
thata randomwalker escapesmuchmoreslowly from thestartingpoint thanwould a freeparticle. We
canvizualizetheabove in thefollowing figure. In Fig. 9.1wehaveassumedthatourdistribution is given
by anormaldistribution with varianceσ2 = 2Dt, centeredatx = 0. Thedistribution reads

w(x, t)dx =
1√

4πDt
exp (− x2

4Dt
)dx. (9.17)

At atimet = 2sthenew varianceisσ2 = 4Ds,implying thatthe rootmeansquarevalueis
√

〈x2〉 − 〈x〉2 =
2
√

D. At a further time t = 8 we have
√

〈x2〉 − 〈x〉2 = 4
√

D. While time haselapsedby a factorof
4, the rootmeansquarehasonly changedby a factorof 2. Fig. 9.1 demonstratesthe spreadoutof the
distribution astime elapses.A typical examplecanbe the diffusion of gasmoleculesin a containeror
thedistribution of creamin a cupof coffee. In bothcaseswe canassumethat the theinitial distribution
is representedby anormaldistribution.

9.2.2 Random walks

Considernow a randomwalker in onedimension,with probability R of moving to the right andL for
moving to the left. At t = 0 we placethe walker at x = 0, as indicatedin Fig. 9.2. The walker can
then jump, with the above probabilities,either to the left or to the right for eachtime step. Note that
in principle we couldalsohave thepossibility that thewalker remainsin thesameposition. This is not
implementedin this example. Every stephaslength∆x = l. Time is discretizedandwe have ajump
eitherto theleft or to theright atevery timestep.Let usnow assumethatwehave equalprobabilitiesfor
jumpingto theleft or to theright, i.e.,L = R = 1/2. Theaveragedisplacementaftern time stepsis

〈x(n)〉 =

n
∑

i

∆xi = 0 ∆xi = ±l, (9.18)
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Figure9.1: Time developmentof a normaldistribution with varianceσ2 = 2Dt andwith D = 1m2/s.
Thesolid line representsthedistribution at t = 2s while thedottedline standsfor t = 8s.
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Figure9.2: One-dimensionalwalker which can jump either to the left or to the right. Every stephas
length∆x = l.
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sincewehave anequalprobabilityof jumpingeitherto theleft or to right. Thevalueof 〈x(n)2〉 is

〈x(n)2〉 =

(

n
∑

i

∆xi

)2

=

n
∑

i

∆x2
i +

n
∑

i6=j

∆xi∆xj = l2n. (9.19)

For many enoughstepsthenon-diagonalcontribution is

N
∑

i6=j

∆xi∆xj = 0, (9.20)

since∆xi,j = ±l. Thevarianceis then

〈x(n)2〉 − 〈x(n)〉2 = l2n. (9.21)

It is alsoratherstraightforward to computethevariancefor L 6= R. Theresultis

〈x(n)2〉 − 〈x(n)〉2 = 4LRl2n. (9.22)

In Eq. (9.21) the variablen representsthe numberof time steps.If we definen = t/∆t, we canthen
couplethe varianceresult from a randomwalk in onedimensionwith the variancefrom the diffusion
equationof Eq. (9.15) by definingthediffusionconstantas

D =
l2

∆t
. (9.23)

In thenext sectionwe show in detail thatthis is thecase.
Theprogrambelow demonstratesthesimplicity of theone-dimensionalrandomwalk algorithm.It is

straightforwardtoextendthisprogramto two or threedimensionsaswell. Theinput is thenumberof time
steps,theprobabilityfor amoveto theleft or to theright andthetotalnumberof MonteCarlosamples.It
computestheaveragedisplacementandthevariancefor onerandomwalker for agivennumberof Monte
Carlosamples.Eachsampleis thusto beconsideredasoneexperimentwith a givennumberof walks.
The interestingpartof thealgorithmis describedin the function mc_sampling. Theotherfunctionsread
or write theresultsfrom screenor file andaresimilar in structureto programsdiscussedpreviously. The
mainprogramreadsthenameof theoutputfile from screenandsetsupthearrayscontainingthewalker’s
positionaftera givennumberof steps.Thecorrespondingprogramfor a two-dimensionalrandomwalk
(not listedin themaintext) is foundunderprograms/chapter9/program2.cpp

✛✎✜✕✜✎✌ ✛ ✑✕✑✑✖✓✔✎✘✠✟☛✡✌☞ ✙ ✔✍✡ ✏✆✔✕✑✢✗✂✛✏✎✓✍✚✏ ☞✑✍✚✏ ✑✗✖✄✔ ☞✒✑ ✡✔✓✁✕ ✑ ✡ ✕✖✕✗✓ ✑ ✌✠✍✂✔✗✚✕✍✒✓✘✗ ☞✎✑✙✘ ✛ ✓ ✌✎✜✆✍✚✍ �✕✑ ✌✠✍✂✔✑✚✄✍✒✓✘✗ ✡ ✡✚✘ ✌✕✌
%\ begi n{ l s t l i s t i n g } [ t i t l e ={ programs / chapt er 9 / program1 . cpp} ]
/∗

1−dim random walk program .
A wa lker makes s e v e r a l t r i a l s s t e p s w i t h
a g i v e n number o f wa lk s p er t r i a l

∗ /
# i ncl ude < i ost ream >
# i ncl ude <f st r eam >
# i ncl ude <i omani p>
# i ncl ude � ☎☞✔ �✜✢ ✝ �
usi ng namespace st d ;
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9.2– Diffusion equationand randomwalks

