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WHEN IS EVERY MODULE WITH ESSENTIAL SOCLE A
DIRECT SUMS OF QUASI-INJECTIVES?

K. BEIDAR AND 5 K. JAIN

ApstracT. In the present paper we study the structure of rings, over which

we direc

casential extensions of semisimple modual

sumes of quasi injectivos.

In the special case of commutalive rings these rings are preciscly artinian PIR
and so every module over such rings is a direct sum of cyclics as characterized

by Kother and Cohen-Kaplansky.

1. Introduction

All rings considered in this paper have unity and all modules are right unital.
Given a module AL, let Soc(Al) and E(A) denote respectively the socle and the
injective hull of A/, The notation N C, A means that N is an essential submod-
ule of AL, Recall that M is quasi-injective iff AL is invariant under End(E(A)).
Next, recall that Al is called q.f.d. if every factor module of A7 has finite uniform
dimension. A ring I is said to be right .f.d. if Ry is q.f.d.

It was proved in [1} that a ring R is right noctherian il and only if esscntial
extensions of direct sums of injective R-modules are again direct sums of injective
R-modules. The purpose of the present paper is to investigate the structure of rings
R satisfying the following condition:

(1) essential extensions of semisimple R-modules

are direct sums of quasi-injectives.
We show that it in addition /2 s a right g.t.d. ring, then 215 nght noctherian
(Theorem 2.2).

Making use of some interesting topological arguments involving the spectrum of
aring, we show that a commutative ring R satisfies (1) if and only if it is an artinian
PIR (Theorem 2.6). By invoking well-known characterisations given by Kéthe [6]
and Cohen-Kaplansky [3]. it then follows that such rings arc exactly conunutative
rings over which every module is a direct sum of eyclic modules.

2. Results
A family {N; i ¢ 7} of submodules of Mg is said to be independent. if
N YT Ni=0 forall jeT,
VRESY)

Lemma 2.1, Let R be a right q.f.d ving and let {S; | i € T} be a family of simple R-
modules. Let G = TiezE(Sh), let E = E(G) and let A = End(Ey). Then E = AG.
In other words. the quasi-injective hull of G coincides with the injective hull E of

G.
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Proof. Given x € I, it is enough to show that @ € AG. Since Rp is q.f.d., R
has finite uniform dimension. As Soc(E) = Soc(G) = @iezSi Ce L. we conclude
that Soc(wR) = Soc(E) N xR is a finitely gencrated essential submodule of xR,
Write Soc(eR) = £ T;, where cach T} is a simple module. Clearly there exist
pairwise distinct indexes 41,4, ... .4, € T such that 7; = .5;, forall j =1,2.... ,n.
Let U be an essential closure of xR in E. Obviously U is an injective module. Next,
lot I7; he an essential elosore of 75 in 17, 5 =1,2,. . n. Then cach U; is injective
and UV = (31-3’:]UJ because (p"_, T C,. k. Obviously cach U; =2 S(S,,‘) and so there
exists f € Asuch that f(07_,£(5;))) = @, U; = U. Wesce that aR C U C f(C)

and the proof is thereby complete.

Theorem 2.2. The following statements are equivalent for a ring R:

(a) R is vight ¢.f.d. and for any given famnily {S; | i = 1,2,...} of simple mod-

20 £(8S;) is the direct sum of quasi-injective

wles any essential extension of

modules:
(b) R is right noctherian.

Proof. In view of Bass-Papp theorem [8], the implication (h)==(h) is ahvious

(a)==(b) Let {S; | i = 1,2,...} be a family of simple modules, let G =
2 E(8;) and let E = £(G). According to [1, Theorem 1.3], a ving R is right
noetherian if and ounly if essential extensions of direct sums countably many of in-
joctive hulls of simple niodules are direct sums of injectives. Therefore it is enough
to show that any submodule G C M C E is a direct sum of injective modules. Let
G C AL C E. Since ©22,5; = Soc(G) C. G C. M, it follows from our assumption
that M = Gpex U where cachh Uy s a nonzero gquasi-injective module.

Clearly Soc(U) = Soc(G) NUy C, Ug for all k € K. We claim that cach Uy is
an essential extension of a direct sumn of injective hulls of simple modules. Since
Soc(Ug) G, Uy. it is cnough to show that together with any simple submodule T

the module U, contains its injective hull. As T C (052, 5;, there exists a positive

integer n such that T C €', S;. Therefore T is contained in the injective submodule
S E(S) € G C M and so there exists an injective submodule U of &L, E(S;)
contaming 1 as an essential submodule. Let 7y, @ M — U, be the canonical
projection. Then mx|7 is an identity map because T C Uy, Therefore i is a
monomorphism. We see that 7, (U) is an injective submodule of Uy containing T
as an essential submodule and our claim is proved. It now follows from Lemma 2.1

that each U is an injective module and the proof is thereby complete.

