
44In this form, the optical potential enters the partial wave Lippmann-Schwingerequation given in Eq. (3.22). In practical calculations, the number of L values neededto represent the nuclear optical potential at the level of accuracy required throughthe partial wave components UJL(k;k0) can be as large as 40 for a 40Ca target at 200MeV, and 80 for a 208Pb target at the same energy. For high values of L an accuratecalculation of Eq. (3.32) becomes increasingly di�cult due to the oscillatory characterof the Legendre polynomials PL(cos(�)). This problem can be alleviated throughthe use of the three-dimensional Born approximation to the scattering amplitude toaccount for the in�nite set of L values satisfying the condition L > Lc, where Lcis chosen such that the Born approximation is accurate. We typically have as acondition for LC where at this critical value 0.1%-0.5% di�erence occurs using theBorn approximation.
3.3 The Scattering ObservablesThe most general form for the scattering amplitude for spin 0-spin 12 scattering isgiven as h� 12 ; � 0jM(E)j� 12 ; �i = ��(2�)3hk0; 12 ; � 0jT (E)jk; 12 ; �i; (3.34)where � 12 are the Pauli spinors [30, 31], k and k0 are the initial and �nal momen-tum. In elastic scattering jkj = jk0j. The projection of the spin state on the axis ofquantization is given by � and � 0, and the reduced mass � is de�ned relativistically



45as � = qEproj(k)Etarget(�k)Eproj(k0)Etarget(�k0)Eproj(k) + Etarget(�k) : (3.35)The matrix M of Eq. (3.34), is an element in the spin space which is composed ofthe Pauli spin matrices �x; �y; �z [30] and the unit matrix 1. Thus the most generalform of M can be given asM = A � 1+ 3Xi=1 �i �Ci = A � 1+ ~� � ~C; (3.36)where A, and Ci are complex functions of the momenta vectors. A set of three linearlyindependent vectors can be constructed from k and k0, namely k � k0 and k � k0.Since we also require parity conservation, only the term k� k0 can contribute.Under these assumptions (parity conservation and rotational invariance) the mostgeneral form of the scattering amplitude is thus given byM = A � 1+ C~� � (k̂� k̂0): (3.37)Using the normal vector N̂ (Eq. 3.5), we obtain for the most general form of MM = A(k; �) + ~� � N̂C(k; �); (3.38)where k = jkj = jk0j. The �rst term A(k; �) cannot induce any change of the spin,C(k; �) does. Thus C(k; �) is sometimes called the spin-ip amplitude.The amplitudes A(k; �) and C(k; �) are obtained from the partial wave solutionsof the NA Lippmann-Schwinger equation as described in the previous section startingwith Eq. (3.22). They are explicitly obtained as:A(k; �) = 1XL=0[(L + 1)fL L+ 12 (k) + LfL L� 12 (k)]PL(cos �) (3.39)



46and C(k; �) = 1XL=0(fL L+ 12 (k)� fL L� 12 (k))P 1L(cos�): (3.40)The functions fL J(k) are obtained from the partial wave NA t-matrix elements viafL J(k) = ��hc(2�)2�TL J(k; k); (3.41)where � is given in Eq. (3.35).Now we explicitly derive the expressions for the scattering observables which canbe obtained in spin 0-spin 12 scattering. We start from Eq. (3.38), and realize thatwe can choose a coordinate system such that the normal vector, N̂, points in the ydirection. Thus one only has to consider � � N̂ = �y. This means that one obtainsthe scattering amplitude for the scattering of nucleons of some initial spin state toan some �nal spin state by placing the operator A + C�y between the Pauli spinorsfor these polarisation directions. The corresponding cross-section is then the absolutevalue of this amplitude squared. In the usual representation of the spin matrices,where �z is diagonal, we have the Pauli spinors:
�+x = 1p2 0BBBBBB@ 11

1CCCCCCA ��x = 1p2 0BBBBBB@ 1�1
1CCCCCCA

�+y = 1p2 0BBBBBB@ 1i
1CCCCCCA ��y = 1p2 0BBBBBB@ i1

1CCCCCCA



47�+z = 0BBBBBB@ 10
1CCCCCCA ��z = 0BBBBBB@ 01

1CCCCCCA : (3.42)As an example, the cross-section for +ŷ ! +ŷ scattering (polarisation out of thescattering plane) is given byd�d
(�;+ŷ ! +ŷ) = j�y+y(A + C�y)�+yj2= ������������ 1p2 ( 1; �i ) 26666664A + C 0BBBBBB@ 0 � ii 0
1CCCCCCA37777775 1p2 0BBBBBB@ 1i

1CCCCCCA������������
2

= jA+ Cj2: (3.43)For the other spin orientations one obtainsd�d
(�;+ŷ ! �ŷ) = j�y+y(A+ C�y)��yj2= ������������ 1p2 ( 1; �i ) 26666664A+ C 0BBBBBB@ 0 � ii 0
1CCCCCCA37777775 1p2 0BBBBBB@ i1

1CCCCCCA������������
2

= j0j2; (3.44)and similarly d�d
(�;�ŷ ! +ŷ) = j0j2. These relations show that the operator jA+C�yjcan rotate spins about the y axis, but cannot change +ŷ into �ŷ. For completenesswe also showd�d
(�;�ŷ ! �ŷ) = j�y�y(A+ C�y)��yj2



48= ������������ 1p2 ( �i; 1 ) 26666664A+ C 0BBBBBB@ 0 � ii 0
1CCCCCCA37777775 1p2 0BBBBBB@ i1