/ / F u n c t i o n t o read i n d a ta from screen , n o t e c a l l by r e f e r e n c e
voi d i n i t i a l i se ( i n t & , i n t & , doubl e& ) ;
/ / The Mc sa mp l in g f o r random wa lks
voi d mc_sampli ng ( i n t , i n t , doubl e , i n t ∗ , i n t ∗ ) ;
/ / p r i n t s t o s c r e e n t h e r e s u l t s o f t h e c a l c u l a t i o n s
voi d o ut p ut ( i n t , i n t , i n t ∗ , i n t ∗ ) ;

i n t mai n ( )
{

i n t max _t r i al s , number_wal ks ;
doubl e mo ve_ pr o babi l i t y ;
/ / Read i n d a ta
i n i t i a l i se ( max _t r i al s , number_wal ks , mo ve_ pr o babi l i t y ) ;
i n t ∗wal k_cumul at i ve = new i n t [ number_wal ks+1] ;
i n t ∗wal k2_cumul at i ve = new i n t [ number_wal ks+1] ;
f or ( i n t wal ks = 1; wal ks <= number_wal ks ; wal ks++) {

wal k_cumul at i ve[ wal ks ] = wal k2_cumul at i ve[ wal ks ] = 0;
} / / end i n i t i a l i z a t i o n o f v e c t o r s
/ / Do t h e mc sa mp l in g
mc_sampli ng ( max _t r i al s , number_wal ks , move_probabi l i t y ,

wal k_cumul at i ve , wal k2_cumul at i ve) ;
/ / P r i n t o u t r e s u l t s
o ut p ut ( max _t r i al s , number_wal ks , wal k_cumul at i ve ,

wal k2_cumul at i ve) ;
d el et e [ ] wal k_cumul at i ve ; / / f r e e memory
d el et e [ ] wal k2_cumul at i ve;
re t ur n 0;

} / / end main f u n c t i o n

Theinput andoutputfunctionsare

voi d i n i t i a l i se ( i n t& m ax _t r i al s , i n t& number_wal ks , doubl e& m o ve_ pr o babi l i t y
)

{
cout << � ☞✄✠ ✓ �☞✂✝✌ ✞ ✍ � ✞✎✕✑☎ ✂ ✂ ✂✝✌☞☎✝✞✛☎✆✌ ✔✜✂✄☎ ✒ ✣ � ;
ci n >> max _t r i al s ;
cout << � ☞✄✠ ✓ �☞✂✝✌ ✞ ✍✓✂✄☎✑☎☞✂✘✓ ✟✡☎☞✂✝✍✌✏✗✂✄☎✁� ✒✝✣ � ;
ci n >> number_wal ks ;
cout << � � ✞ ☛ ✂ ✟ ✌☞✞ � ✂ � ✔✝☎✧✔ ☎ ✄✎✣ � ;
ci n >> mo ve_ pr o babi l i t y ;

} / / end o f f u n c t i o n i n i t i a l i s e

voi d o ut p ut ( i n t max _t r i al s , i n t number_wal ks ,
i n t ∗wal k_cumul at i ve , i n t ∗wal k2_cumul at i ve)

{
of st r e am o f i l e ( � ☎☞✂✧✒✁☎ ✏ ✂ ☎✂�☞✂✥✌ ✒ ✢ ✍✠✂ ☎ � ) ;
f or ( i n t i = 1; i <= number_wal ks ; i ++) {

doubl e xaverage = wal k_cumul at i ve[ i ] / ( ( doubl e ) max _t r i al s ) ;
doubl e x2average = wal k2_cumul at i ve[ i ] / ( ( doubl e ) max _t r i al s ) ;
doubl e v ar i anc e = x2average − xaverage∗ xaverage ;
o f i l e << set i o sf l ag s ( i os : : showpoi nt | i os : : u p per c ase) ;
o f i l e << setw ( 6) << i ;
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o f i l e << setw ( 1 5) << set p r e ci si o n ( 8) << xaverage ;
o f i l e << setw ( 1 5) << set p r e ci si o n ( 8) << v ar i anc e << endl ;

}
o f i l e . c l ose ( ) ;

} / / end o f f u n c t i o n o u t p u t

Thealgorithmis in thefunctionmc_samplingandteststheprobabilityof moving to theleft or to theright
by generatinga random number.

voi d mc_sampli ng ( i n t max _t r i al s , i n t number_wal ks ,
doubl e move_probabi l i t y , i n t ∗wal k_cumul at i ve ,
i n t ∗wal k2_cumul at i ve)

{
l ong i dum ;
idum=−1; / / i n i t i a l i s e random number g e n e r a t o r
f or ( i n t t r i a l =1; t r i a l <= max _t r i al s ; t r i a l ++) {

i n t p osi t i o n = 0;
f or ( i n t wal ks = 1; wal ks <= number_wal ks ; wal ks++) {

i f ( ran0(& idum) <= mo ve_ pr o babi l i t y ) {
p osi t i o n += 1;

}
el se {

p osi t i o n −= 1;
}
wal k_cumul at i ve[ wal ks ] += p osi t i o n ;
wal k2_cumul at i ve[ wal ks ] += p osi t i o n∗ p osi t i o n ;

} / / end o f lo o p o ver wa lks
} / / end o f lo o p o ver t r i a l s

} / / end mc_sampl ing f u n c t i o n

Fig. 9.3 shows that thevarianceincreaseslinearly asfunction of the numberof time steps,asexpected
from theanalyticresults.Similarly, themeandisplacementin Fig. 9.4oscillatesaroundzero.

Exercise9.1
Extendthe above programto a two-dimensionalrandomwalk with probability 1/4 for a
move to the right, left, up or down. Computethe variancefor both thex andy directions
andthetotal variance.

9.3 Microscopicderivationof thediffusion equation

Whensolvingpartialdifferentialequationssuchasthediffusionequationnumerically, thederivativesare
alwaysdiscretized.Recallingour discussionsfrom Chapter3, we canrewrite thetime derivative as

∂w(x, t)

∂t
≈ w(i, n + 1) − w(i, n)

∆t
, (9.24)

whereasthe gradientis approximatedas

D
∂2w(x, t)

∂x2
≈ D

w(i + 1, n) + w(i − 1, n) − 2w(i, n)

(∆x)2
, (9.25)
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Figure9.3: Time developmentof σ2 for a randomwalker. 100000MonteCarlosampleswereusedwith
thefunctionran1andaseedsetto−1.
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Figure9.4: Time developmentof 〈x(t)〉 for a randomwalker. 100000Monte Carlosampleswereused
with thefunctionran1andaseedsetto −1.
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resultingin thediscretizeddiffusionequation

w(i, n + 1) − w(i, n)

∆t
= D

w(i + 1, n) + w(i − 1, n) − 2w(i, n)

(∆x)2
, (9.26)

wheren representsagiventimestepandi astepin thex-direction.Wewill comebackto thesolutionof
suchequationsin our chapteron partial differentialequations,seeChapter15. The aimhereis to show
thatwecanderive thediscretizeddiffusionequationfrom aMarkov processandtherebydemonstratethe
closeconnectionbetweenthe importantphysicalprocessdiffusion andrandomwalks. Randomwalks
allow for an intuitive way of picturing the processof diffusion. In addition, as demonstratedin the
previoussection,it is easyto simulatea randomwalk.

