3.11 Eigenvalues and Eigenvectors, Spectral Repre-
sentation

3.11.1 Eigenvalues and Eigenvectors

A vector @ is eigenvector of a matrix K, if K¢ is parallel to ¢ and ¢ # 0, i.e.,

Kop=kp

k is the eigenvalue.

If ¢ is eigenvector of ‘K, then its components satisfy

Z Vi = kg
or

YK = ki

and ¢ is called left eigenvector of K; ¢ is called right eigenvector of K.

The equation for ¢ can be written as

(K —kl)p=0

This has a non-zero solution ¢ if and only if

det (K —k1)=0

For an n X n matrix, the determinant is a polynomial of degree n in k with at most n
district roots. For every root 1 eigenvector. For a repeated root, there may be an many
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linearly indepedent eigenvectors as the multiplicity of the root, but in general there may
be no more than one.

For further discussion, assume matrices of the form that det (K — k1) = 0 with n distinct
simple roots

ki(i =1, ---,n) with eigenvectors ;.
@; linearly independent and span space K — basis vectors.

Further:

det (K — k1) = det (‘K — k1)

= for each k;, there is a left eigenvector v); and a right eigenvector ¢; such that

Kop; = kip; and ;K = ki

For kz 7é kj, Zbl L Py and 'I,/)j 1 (o7

ki (i, 05) = (i, Kgj) = (¥ 'K, ;) = ki(i, 95)

Since v; perpendicular to all vectors ¢; with j # ¢ — 1); cannot be perpendicular to ¢;,
then it would be zero.

= (i, ;) #0 — normalized such that

(i, 0) =1

— (%‘;%‘) = 0;j

—  Sets {¢;} and {y;} are called reciprocal.
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3.11.2 Spectral Representation

Use set {¢;} as basis =

Each vector f can be written as:

= Z fipi

where f; are the components of f with respect to basis ¢;. Components are inner
product of f with left eigenvectors:

(v5, f) = Z filj i) = > fidij = [

k

— f= Z Spi('lv/}iaf)

Use left eigenvectors as basis (reciprocal basis) —

7

Notation: (ab)ij é aibj

Then identity can be represented as

1= Z ©i;

Apply K on vector f:
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Kf= Z K%’(wz’,f) = Z ki%(wz',f)

With respect to basis {¢;}, K acts like a diagonal matrix. Since above equation is valid
for arbitrary f =

K = Z kot

This is the spectral representation of matrix K.
The set of eigenvalues k; is called the spectrum of K.

—  For any positive n:

K" = Z ki i

and interpret K° £ 1
For the inverse: K '= Y, ki_lgoiwi.

If any eigenvalue k; = 0, then K does not have an inverse.
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3.12 Singular Value Decomposition (SVD)

Theorem: Let A be an arbitrary (complex) m X n matrix

Ae M(m xn,C)

1. There exists a unitary matrix U € M(m x m,C)(UT = U~!) and a unitary matrix
Ve M(nxn,C)(VT=V"") such that Ut AV = ¥ is a m x n "diagonal” matrix
of the following form:

E:<10)8> D = diag(o—la"'ao—r);o—lzo—z"'ZUT>O
where oy, ---,0, are the nonvanishing singular values of A and r = rankA.
2. The nonvanishing singular values of AT are also given by oy, - -, 0.

The decomposition

A=UxX V"

is called singular value decomposition.
Preliminaries:

1. We know that for every Hermitian matrix A € M (n xn, C) there is a unitary matrix
U e M(n x n,C) with

A0
U AU = : , MER
0 A

and a Hermitian matrix A is positive (positive semidefinite) if and only if the eigen-
values of A are positive (non-negative).
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2. An arbitrary matrix A € M(n x n,C) is called normal if there exists a unitary
matrix U € M(n x n,C) such that

U AU =

So, Hermitian matrices are normal.
What can be done if A € M(m x n,C)?
Then

AAT € M(m xm,C) to Hermitian.
Proof: (AAT)T = AAT

and ATA € M(n x n,C) is Hermitian

(ATA)T = ATA

and A1 A is positive semidefinite via construction.

2

—  Eigenvalues \; < 0 can be written as \; = o;. The numbers o; are called

singular values of A.
Proof of the theorem by induction on m and n:

1. m=0,n=0 — nothing to prove.

2. Assume that theorem holds for matrices AY € M((m—1) x (n—1),C), ie.,
there exists unitary matrix U € M((m — 1) x (m — 1), C); unitary matrix V €
M((n—1) x (n—1),C) such that

with D = diag (03, -+ ,0,) and 02 > 02> -+ 02 > 0.
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3. Show under assumption (2) that theorem holds for A € M(m x n,C).

Let largest singular value of A be 07 > 0 (for 0y =0 — A =0, since o; should be
largest).

Let z; # 0 be eigenvector of AT A with eigenvalue o%, ie., ATAr; = o?z; and

| @1 []=1.
Now find additional n — 1 vectors xs,x3, - -+ ,x, € C" such that matrix
X = (x1,29, -+ ,x,) € M(n x n,C) is unitary; i.e., XTX = 1.
X
Xt
X is the column X; =
Ty
|| Al‘l ||2= <Al‘1 | A.ZL’1> = I‘TA+AZL’1 = fo%l‘l = O'% || X1 ||: o1 >0

Define y; = L Az; € C™, with ||y ||?= 1450 =1,

1y, are well defined.