Through the rest of the paper R denotes a commutative ring. Let 7 be an infinite

sot. A family F of subsets of T s said ta be an alirafilter on T if
(a) Te Fand 0 & F;
(hy tnvVeFforallU,V e F;

(YifYeFandY CZCT, then Z € F;

(e) for any Y C Z,either Y € F,or Z\Y € F.

Denoting by UIt(Z) the set of all ultrafilters on 7, we note that [Ult(T)] = 27
by [1, Theorem 3.6.11). Let {F; | i € Z} be a family of fields, let B = [],.7 Fi
and let Spec(R) be the set of all prime ideals of R. Given a subset X' C 7, we
consider a characteristic function ey : 7 — {0,1} of X as an idempotent in 2. Let
P & Spec(R). Set

oAl

Fp={XCTlex Pl
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[t is well-kuown and casy to check that Fp is an ultrafilter on 7 and the correspon-
dence P — Fp determines a bijection Spec(R) — Ult(Z). Therefore
9 L PRl
(2) Spec(R)] =27 .

Let 7 ={1,2....}. It is well-known that there exists family {Z,, | o € {0. 1]} of
infinite subsets of 7 such that

(3) To NIy < oo forall o # 30,1
Indecd, for any number o € [0,1] there exists a sequence vy ..o Py
of distinet rational numbers such that limg_ocrn, = . Sct I, = {ny,nac .}

2

Obviously (3) is satisfied.

Lemma 2.3, Let R be a commutative ring such that cvery factor ring of R with
essential socle is a divecet sum of quasi-injective R-modules. Then Ry is q.f.d.

Proof. We claim that any factor ring A of R with essential socle is self-injective.
Indeed, by our assumption A = @rexlUr where each Uy is a quasi-injective R-
module. Since A4 is a cyclic R-module, |[K| < oo, As each Uy is a homomorphic
image of iy, it is also a ring. Thoerefore cach Uy bs a sellFinjective ring and so A,
being a finite direct sum of self-injective rings, is also self-injective.

Note that every factor ring of I? satisfies the assumption of the lemma.

Assutne to the contrary that Ry is not q.L.d. Then some factor ring A of R has
infinite uniform dimension. Therefore A contains an independent family {C; | i =
1.2....} of nonzero cyclic submodules. Let M, be a maximal submodule of Cii=
1.2,.... Set M = Zr*l M, 0 M; and note that (@22, C;)/M = | /\/
Setting B = A/M and 5; = C ,/J[,‘ i = 1,2,..., we see that the ring B contains
an independent family {S; |7 = 1,2,...} of simple submodules. Factoring out the
complement of %2, 5;, we reduce the proof to the case when €525, €. B. By
the above result B is a self-injective ring. Set S = Soc(B) = 4725, Since B is
self-injective, the canonical homomorphism of rings B — End(Sp) is surjective and
50 End(Sp) is commutative. Therefore S is square free and so End{Sp) = 1=, F

where cach F} == Elld(S,j) is a ficld. Therefore we may assume without loss of
generality that R = [[=, £, where cach £ is a field. It now follows from (2) that
(4 ISpec(R)| = 2°

where ¢ = 0, 1]].

Set I -{1,2,... Fand let {Z, | o« € [0.1]} beas in (3). Next, let e, : 2 — {0.1}
be the characteristic function of Z,, which we consider as an element of R = H;l [5.
It now follows from (3) that e es € Soc(R) = ¢ F, for all a # 3 € [0,1]. Let
Q = R/Soc(R) and let uy = eq4-Soc(R) € ¢, a 6 10, 1]. Obviously {u, | a € {0, 1]}
is a family of nonzero pairwise orthogonal idempotents of @@ and so {uQ \ a e

1]} is an independent family of ideals of . Arguing as above we get that there
exists a family of ficlds {Gy | o € [0,1]} such that the ring G = HUE{U,H Gy is a
homomorphic image of () (and so that of R). Therefore [Spee(G)| < |Spec(R)| = 2°
by (4). On the other hand, [Spec(G)| = 2% by (2), a contradiction. Thus Ry is
q.f.d.

Making use of Lenuna 2.3 and Theorem 2.2 together, we obtain the following

result.