9.3.1 Discretized diffusion equation and Markov chains

A Markov processallows in principle for a microscopicdescriptionof Brownian motion. As with the
randomwalk studiedin theprevioussection,we considera particlewhich movesalongthex-axis in the
form of a seriesof jumpswith steplength∆x = l. Time andspacearediscretizedandthesubsequent
movesarestatisticallyindenpendent,i.e., thenew movedependsonly on thepreviousstepandnoton the
resultsfrom earlier trials. We startat a positionx = jl = j∆x andmove to a new positionx = i∆x
duringa step∆t = ǫ, wherei ≥ 0 andj ≥ 0 areintegers.Theoriginal probabilitydistribution function
(PDF)of theparticlesis givenby wi(t = 0) wherei refersto a specificpositionon the gridin Fig. 9.2,
with i = 0 representingx = 0. Thefunctionwi(t = 0) is now thediscretizedversionof w(x, t). Wecan
regardthediscretizedPDFasa vector. For theMarkov processwe have atransitionprobability from a
positionx = jl to apositionx = il givenby

Wij(ǫ) = W (il − jl, ǫ) =

{

1
2 |i − j| = 1
0 else

(9.27)

We call Wij for thetransitionprobabilityandwe canrepresentit, seebelow, asa matrix. Our new PDF
wi(t = ǫ) is now relatedto thePDFat t = 0 throughtherelation

wi(t = ǫ) = W (j → i)wj(t = 0). (9.28)

This equationrepresentsthediscretizedtime-developmentof anoriginal PDF. It is amicroscopicwayof
representingtheprocessshown in Fig. 9.1. SincebothW andw representprobabilities,they have to be
normalized,i.e.,we requirethatateachtime stepwe have

∑

i

wi(t) = 1, (9.29)

and
∑

j

W (j → i) = 1. (9.30)

Thefurtherconstraintsare0 ≤ Wij ≤ 1 and0 ≤ wj ≤ 1. Notethat theprobability for remainingat the
sameplaceis in generalnot necessarilyequalzero. In our Markov processwe allow only for jumpsto
theleft or to theright.

Thetime developmentof our initial PDFcannow berepresentedthroughthe actionof thetransition
probabilitymatrix appliedn times.At a time tn = nǫ our initial distribution hasdevelopedinto

wi(tn) =
∑

j

Wij(tn)wj(0), (9.31)
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9.3– Microscopicderivationof the diffusion equation

anddefining
W (il − jl, nǫ) = (W n(ǫ))ij (9.32)

we obtain
wi(nǫ) =

∑

j

(W n(ǫ))ijwj(0), (9.33)

or in matrix form
ŵ(nǫ) = Ŵ n(ǫ)ŵ(0). (9.34)

Thematrix Ŵ canbewritten in termsof two matrices

Ŵ =
1

2

(

L̂ + R̂
)

, (9.35)

whereL̂ andR̂ representthetransitionprobabilitiesfor a jump to theleft or theright, respectively. For a
4 × 4 casewe couldwrite thesematricesas

R̂ =









0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0









, (9.36)

and

L̂ =









0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0









. (9.37)

However, in principle theseare infinite dimensionalmatricessincethe numberof time stepsarevery
large or infinite. For the infinite casewe canwrite thesematricesRij = δi,(j+1) andLij = δ(i+1),j ,
implying that

L̂R̂ = R̂L̂ = I, (9.38)

and
L̂ = R̂−1 (9.39)

To seethatL̂R̂ = R̂L̂ = 1, performe.g.,thematrix multiplication

L̂R̂ =
∑

k

L̂ikR̂kj =
∑

k

δ(i+1),kδk,(j+1) = δi+1,j+1 = δi,j, (9.40)

andonly thediagonalmatrix elementsare differentfrom zero.
For thefirst time stepwe have thus

Ŵ =
1

2

(

L̂ + R̂
)

, (9.41)

andusingthepropertiesin Eqs.(9.38) and(9.39) wehave aftertwo time steps

Ŵ 2(2ǫ) =
1

4

(

L̂2 + R̂2 + 2R̂L̂
)

, (9.42)

andsimilarly afterthreetime steps

Ŵ 3(3ǫ) =
1

8

(

L̂3 + R̂3 + 3R̂L̂2 + 3R̂2L̂
)

. (9.43)
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Usingthebinomial formula
n
∑

k=0

(

n
k

)

âk b̂n−k = (a + b)n, (9.44)

we have thatthetransitionmatrix aftern time stepscanbewritten as

Ŵ n(nǫ)) =
1

2n

n
∑

k=0

(

n
k

)

R̂kL̂n−k, (9.45)

or

Ŵ n(nǫ)) =
1

2n

n
∑

k=0

(

n
k

)

L̂n−2k =
1

2n

n
∑

k=0

(

n
k

)

R̂2k−n, (9.46)

andusingRm
ij = δi,(j+m) andLm

ij = δ(i+m),j we arrive at

W (il − jl, nǫ) =







1
2n

(

n
1
2(n + i − j)

)

|i − j| ≤ n

0 else
, (9.47)

andn+ i− j hasto be anevennumber. Wenotethatthetransitionmatrix for aMarkov processhasthree
importantproperties:

– It dependsonly on thedifferencein spacei − j, it is thushomogenousin space.

– It is alsoisotropicin spacesinceit is unchangedwhenwe go from (i, j) to (−i,−j).

– It is homogenousin time sinceit dependsonly the differencebetweenthe initial time andfinal
time.