Find additional (m — 1) vectors y;, - - -, y, (orthogonal) such that

Y = (y1, 42, - Ym) € M(m x m,C)

is unitary, i.e., YTY = 1.

Look at components of this matrix equation:

tylyl =01, 1in general Z yz*eyej = Z y:iyej = 5ij
¢ ¢
Take unit vectors e} € C" and e* € C™ and take 'matrix elements’ of Y TAX
Y+AX6717’ = Y+A11'1 = O'1Y+y1 = 0'167171 e C™ (393)

1
(YTAX)Tel" = XTATYe" = XTATy, = — XTATAx,
01

= O'1X+.’E1 = 0'16717' S Ccn
— (e | YTAX |e]) = oy
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or

o - 0

YTAX =

N

with A € M((m —1) x (n —1),C).

According to induction hypothesis, there are unitary matrices U,V such that A can be

written as UTAV = 3 = <10) 8 WithD:diag(JQ, coyo,)and o3 > 08 > - >
o2 > 0.
Now define
10
U = Y-( ~> € M(m x m,C) (3.94)
0 U
Vo= x- [P Y ) emmxn 0
= 07 nxn,
1 0 1 0
+ _ ) + )
= UTAV = <0U+>YAX<0V> (3.95)
- 1 0 op 0 1 0 - 1 q o1 ONN
- 0 U* 0 A 0V - 0 U* 0 AV
()-8
= e = - =
0 UTAV 0 X 0 0
D 0
(2
with D = diag(oy,09, -+ ,0,), L€ M(m xn,C)and 03 > 05> -+ >02>0
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0?2 = Mnaz(ATA) according to choice at beginning.

rank A =rank (UTAV) =rank ¥ =r

Still to prove that o? > o2 and that o; are the singular values of A. Consider

ST =VTATUUTAV = VTATAV = diag(o}, 03, -+ ,07)

rYr

Since V' is the unitary matrix diagonalizing A*A and A" A Hermitian, thus the unitary
matrix V' exists.

— 0%,03, -+ ,0? are eigenvalues of ATA =
02,02, -+ ,0, are the nonvanishing singular values of A.
Because

0F = Moz (ATA) = o} >0}

Shown that there exists a decomposition

UtAV =% or A=UX V™"

with U=! = U+, V-1 = V* and

UeM(mxm,C); VeMnxnC); AX €r(mxn,C)

Columns of U represent m orthogonal eigenvectors of AAYT € M(m x m, C).
Columns of V' represent n orthogonal eigenvectors of ATA € M(n x n,C).

Easy to see:
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UtAATU = UTAVVHATU = ©
i.e., U diagonalizes AAT with eigenvalues 0%, -+ o

VHATAV = VFAYUUTAV = S+ Y,

2

i.e., V diagonalizes AT A with eigenvalues o2, - - -, 02

Side Remark:

Definition: The Pseudoinverse (or Moore-Penrose inverse) of an arbitrary matrix
A€ M(m x n,C) is a matrix A, € M(n x m,C) with

1. A, A= P, where P is the orthogonal projector

P . C" - N(A); NA) = {x € C" Az =0}

AA, = P, where P is the projector

P . C" — R(A); R(A) = {Az e C™ z € C"}

Build the 'pseudoinverse’ A, of matrix A € M(m x n, C):

D 0

+ _ _
We have UTAV = ¥ = <0 0

) ) D :diag(a—la T 70r)

— X, € M(n x m,C) easy to obtain:
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for A=U XV define Ay := VX, U"
and in principle the properties of a pseudoinverse have to be checked.
— for m = n (square matrices)

A =U ¥ V7 can be inverted to give

0 0 01 Or

—1
Alzv’<D 0>U+zmm Dlzdmg<iw-~,i>

Application of SVD:

Solve system of homogeneous or inhomogeneous linear equations:

Av=b — z=A"
Since one can calculate A~!, even if A singular or ill-determined — good way to solve
x = A~'b. Considerations about solution space are easy:
Lookat A~z =0 = (UXV*t)z=0.
Solution are in Ker A : then any column of V' which corresponds to o; = 0 are € Ker A.
For A - x = b, has only solution if b € Im(A).

If b € Im(A), then one still can construct a ”solution” vector, which will not solve A-x = b,
but be closest possible solution in a least square sense, i.e., one finds X which minimizes

|A-z—b| (3.96)

restdual solution

r

A
T =

(See Numerical Recipes, p. 54.)
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Construct Orthonormal Basis:
Ae M(mxn,C) or M(mxn,R)
Matrix U € M(m x m, C(R)) represent the orthogonal eigenvectors of AAT —

Columns of U are desired orthonormal system of eigenvectors.

2
)

—  If some of the o
dimension < m.

= 0, then the space spanned by the column vectors of U has

Approximation of Matrices:
A=UX VT

with elements

Ay = Z UichSka}-m (3.97)
km km
k=1

If only o, with r < m are # 0, then matrix A can be approximated by ’smaller’ matrix.

Then consider

AX = D Ayai= ) D owvuavi - T (3.99)
J ik

= Z OrUik Z Vi (3100)
k J

If & < m, then the evaluation of A -z requires k(m + n) multiplications which is in that
sense smaller than m - n multiplications needed to evaluate 3>, Ajjx; for all ¢.
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