1CCCCCCA������������
2

= jA� Cj2: (3.45)The unpolarised cross-section, d�d
(�), is a sum of the cross-sections for the �nalstates and an average of the initial states. If we de�ne the cross-section for an averageof initial states asd�d
(�; i! +ŷ) � d�d
(�;+ŷ ! +ŷ) + d�d
(�;�ŷ ! +ŷ)d�d
(�; i! �ŷ) � d�d
(�;+ŷ ! �ŷ) + d�d
(�;�ŷ ! �ŷ); (3.46)we can then write the unpolarised cross-section as a combination of the two equations(all initial states to all �nal states)d�d
(�) = 12 " d�d
(�; i! +ŷ) + d�d
(�; i! �ŷ)# ; (3.47)which becomes using Eqs. (3.43-3.45)d�d
(�) = 12 hjA(�) + C(�)j2 + j0j2 + j0j2 + jA(�)� C(�)j2i= jA(�)j2 + jC(�)j2; (3.48)where there is assumed to be an implicit dependence on the elastic momentum, k.The elastic cross-section, �el, is de�ned as an integration over all angles of thecross-section of Eq. (3.48)�el = 2� Z �0 (jA(�)j2 + jC(�)j2) sin �d�: (3.49)



49We may also obtain �tot which is a combination of the elastic cross-section and thereaction cross-section, �reac, �tot = �el + �reac: (3.50)The total cross-section is found by using the optical theorem [30]. The M matrixobeys unitarity relations which give for spin 0-spin 12 elastic scattering�tot = �4�k Im(M(� = 0)) = �4�k Im(A(k; 0))): (3.51)This equation implies that the C amplitude is zero at exact forward scattering whichis true by de�nition, because k̂ = k̂0. We can then �nd �reac by using Eq. (3.50).In order to obtain the analyzing power, the spins of the outgoing projectiles aremeasured, while the incident beam may be unpolarised. If the di�erence between the+ŷ and �ŷ cross-section is taken and the result divided by the unpolarised cross-section, we obtain the analyzing power AyAy = d�d
(�; i! +ŷ)� d�d
(�; i! �ŷ)d�d
(�; i! +ŷ) + d�d
(�; i! �ŷ) (3.52)By using Eqs. (3.43-3.48), we can write this asAy = 12 jA(�) + C(�)j2 � jA(�)� C(�)j2jA(�)j2 + jC(�)j2= A�(�)C(�) + A(�)C�(�)jA(�)j2 + jC(�)j2= 2Re(A�(�)C(�))jA(�)j2 + jC(�)j2 : (3.53)Equivalently, Ay can be measured by sending a beam of polarised protons along+ŷ and measure the total cross-section at angles � and �� in the scattering plane.



50From the de�nition of the normal vector N̂ , these measurements use N̂ 's of oppositedirections and hence give rise to the same combinations A+ C and A� C.The last independent measurement involves the rotation of the spin vector in thescattering plane, i.e. protons polarised along the +x̂ axis have a �nite probabilityof having the spin polarised along the �ẑ axis after the collision [34]. Consider anincident polarised beam along +x̂ and a vector which describes the polarisation in thez-direction of the scattered protons. The observable describing this `rotation' of thespin in the scattering plane is called the spin rotation parameter, Q, and is de�nedas the di�erence of the cross-sections for +ẑ and �ẑ states, divided by the sumQ = d�d
(�;+x̂! +ẑ)� d�d
(�;+x̂! �ẑ)d�d
(�;+x̂! +ẑ) + d�d
(�;+x̂! �ẑ) : (3.54)As done earlier in this Section, we can explicitly calculate the di�erent terms inEq. (3.54):d�d
(�;+x̂! +ẑ) = j�y+x(A+ C�y)�+zj2= ������������ 1p2 ( 1; 1 )26666664A+ C 0BBBBBB@ 0 � ii 0
1CCCCCCA37777775 1p2 0BBBBBB@ 10

1CCCCCCA������������
2

= 12 jA+ iCj2; (3.55)and d�d
(�;+x̂! �ẑ) = j�y+x(A+ C�y)��zj2



51= ������������ 1p2 ( 1; 1 )26666664A+ C 0BBBBBB@ 0 � ii 0
1CCCCCCA37777775 1p2 0BBBBBB@ 01

1CCCCCCA������������
2

= 12 jA� iCj2: (3.56)Using the results of Eqs. (3.55,3.56), Eq. (3.54) can be written asQ = 12 jA(�) + iC(�)j2 � jA(�)� iC(�)j2jA(�) + iC(�)j2 + jA(�)� iC(�)j2= i(C(�)A�(�)� A(�)C�(�))jA(�)j2 + jC(�)j2= 2Im(A(�)C�(�))jA(�)j2 + jC(�)j2 : (3.57)Notice that Ay and Q do complement each other. The Ay is a measure of any spindependence out of the scattering plane, while Q is a measure of spin dependence inthe plane. The following relation can be seen from Eqs. (3.53,3.57)Ay2 +Q2 � 1: (3.58)Spin observables are a tool used in probing the nuclear structure and force. Asan example of experimental data using these observables we have plotted an elasticcollision of a 200 MeV proton on calcium 40 (40Ca (p,p)) in Fig. 3.2. Because thespin observables are normalized with the cross-section they only vary from -1 to 1 (nounits), while the cross-section is measured in barns which is 10�28m2.
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Figure 3.2: The angular distribution of the di�erential cross-section ( d�d
 ), analyzing power(Ay) and spin rotation function (Q) are shown for elastic proton scattering from 40Ca at200 MeV laboratory energy. The data are taken from Ref. [35].