If we placethe walker at x = 0 at t = 0 we canrepresentthe initial PDF with wi(0) = δi,0. Using
Eq.(9.34) we have

wi(nǫ) =
∑

j

(W n(ǫ))ijwj(0) =
∑

j

1

2n

(

n
1
2(n + i − j)

)

δj,0, (9.48)

resultingin

wi(nǫ) =
1

2n

(

n
1
2(n + i)

)

|i| ≤ n (9.49)

Usingtherecursionrelationfor thebinomials

(

n + 1
1
2(n + 1 + i))

)

=

(

n
1
2(n + i + 1)

)

+

(

n
1
2(n + i) − 1

)

(9.50)

we obtain,definingx = il, t = nǫ andsetting

w(x, t) = w(il, nǫ) = wi(nǫ), (9.51)

w(x, t + ǫ) =
1

2
w(x + l, t) +

1

2
w(x − l, t), (9.52)

180



9.3– Microscopicderivationof the diffusion equation

andaddingandsubtractingw(x, t) andmultiplying bothsideswith l2/ǫ wehave

w(x, t + ǫ) − w(x, t)

ǫ
=

l2

2ǫ

w(x + l, t) − 2w(x, t) + w(x − l, t)

l2
, (9.53)

andidentifying D = l2/2ǫ andletting l = ∆x andǫ = ∆t we seethat this is nothingbut thediscretized
versionof thediffusionequation.Takingthelimits ∆x → 0 and∆t → 0 we recover

∂w(x, t)

∂t
= D

∂2w(x, t)

∂x2
,

thediffusionequation.

9.3.2 Continuous equations

Hitherto we have considereddiscretizedversionsof all equations. Our initial probability distribution
functionwasthengivenby

wi(0) = δi,0,

andits time-developmentaftera giventime step∆t = ǫ is

wi(t) =
∑

j

W (j → i)wj(t = 0).

Thecontinuousanalogto wi(0) is
w(x) → δ(x), (9.54)

wherewe now have generalizedtheone-dimensionalpositionx to a generic-dimensionalvectorx. The
Kroenecker δ function is replacedby theδ distribution functionδ(x) at t = 0.

Thetransitionfrom astatej to astatei is now replacedby a transitionto astatewith positiony from
a statewith positionx. Thediscretesumof transitionprobabilitiescanthenbe replacedby an integral
andwe obtainthenew distribution ata time t + ∆t as

w(y, t + ∆t) =

∫

W (y,x,∆t)w(x, t)dx, (9.55)

andafterm time stepswehave

w(y, t + m∆t) =

∫

W (y,x,m∆t)w(x, t)dx. (9.56)

Whenequilibriumis reachedwe have

w(y) =

∫

W (y,x, t)w(x)dx. (9.57)

We cansolve the equationfor w(y, t) by makinga Fourier transformto momentumspace.The PDF
w(x, t) is relatedto its Fouriertransformw̃(k, t) through

w(x, t) =

∫ ∞

−∞
dk exp (ikx)w̃(k, t), (9.58)

andusingthedefinitionof theδ-function

δ(x) =
1

2π

∫ ∞

−∞
dk exp (ikx), (9.59)
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we seethat
w̃(k, 0) = 1/2π. (9.60)

WecanthenusetheFourier-transformeddiffusionequation

∂w̃(k, t)

∂t
= −Dk2w̃(k, t), (9.61)

with theobvioussolution

w̃(k, t) = w̃(k, 0) exp
[

−(Dk2t)
)

=
1

2π
exp

[

−(Dk2t)
]

. (9.62)

UsingEq.(9.58) weobtain

w(x, t) =

∫ ∞

−∞
dk exp [ikx]

1

2π
exp

[

−(Dk2t)
]

=
1√

4πDt
exp

[

−(x2/4Dt)
]

, (9.63)

with thenormalizationcondition
∫ ∞

−∞
w(x, t)dx = 1. (9.64)

It is rathereasyto verify by insertionthatEq. (9.63) is a solutionof thediffusionequation.Thesolution
representsthe probability of finding our randomwalker at positionx at time t if the initial distribution
wasplacedatx = 0 at t = 0.

Thereis anotherinterestingfeatureworth observing.Thediscretetransitionprobability W itself is
givenby abinomialdistribution,seeEq.(9.47). Theresultsfrom thecentrallimit theorem,seeSect.8.2.2,
statethattransitionprobabilityin thelimit n → ∞ convergesto thenormaldistribution. It is thenpossible
to show that

W (il − jl, nǫ) → W (y,x,∆t) =
1√

4πD∆t
exp

[

−((y − x)2/4D∆t)
]

, (9.65)

andthatit satisfiesthenormalizationconditionandis itself asolutionto thediffusionequation.

9.3.3 Numerical simulation

In the two previous subsectionswe have given evidencethat a Markov processactually yields in the
limit of infinitely many stepsthe diffusion equation. It links thereforein a physical intuitive way the
fundamentalprocessof diffusion with randomwalks. It could thereforebe of interestto visualizethis
connectionthroughanumericalexperiment.Wesaw in theprevioussubsectionthatonepossiblesolution
to the diffusion equationis given by a normaldistribution. In addition, the transitionrate for a given
numberof stepsdevelopsfrom abinomialdistribution into anormaldistribution in thelimit of infinitely
many steps.To achieve thisweconstructin additionahistogramwhichcontainsthenumberof timesthe
walker wasin a particularpositionx. This is given by thevariable probability, which is normalizedin
theoutputfunction. We have omittedthe initialization function,sincethis identicalto program1.cppor
program2.cppof this chapter. Thearray probability extendsfrom −number_walksto +number_walks

✛✎✜✕✜✎✌ ✛ ✑✕✑✑✖✓✔✎✘✠✟☛✡✌☞ ✙ ✔✍✡ ✏✆✔✕✑✢✗✂✛✏✎✓✍✚✏ ☞✑✍✚✏ ✑✗✖✄✔ ☞✒✑ ✡✔✓✁✕ ✑ ✡ ✕✖✕✗✓ ✑ ✌✠✍✂✔✗✚✕✍✒✓✘✗ ☞✎✑✙✘ ✛ ✓ ✌✎✜✆✍✚✍ �✕✑ ✌✠✍✂✔✑✚✄✍✒✓✘✗ ✡ ✡✚✘ ✌✕✌
%\ begi n{ l s t l i s t i n g } [ t i t l e ={ programs / chapt er 9 / program3 . cpp} ]
/∗

1−dim random walk program .
A wa lker makes s e v e r a l t r i a l s s t e p s w i t h

182



9.3– Microscopicderivationof the diffusion equation

a g i v e n number o f wa lk s p er t r i a l
∗ /
# i ncl ude < i ost ream >
# i ncl ude <f st r eam >
# i ncl ude <i omani p>
# i ncl ude � ☎☞✔ �✜✢ ✝ �
usi ng namespace st d ;