Thecorem 2.4, Let R be a commutative ring such that essenticl catensions of
semisimple R-modules are direct sums of quasi-injectives. Then R is noetherian.
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Lot m be a maximal ideal of a commutative ring R, let S = R\ m and let
R,, = ST'R. It is well-known that R, is a local ring and a flat R-module and,
moreover, for any right R,,-modules Al and N,

(3) “()11'1(;"\ [1{, AVI{) = HO]II(J‘\[U,“ s J\‘YRW )

{sce [2]). Since R, is a flat R-module, any injective right R,,,-module is an injective
R-modnle canonically [8, Corollary 3.6]. It now follows from (5) that an R.,,-module
is quasi-injective if and only if it is quasi-injective as R-module. It is casy to sec
that an R,,-module is simple if and only if it is simple as an R-module. Therefore
for any R,,-module M we have that

(6) Soc(Mp,, ) = Soc(Mp).

If .V is a subnodule of A, then obviously Ny, C. Mp,, if and only if Ny C. My,

Remark 2.5. Let R be a commnutative ring with maxemal wdeal m. Suppose that
any right R-module with essential socle is a direct sum of quasi-injective R-modules.
Then cvery right R, -module with essential socle is a direct sum of quasi-injective

R, modules.

Proof. Let M be a right Rpy,-module with essential socle. By (6), Soc(Mp) C.

Mp and so Mp = GpexUp where cach Uy is a quasi-injective R-module. Given
ke K,x e Uy and s € R\'m, we have xs~ '€ M and so there exist Ay, ko, ...k, €
K with k; = k& and xp, € U, such that ws™! = x4, + ... + ap,. Therefore
ro= g S+ o+ ay, s forcing ap, = ... = g, = 0 and 287! = ap, € Uy, Hence

cach Uy is an R,,-module. By the above discussion, each Uy is a quasi-injective

R,,-module.

Theorem 2.6. For a commutative ring R the following conditions are equivalent:
(a) Essential extensions of sernisimple modules are direct sums of quasi-injectives.
(b) Every R-module is a direct sum of cyclic R-modules.

(¢) R is an artinian principal ideal ring.

Proof . (a)==(¢) Let A be a factor 1ing of R and let AL be an A-module with
essential socle. Clearly Soc(Mg) = Soc(d,) and so Soc(Mp) €. Mp. Therefore
My = DrexlUy where cach Uy is a quasi-injective R-module. Obviously Uy is a
quasi-injective A-module and so every factor ring of R satisfies the assumption in
(a).

By Theorem 2.4, R is a noctherian ring. Assume that R is local. We claim that
(7) R is an artinian principal ideal ring.

Let m be the maximal ideal of R. Then m? < m by Nakayama's lemma.  As
it was shown in the proof of Lemma 2.3, R/m? is a sclf-injective ring because
m/m? = Soc(R/m?2) C. R/m?2 On the other hand, R/m? is local and so R/m*
is an indecomposable R/m?-module. Therefore m/m? is a simple module. We sce
that there exists an element @ € R such that m = aR +m? and so Nakayama’s
lemma yields that 1 = aR. If ™ = 0 for some positive integer 7, then ™ = 0 and
so R is artinian by Akizuki-Cohen theorem [7, Corollary 23.12]. Note that in this
case every ideal of I contains some power of m.

Suppose that any nonzero ideal of R contains sone power of m. We claim that
R s a principal ideal ring and any nonzero ideal of R is equal to some power of
m. Indeed, lot U be a nonzero ideal of R and let k = max{¢ | m® C U}. Assume
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that m* # U. Since R/m” is a local artinian ring (and so its socle is essential),
it is sclfiinjective and hence the socle of R/m® is just a minimal ideal of R/mk".
Since (im* 1 /¥y = 0, we conclude that m#~1/m#* is the only minimal ideal of
the ting R/m*. As U/m* is a nonzero ideal of the artinian ring R/m”. it contains
a minimal ideal of R/m*. That is to say U/m* D m*~1/m* and so m*~! C U,
a contradiction proving our claim. We now see that to prove (7), it is enough to
show that a is nilpotent.

Assume to the contrary that a is not nilpotent. Then there exists a prime ideal
p of R maximal with respect to the property pN{a,a®,... ,a", ...} = (. Factoring
out p, we reduce the proof to the case when R is a local domain with maximal ideal
m = aR such that every nonzero ideal U of R contains some power of m. By the
above result R is a principal ideal ring and any ideal of R is of the form m* = a¥R.

Lot £ == {r/a" | v € R,n=0,1,...} be the ficld of quoticnts of R. It is well-
kuown that A — [/ is an injective R-module. Let @y, =« | R C M. It is casy
to sce that

(8) every proper submodule of A has the form 2, R for some n > 0.

Obviously &, R = {o € M | xa™ = 0} and so 2, R is invariant under any endomor-
phism of Af. That is to say,

(9) rn R is a quasi-injective R-module.

