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ABSTRACT. It is shown that a ring for which every CS right
module is £-CS is right artinian. As a consequence, it i3 also shown
that over a ring R every direct sum of CS right R-modules s CS iff
R is right artinian and the composition length of every uniform right
R-module is at most 2.

We consider associative rings and all modules are unitary modules.
A module M is called a CS module if every submodule of M is essential
In a direct summand of M. CS modules are a generalization of injective
modules. As is well-known, a ring R is right noetherian iff every direct
sum of injective right R-modules is injective (Matlis-Papp Theorem, see
[2]). In this note we Investigate the structure of rings over which direct
sums of CS right modules are CS. A module M is called a (countably) -
CS module if the direct sum of (countably many) arbitrary many copies
of M is CS. For more details about CS modules we refer to [1].

Recently, J.L. Gémez Pardo and P.A. Guil Asensio [3] have ob-
tained an interesting result which says that any £-CS module is a direct
sum of uniform modules. As a consequence of this they have shown that
a ring R is right noetherian if every CS right R-module is T-CS. We will
Improve the latter result by showing in Theorem 2 that such a ring is
actually right artinjan.
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It was shown in [5] that if R is a right nonsingular ring, then R s
right artinian and every uniform right R-module has composition length
at most 2 if and only if every direct sum of CS right R-modules is CS.
In this note we will show that the result holds even if one removes the
condition of right nonsingularity (Corollary 3).

We start with the following lemma.

Lemma 1. Let R be a semiprime right Goldie ring. If every uni-
form right ideal of R is countably T-CS, then R is semisimple artinian.

Proof. Let E = E(Rg) be the injective hull of Rg. Then E =
E, @ ® E, where each E; is uniform and injective. We claim that
E = R, and therefore Ris semisimple artinian. Assume, on the contrary,
that E # R. Let S be the right socle of R. As R is semiprime and
right Goldie, it is known that S is 2 ring direct summand of R (see for
example Theorem 6.15 on page 106 of [4]). Write R=S&T. Clearly S
is a semisimple artinian ring and T has a zero right socle. Hence without
loss of generality we may assume that Soc(Rgr) = 0. Now, there is at
least one E;, say E;, which is not contained in R. Let U = RN E;.
Then U is uniform, Soc(U) = 0 and Ur is not injective . By hypothesis,

U is countably T-CS, i.e. Uy is CS.

As R is semiprime right Goldie, we can use the known fact that
every uniform right ideal L of R with Soc(Lg) = 0 is isomorphic to a
proper submodule of Lg (see for example Corollary 3.3.3 on page 73 of
(6]). Hence U is isomorphic to a proper submodule V of U. Let f; be an
isomorphism V — U. Then f; can be extended to a homomorphism g1 of
U to E;. Set Uy = ¢1(U). Since U is uniform, we must have Ker(g1) =0,
therefore U; = U. Moreover Uy = g1(U) D aV) = AWV) =1,
ie. U, contains U properly. Next, because V =2 U = U, there is
an isomorphism f; of V onto U. Let g2 be an extension of f, to 2
monomorphism of U; into E;. Then U, = g(Uh) =t =2V, and U
contains U, properly. Since Ug is not injective, Uz # E1. In this way,
by induction, we produce an infinite ascending chain of submodules:

(1) UlCUzC---CUic...,

where U; 2 U for all :. As UM is CS, it follows that T = oR, Ui 1s
also CS. Note that T is a nonsingular right R-module. Now we use 2
standard argument to derive a contradiction.

Set T' = URX,U;. Then T is 2 nonsingular module. Let ¢ be the
epimorphism from T = ®$2,Ui onto T’
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via o(zy,T9,- - 3Tm,0,0,....) =21+ 294 -4z, € U, forall m € N.
Then for each n € N,

o(®=1U;) = o(Uyn) = U,.

We have T' = T/Ker(¢). As T' and T are both nonsingular right
R-modules, Ker (y) is closed in T and hence it is a summand of T.
Set T = Ker(p) @ W where W = T". Then W is also uniform and
nonsingular. There exists a I € N such that W; = W n T(l) # 0, and so
W) is essential in W, where T()=U,®--- @ U;. On the other hand,
since T(1) is CS, W is also essential in a direct summand W of T(1).
The nonsingularity of T' then implies that W = W C T(l). It follows
that T = ¢(T) = (W) C ©(T(1)) = Ui, a contradiction to (1). Thus
E=R O

We remark that for the ring Z, every ideal U of Z is finitely £-CS,
that is, U™ 1s CS for any n € N. But Z is not artinian. Hence the
condition in Lemma 1 can not be weakened.

Theorem 2. If R is ring such that every CS right R-module is
X-CS, then R is right artinian.

Proof. By [3], Ris right noetherian. Let N be the prime radical of
fi. Then every uniform right ideal of R/N is £-CS as a right R-module.
Consequently, it is also £-CS as a right R/N-module. By Lemma 1,
R/N is semisimple artinian. Since N is nilpotent, we conclude that R
1s right artinian. [J

Notice that the converse of Theorem 3 is not true in general. As an

example, let R = [ EO{ g . Then R is right CS, right and left artinian.

However (R ® R)g is not CS.

As an application we can prove the following

Corollary 3. For ¢ ring R the following conditions are equivalent:
(¢) R is right artinian and every uniform right R-module has com-
position length at most 2.

(b) Every direct sum of C§ right R-modules is CS.

Proof. (a) = (). Since R is right artinian, every CS right R-
module is a direct sum of uniform right R-modules (cf. [7]). Let A be
a direct sum of CS right R-modules. It follows that A — BierA:, where
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each A; is uniform. By (a), [(4;) < 2 for every ¢ € I. If I(A;) = 2 then
A; = E(A;) since the length of E(E;) must be also 2, where E(A;j) is
the injective hull of A;. Therefore, 4; is injective whenever I(4;) = 2.
Hence Ag is CS by [1, Lemma 8.14}, proving (b).

(b) = (a). (b) implies that every CS right R-module is 2-CS.
Hence R is right artinian by Theorem 2. In addition, by [5, Lemma 12],
every uniform right R-module has composition length at most 2. 0

We conclude by mentioning that it was shown in [4] that over the

% E every direct sum of CS right R-modules is CS, but
R itself is not right CS.

ring R =
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