/ / F u n c t i o n t o read i n d a ta from screen , n o t e c a l l by r e f e r e n c e
voi d i n i t i a l i se ( i n t & , i n t & , doubl e& ) ;
/ / The Mc sa mp l in g f o r random wa lks
voi d mc_sampli ng ( i n t , i n t , doubl e , i n t ∗ , i n t ∗ , i n t ∗ ) ;
/ / p r i n t s t o s c r e e n t h e r e s u l t s o f t h e c a l c u l a t i o n s
voi d o ut p ut ( i n t , i n t , i n t ∗ , i n t ∗ , i n t ∗ ) ;

i n t mai n ( )
{

i n t max _t r i al s , number_wal ks ;
doubl e mo ve_ pr o babi l i t y ;
/ / Read i n d a ta
i n i t i a l i se ( max _t r i al s , number_wal ks , mo ve_ pr o babi l i t y ) ;
i n t ∗wal k_cumul at i ve = new i n t [ number_wal ks+1] ;
i n t ∗wal k2_cumul at i ve = new i n t [ number_wal ks+1] ;
i n t ∗ pr o bab i l i t y = new i n t [ 2∗ ( number_wal ks+1) ] ;
f or ( i n t wal ks = 1; wal ks <= number_wal ks ; wal ks++) {

wal k_cumul at i ve[ wal ks ] = wal k2_cumul at i ve[ wal ks ] = 0;
}
f or ( i n t wal ks = 0; wal ks <= 2∗number_wal ks ; wal ks++) {

p r o bab i l i t y [ wal ks ] = 0;
} / / end i n i t i a l i z a t i o n o f v e c t o r s
/ / Do t h e mc sa mp l in g
mc_sampli ng ( max _t r i al s , number_wal ks , move_probabi l i t y ,

wal k_cumul at i ve , wal k2_cumul at i ve , p r o bab i l i t y ) ;
/ / P r i n t o u t r e s u l t s
o ut p ut ( max _t r i al s , number_wal ks , wal k_cumul at i ve ,

wal k2_cumul at i ve , p r o bab i l i t y ) ;
d el et e [ ] wal k_cumul at i ve ; / / f r e e memory
d el et e [ ] wal k2_cumul at i ve; d el et e [ ] p r o bab i l i t y ;
re t ur n 0;

} / / end main f u n c t i o n

Theoutputfunction containsnow thenormalizationof theprobability aswell andwrites this to its own
file.

voi d o ut p ut ( i n t max _t r i al s , i n t number_wal ks ,
i n t ∗wal k_cumul at i ve , i n t ∗wal k2_cumul at i ve , i n t ∗ pr o bab i l i t y )

{
of st r e am o f i l e ( � ☎☞✂✧✒✁☎ ✏ ✂ ☎✂�☞✂✥✌ ✒ ✢ ✍✠✂ ☎ � ) ;
of st r e am pr o bf i l e ( � ✟ ✌☞✞ � ✂ � ✔✝☎✧✔ ☎ ✄✥✢ ✍✑✂ ☎ � ) ;
f or ( i n t i = 1; i <= number_wal ks ; i ++) {

doubl e xaverage = wal k_cumul at i ve[ i ] / ( ( doubl e ) max _t r i al s ) ;
doubl e x2average = wal k2_cumul at i ve[ i ] / ( ( doubl e ) max _t r i al s ) ;
doubl e v ar i anc e = x2average − xaverage∗ xaverage ;
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o f i l e << set i o sf l ag s ( i os : : showpoi nt | i os : : u p per c ase) ;
o f i l e << setw ( 6) << i ;
o f i l e << setw ( 1 5) << set p r e ci si o n ( 8) << xaverage ;
o f i l e << setw ( 1 5) << set p r e ci si o n ( 8) << v ar i anc e << endl ;

}
o f i l e . c l ose ( ) ;
/ / f i n d norm o f p r o b a b i l i t y
doubl e norm = 0 . ;
f or ( i n t i = −number_wal ks ; i <= number_wal ks ; i ++) {

norm += ( doubl e ) p r o bab i l i t y [ i +number_wal ks ] ;
}
/ / w r i t e p r o b a b i l i t y
f or ( i n t i = −number_wal ks ; i <= number_wal ks ; i ++) {

doubl e hi st o gr am = pr o bab i l i t y [ i +number_wal ks ] / norm ;
p r o bf i l e << set i o sf l ag s ( i os : : showpoi nt | i os : : u p per c ase) ;
p r o bf i l e << setw ( 6) << i ;
p r o bf i l e << setw ( 1 5) << set p r e ci si o n ( 8) << hi st o gr am << endl ;

}
p r o bf i l e . c l ose ( ) ;

} / / end o f f u n c t i o n o u t p u t

Thesamplingpartis still donein thesamefunction,but containsnow thesetupof ahistogramcontaining
thenumberof timesthewalker visitedagivenpositionx.

voi d mc_sampli ng ( i n t max _t r i al s , i n t number_wal ks ,
doubl e move_probabi l i t y , i n t ∗wal k_cumul at i ve ,
i n t ∗wal k2_cumul at i ve , i n t ∗ pr o bab i l i t y )

{
l ong i dum ;
idum=−1; / / i n i t i a l i s e random number g e n e r a t o r
f or ( i n t t r i a l =1; t r i a l <= max _t r i al s ; t r i a l ++) {

i n t p osi t i o n = 0;
f or ( i n t wal ks = 1; wal ks <= number_wal ks ; wal ks++) {

i f ( ran0(& idum) <= mo ve_ pr o babi l i t y ) {
p osi t i o n += 1;

}
el se {

p osi t i o n −= 1;
}
wal k_cumul at i ve[ wal ks ] += p osi t i o n ;
wal k2_cumul at i ve[ wal ks ] += p osi t i o n∗ p osi t i o n ;
p r o bab i l i t y [ p osi t i o n+number_wal ks ] += 1;

} / / end o f lo o p o ver wa lks
} / / end o f lo o p o ver t r i a l s

} / / end mc_sampl ing f u n c t i o n

Fig. 9.5shows theresultingprobabilitydistribution aftern stepsWeseefrom Fig. 9.5thattheprobability
distribution functionresemblesanormaldistribution.

Exercise9.2
Usethe above programandtry to fit the computedprobability distribution with a normal
distribution usingyour calculatedvaluesof σ2 and〈x〉.
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Figure9.5: Probabilitydistribution for onewalker after10,100and1000steps.
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9.4 EntropyandEquilibrium Features

Weusethissectionto motivate,in aphysicallyintuitiveway, theimportanceof theergodichypothesisvia
adiscussionof how aMarkovianprocessreachesanequilibriumsituationafteragivennumberof random
walks. It servesthenthescopeof bridging thegapbetweena Markovian processandour discussionof
theMetropolisalgorithmin thenext section.

Toachievethis,wewill usetheprogramfromtheprevioussection,seeprograms/chapter9/program3.cpp
andintroducethe conceptof entropy S. We discussthe thermodynamicalmeaningof the entropy and
its link with thesecondlaw of thermodynamicsin thenext chapter. Hereit will suffice to statethat the
entropy is a measureof the disorderof thesystem,thusa systemwhich is fully orderedandstaysin its
fundamentalstate(groundstate)haszeroentropy, while a disorderedsystemhasa large andnonzero
entropy.

Thedefinitionof theentropy S (asadimensionlessquantityhere)is

S = −
∑

i

wiln(wi), (9.66)

wherewi is theprobabilityof finding our systemin astatei. For ourone-dimensionalrandomwalk case
discussedin theprevioussectionsit representstheprobability for beingatpositioni = i∆x afteragiven
numberof time steps.In orderto testthis, we startwith theprevious programbut assumenow thatwe
haveN randomwalkersat i = 0 andt = 0 andlet theserandomwalkersdiffuseasfunctionof time. This
meanssimply anadditionalloop. Wecomputethen,asin thepreviousprogramexample,theprobability
distribution for N walkersafteragivennumberof stepsi alongx andtimestepsj. Wecanthencompute
an entropy Sj for a given numberof time stepsby summingover all probabilitiesi. We show this in
Fig. 9.6. Thecode usedto computetheseresultsis in programs/chapter9/program4.cpp. Herewe have
used100walkersonalatticeof lengthfromL = −50 to L = 50 employing periodicboundaryconditions
meaningthat if a walker reachesthepoint x = L it is shiftedto x = −L andif x = −L it is shiftedto
x = L. We seefrom Fig. 9.6 that for small time steps,whereall particlesN arein thesamepositionor
closeto theinitial position,theentropy is verysmall,reflectingthefactthatwehaveanorderedstate.As
time elapses,therandomwalkersspreadout in space(herein onedimension)andtheentropy increases
as thereare more states,that is positionsaccesibleto the system. We say that the systemshows an
increaseddegreeof disorder. After severaltime steps,weseethattheentropy reachesaconstantvalue,a
situationcalleda steadystate.This signalsthat thesystemhasreachedits equilibriumsituationandthat
therandomwalkersspreadout to occupy all possibleavailablestates.At equilibrium it meansthusthat
all states areequallyprobableandthis is not baked into any dynamicalequationssuchasNewton’s law
of motion. It occursbecausethesystemis allowedto exploreall possibilities.An importanthypothesis,
which hasnever beenproven rigorouslybut for certainsystems,is the ergodic hypothesiswhich states
that in equilibrium all availablestatesof a closedsystemhave equalprobability. This hypothesisstates
alsothat if we areableto simulatelong enough,thenoneshouldbe able to tracethroughall possible
pathsin thespaceof availablestatesto reachtheequilibrium situation. Our Markov processshouldbe
ableto reachany stateof thesystemfrom any otherstateif we run for long enough.Markov processes
fullfil the requirementof ergodicity sinceall new stepsare independentof the previous onesand the
randomwalkerscanthusexplore with equalprobability all possiblepositions. In generalhowever, we
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Figure9.6: Entropy Sj asfunctionof numberof time stepsj for a randomwalk in onedimension.Here
we have used100walkerson a latticeof lengthfrom L = −50 to L = 50 employing periodicboundary
conditionsmeaningthat if a walker reachesthepoint x = L it is shiftedto x = −L andif x = −L it is
shiftedto x = L.

know that physicalprocessesarenot independentof eachother. The relation betweenergodicity and
physicalsystemsis anunsettledtopic.

TheMetropolisalgorithmwhich we discussin thenext sectionis basedon a Markovian processand
fullfils therequirementof ergodicity. In addition,in thenext sectionwe imposethecriterionof detailed
balance.

9.5 TheMetropolisalgorithm anddetailedbalance

Let usrecapitulatesomeof our resultsaboutMarkov chainsandrandomwalks.

– Thetime developmentof our PDFw(t), afteronetime-stepfrom t = 0 is givenby

wi(t = ǫ) = W (j → i)wj(t = 0).

This equationrepresentsthediscretizedtime-developmentof anoriginal PDF. Wecanrewrite this
asa

wi(t = ǫ) = Wijwj(t = 0).

with thetransitionmatrixW for a randomwalk givenby

Wij(ǫ) = W (il − jl, ǫ) =

{

1
2 |i − j| = 1
0 else

Wecall Wij for thetransitionprobabilityandwe representit asamatrix.
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– Both W andw representprobabilitiesandthey have to benormalized,meaningthat thatat each
time stepwe have

∑

i

wi(t) = 1,

and
∑

j

W (j → i) = 1.

Thefurtherconstraintsare0 ≤ Wij ≤ 1 and0 ≤ wj ≤ 1.

– Wecanthuswrite the actionof W as

wi(t + 1) =
∑

j

Wijwj(t), (9.67)

or asvector-matrix relation
ŵ(t + 1) = Ŵŵ(t), (9.68)

andif we have that ||ŵ(t + 1) − ŵ(t)|| → 0, we saythatwe have reachedthemostlikely stateof
thesystem,theso-calledsteadystateor equilibriumstate.Anotherwayof phrasingthis is

w(t = ∞) = Ww(t = ∞). (9.69)

An importantconditionwe requirethat our Markov chainshouldsatisfy is that of detailedbalance.In
statisticalphysicsthis condition ensuresthat it is e.g., the Boltzmanndistribution which is generated
whenequilibrium is reached.Thedefinition for beingin equilibrium is that theratesat which a system
makesa transitionto or from agivenstatei have to beequal,that is

∑

i

W (j → i)wj =
∑

i

W (i → j)wi. (9.70)

However, theconditionthattheratesshouldequaleachotheris in generalnot sufficient to guarantee
thatwe, after many simulations,generatethe correct distribution. We thereforeintroduceanadditional
condition,namelythatof detailedbalance

W (j → i)wj = W (i → j)wi. (9.71)

At equilibriumdetailedbalancegivesthus

W (j → i)

W (i → j)
=

wi

wj
. (9.72)

We introducetheBoltzmanndistribution

wi =
exp (−β(Ei))

Z
, (9.73)

which statesthatprobability of finding thesystemin a statei with energy Ei at an inversetemperature
β = 1/kBT is wi ∝ exp (−β(Ei)). The denominatorZ is a normalizationconstantwhich ensures
that the sumof all probabilitiesis normalizedto one. It is definedasthe sumof probabilitiesover all
microstatesj of thesystem

Z =
∑

j

exp (−β(Ei)). (9.74)
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From thepartition function we canin principle generateall interestingquantitiesfor a given systemin
equilibriumwith its surroundingsat a temperatureT . This is demonstratedin thenext chapter.

With the probability distribution given by the Boltzmanndistribution we are now in the position
wherewecangenerateexpectationvaluesfor agivenvariableA throughthedefinition

〈A〉 =
∑

j

Ajwj =

∑

j Aj exp (−β(Ej)

Z
. (9.75)

In general,mostsystemshave an infinity of microstatesmaking therebythe computationof Z practi-
cally impossibleanda brute force Monte Carlo calculationover a given numberof randomlyselected
microstatesmay thereforenot yield thosemicrostateswhich areimportantat equilibrium. To selectthe
mostimportantcontributionswe needto usetheconditionfor detailedbalance.Sincethis is just given
by the ratios of probabilities,we never needto evaluatethe partition function Z. For the Boltzmann
distribution, detailedbalanceresultsin

wi

wj
= exp (−β(Ei − Ej)). (9.76)

Let usnow specializeto asystemwhoseenergy is definedby theorientationof singlespins.Consider
thestatei, with givenenergy Ei representedby thefollowing N spins

↑ ↑ ↑ . . . ↑ ↓ ↑ . . . ↑ ↓
1 2 3 . . . k − 1 k k + 1 . . . N − 1 N

Weareinterestedin thetransitionwith onesinglespinflip to anew statej with energy Ej

↑ ↑ ↑ . . . ↑ ↑ ↑ . . . ↑ ↓
1 2 3 . . . k − 1 k k + 1 . . . N − 1 N

This changefrom onemicrostatei (or spin configuration)to anothermicrostatej is the configuration
spaceanalogueto a randomwalk ona lattice. Insteadof jumpingfrom oneplaceto anotherin space,we
’jump’ from onemicrostateto another.

However, theselectionof stateshasto generatea final distribution which is theBoltzmanndistribu-
tion. This is againthesamewe saw for a randomwalker, for thediscretecasewe hadalwaysa binomial
distribution, whereasfor the continuouscasewe hada normaldistribution. The way we samplecon-
figurationsshouldresult in, whenequilibrium is established,in the Boltzmanndistribution. Else,our
algorithmfor selectingmicrostateshasto bewrong.

Sincewedo not know theanalyticform of thetransitionrate,we arefreeto modelit as

W (i → j) = g(i → j)A(i → j), (9.77)

whereg is a selectionprobability while A is the probability for acceptinga move. It is alsocalledthe
acceptanceratio. Theselectionprobabilityshouldbesamefor all possiblespinorientations,namely

g(i → j) =
1

N
. (9.78)

With detailedbalancethis gives

g(j → i)A(j → i)

g(i → j)A(i → j)
= exp (−β(Ei − Ej)), (9.79)
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but sincetheselectionratio is thesamefor bothtransitions,we have

A(j → i)

A(i → j)
= exp (−β(Ei − Ej)) (9.80)

In general,we arelooking for thosespinorientationswhich correspondto theaverageenergy at equilib-
rium.

Wearein thiscaseinterestedin anew stateEj whoseenergy is lowerthanEi, viz., ∆E = Ej−Ei ≤
0. A simpletestwould thenbeto acceptonly thosemicrostateswhich lowerthe energy. Supposewehave
tenmicrostateswith energy E0 ≤ E1 ≤ E2 ≤ E3 ≤ · · · ≤ E9. Our desiredenergy is E0. At a given
temperatureT we startour simulationby randomlychoosingstateE9. Flipping spinswe maythenfind
a pathfrom E9 → E8 → E7 · · · → E1 → E0. This would however leadto biasedstatisticalaverages
sinceit would violate theergodichypothesisdiscussedin theprevioussection.This principlestatesthat
it shouldbepossiblefor any Markov processto reacheverypossiblestateof thesystemfrom any starting
point if thesimulationsis carriedout for a long enoughtime.

Any statein a Boltzmanndistribution hasa probabilitydifferentfrom zeroandif sucha statecannot
bereachedfrom a givenstartingpoint, thenthesystemis not ergodic. This meansthatanotherpossible
pathto E0 couldbeE9 → E7 → E8 · · · → E9 → E5 → E0 andsoforth. Eventhoughsuchapathcould
have anegligible probability it is still apossibility, andif we simulatelong enoughit shouldbeincluded
in our computationof anexpectationvalue.

Thus,we requirethat our algorithmshouldsatisfytheprinciple of detailedbalanceandbeergodic.
Onepossibleway is theMetropolisalgorithm,which reads

A(j → i) =

{

exp (−β(Ei − Ej)) Ei − Ej > 0
1 else

(9.81)

This algorithmsatisfiestheconditionfor detailedbalanceandergodicity. It is implementedasfollows:

– Establishaninitial energy Eb

– Do a randomchangeof this initial stateby e.g.,flipping an individual spin. This new statehas
energy Et. Computethen∆E = Et − Eb

– If ∆E ≤ 0 acceptthenew configuration.

– If ∆E > 0, computew = e−(β∆E).

– Comparew with a random numberr. If r ≤ w accept,elsekeeptheold configuration.

– Computethetermsin thesums
∑

Asws.

– Repeattheabove stepsin orderto have alargeenoughnumberof microstates

– For agivennumberof MC cycles,computethenexpectationvalues.

Theapplicationof this algorithmwill bediscussedin detail in thenext two chapters.
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9.6 Physicsproject: simulationof the Boltzmanndistribution

In this projecttheaim is to show thattheMetropolisalgorithmgeneratestheBoltzmanndistribution

P (β) =
e−βE

Z
, (9.82)

with β = 1/kT being the inversetemperature,E is the energy of the systemandZ is the partition
function. Theonly functionsyou will needarethoseto generaterandomnumbers.

Wearegoingto studyonesingleparticlein equilibriumwith its surroundings,thelattermodeledvia
a largeheatbathwith temperatureT .

Themodelusedto describethisparticleis thatof anidealgasin onedimensionandwith velocity−v
or v. We areinterestedin finding P (v)dv, which expressestheprobability for finding thesystemwith a
givenvelocity v ∈ [v, v + dv]. Theenergy for this one-dimensionalsystemis

E =
1

2
kT =

1

2
v2, (9.83)

with massm = 1. In order to simulatethe Boltzmanndistribution, your programshouldcontainthe
following ingredients:

– Readsin thetemperatureT , thenumberof MonteCarlocycles,andtheinitial velocity. Youshould
also readin the changein velocity δv usedin every Monte Carlo step. Let the temperaturehave
dimensionenergy.

– Thereafteryou choosea maximumvelocity given by e.g.,vmax ∼ 10
√

T . Thenyou construct
a velocity interval definedby vmax anddivided it in small intervals throughvmax/N , with N ∼
100 − 1000. For eachof theseintervals your taskis to find out how many timesa givenvelocity
duringtheMonteCarlosamplingappearsin eachspecificinterval.

– Thenumberof timesagivenvelocity appearsin aspecificinterval isusedto constructahistogram
representingP (v)dv. To achieve this you shouldconstructa vector P [N ] which containsthe
numberof timesagivenvelocity appearsin thesubinterval v, v + dv.

In orderto find the numberof velocitiesappearingin eachinterval we will employ the Metropolis
algorithm.A pseudocodefor this is

f or ( mo nt e c ar l o _cy cl es =1; M ax_cycl es ; mo nt e c ar l o _cy cl es ++) {
. . .
/ / change sp eed as f u n c t i o n o f d e l t a v
v_change = (2∗ ran1(& idum) −1 ) ∗ del t a_ v ;
v_new = v_ol d+v_change;
/ / en erg y change
del t a_E = 0.5∗ ( v_new∗v_new − v_ol d∗ v_ol d ) ;
. . . . . .
/ / M e t r o p o l i s a l g o r i t h m b e g i n s h ere

i f ( ran1(& idum) <= exp(−bet a∗ del t a_E ) ) {
a c c ept _st ep = a c c ept _st ep + 1 ;
v_ol d = v_new ;
. . . . .

}
/ / t h e r e a f t e r we must f i l l i n P[N] as a f u n c t i o n o f
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/ / t h e new sp eed
P[ ?] = . . .

/ / upgrade mean v e l o c i t y , en erg y and v a r i a n c e
. . .

}

a) Makeyourown algorithmwhichsetsup thehistogramP (v)dv, find meanvelocity, energy, energy
varianceandthenumberof acceptedstepsfor agiventemperature.Studythechangeof thenumber
of acceptedmoves asafunctionof δv. Comparethefinal energy with theanalyticresultE = kT/2
for onedimension.UseT = 4 andsettheintial velocity to zero,i.e.,v0 = 0. Try differentvalues
of δv. A possiblestartvalueis δv = 4. Checkthefinal result for the energy asa function of the
numberof MonteCarlocycles.

b) Make thereaftera plot of ln(P (v)) asfunction of E andseeif you get a straightline. Comment
theresult.

9.7 Physicsproject: RandomWalk in two dimensions

For this projectyou canbuild uponprogramprograms/chapter9/program2.cpp (or thef90 version).You
will needto computetheexpectationvalues〈x(N)〉, 〈y(N)〉 and

〈∆R2(N)〉 = 〈x2(N)〉 + 〈y2(N)〉 − 〈x(N)〉2 − 〈y(N)〉2

whereN is thenumberof time steps.

a) Enumerateall randomwalks on a squarelattice for N = 2 andobtainexact resultsfor 〈x(N)〉,
〈y(N)〉 and〈∆R2(N)〉. Verify your resultsby comparingyour MonteCarlosimulationswith the
exactresults.Assumethatall four directionsareequallyprobable.

b) Do aMonteCarlosimulationto estimate〈∆R2(N)〉 for N = 10, 40, 60 and80 usingareasonable
numberof trials for eachN . Assumethatwe have theasymptoticbehavior

〈∆R2(N)〉 ∼ N2ν ,

andestimatetheexponentν from a log-log plot of 〈∆R2(N)〉 versusN . If ν ≈ 1/2, estimatethe
magnutideof theself-diffusioncoefficient D givenby

〈∆R2(N)〉 ∼ 2dDN,

with d thedimensionof thesystem.

c) Computenow thequantities〈x(N)〉, 〈y(N)〉, 〈∆R2(N)〉 and

〈R2(N)〉 = 〈x2(N)〉 + 〈y2(N)〉,

for the samevaluesof N as in the previous casebut now with the stepprobabilities2/3, 1/6,
1/6 and1/6 correspondingto right, left, up anddown, respectively. This choicecorrespondsto
a biasedrandomwalk with a drift to the right. What is the interpretationof 〈x(N)〉 in this case?
Whatis thedependenceof 〈∆R2(N)〉 onN anddoes〈R2(N)〉 dependsimply onN?
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d) Considernow a randomwalk that startsat a site that is a distancey = h above ahorisontalline
(ground). If theprobability of a stepdown towards thegroundis biggerthantheprobability of a
stepup, we expect that the walker will eventually reacha horisontalline. This walk is a simple
modelof thefall of araindropin thepresenceof arandombreeze.Assumethattheprobabilitiesare
0.1, 0.6, 0, 15 and0.15 correspondingto up, down, right andleft, respectively. Do a MonteCarlo
simulationto determinethemeantime τ for thewalker to reachany siteon theline atx = 0. Find
thefunctionaldependenceof τ onh. Canyou defineavelocity in theverticaldirection?Sincethe
walkerdoesnotalwaysmovevertically, it suffersanetdisplacement∆x in thehorizontaldirection.
Compute〈∆x2〉 andfind its dependenceonh andτ .
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