Set U = H;il TR, Vo= "y, R CU and

=
W= {ueU|uad" =0 forsomen > 1}.
Clearly 1 is a submodule of U containing V. If w € W and wa” = 0, then
w = (<I'1"1,--7"_’"2: FRIREPRUSIR I AT PRLTY PR T AT PRSI TR TR PR )

for some r; € R. Since @, = xpa®, nok = 1,2,..., we conclude that for every
{ > 1 there exists vy € V oand we € W such that w = ve + weat. Therefore W/V
is a divisible R-module. On the other hand, U (and so W) contains no nonzero
divisible submodules. Therefore, if W — W, & Wy with V' € W, then Wy = 0.
Indeed, W/V = Wy/V & Wy and so Wy is a divisible module forcing Wo = 0. In
order to get a contradiction to our assumption on a, it is enough to show that there
exist nonzero submodules Wy and Wa of W such that W = W, Vo and V C WY

Since 1 is a torsion R-module, any cyclic submodule of W is artinian aud so
Soc(W) C. W. By our assumption W = >, Q; where cach @; 15 a nonzero
quasi-injective module. Obviously, Soc(@;) C. Qi i € Z.

Given ¢ € 7, we claim that there exists a positive integer n, such thav Q; is
isomorphic to a direct sum of copies of 2, R. Let Sy and Sy be two simple sub-
modules of Q; and let Py and P be their essential closures in (Q; respectively.
Since §; ™ 1y R > S and £(R) = M, we conclude that cach P is isomorphic
to a submodule of A/, As W (and so @;) contains no nonzero divisible modules,
these submodules of A7 are proper. Thercfore (8) implies that Py = R and
P > xR for some positive integers & and €. Assume that k # £, say & > (. Then
R C, rpR. Let P be the submodule of 7 isomorphic to a¢R. Clearly P C,. I7y.
Let oo s PP — P be an isomorphism. Since Q; 1s quasi-injective, « can be extended
an cndomorphism of a @ Q; — Q. As P C. Py, a|p, 1s a monomorphism and so
Py o= o(P) <. o(P)) contradicting the choico of I%. Therefore & — € and so an
essential closure in @ of any simple submodule is isomorphic to a,, R where n; = k.
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Since Soc(@;) €. ;. Q, contains an essential submodule @ which is isomorplic to
a direct sum of copies of @, R.

Take any 0 # 2 € ;. Then za™ == 0 and 2a™ ! £ 0 for some positive integer 7.
Since R is a principal ideal ring, @R is isomorphic to a finite direct sum of modules
of the form o, R with t < n. As an essential closure in Q; of any of these modules
is isororphic to @, I, we conclude that n < n; and so xza™ = 0 forcing (J;a" = 0.
Therefore we can consider Q; as an R/m™-module. Note that R/m" -modules
1y, R oand R/m™ are isomorphic and so (9) yields that the R/m™-module v, I}
is injective. Taking into account that R/m™ is a noctherian ring, we infer from
Bass-Papp theorem that diveet sums of injective R/m™-modules are injective; in
particular. @ is an injective B/m™-module. As Q C, Q;, we get ) = @4, proving
our claim. We conclude that
(10)

We now claim that | 7] > ¢ where ¢ = [[0,1]]. Since | J| is equal to the uniform
dimension of Soc(1), it is enough to find au independent family {S, | o € [0.1]}
of simple submodules of W. Let {Z, | a € [0,1]} be a family of infinite subsct
of {1,2....} as in (3). We define clements z, € U, o € [0,1], as follows: z, =
(241 Zan....) € U where

@jeg Ty where cach Ty = xy, R.

L € 1f1€Ta,
e 0 ifi gL,

Obviously cach z, € W. Let 4 C [0,1] be a finite nonempty subset.  Given
301\ A [ZsNT\| < oo for all & € A. Recalling that [Zy] = oo, we conclude
that 7y € UneaZo and 80 25RN Y o 4 2o B = 0. We see that {za Rl e[0.1,} s
an independent family of simple submodules of W proving that [J] > c.

Recall that V = &2 2, R. Therefore there exists a countable subser K C J
such that V C W, = @pexTy. Set Wa = e kT By (10), W = Wy &1V, Since
1J1 > e, Wa # 0, a contradiction. Thus a is nilpotent and so R is a local artinian
principal ideal ring.

Considor now the general case. Let i be any maximal ideal of R By Remark 2.5
the ring R,, satisfics the assumption in (a) and so R, is a local artinian principal
ideal ring. Tt now follows from Akizuki-Cohen theorem that there exists a positive
integer n and local artinian rings R; such that R = HZI:I R;. Since each R; satisfies
the assumption in (a), we conclude that cach R; is a local artinian principal ideal

ring, proving (c¢).

(¢)=(a) By [5. Theorem 25.4.6A] every factor ring A of R is self-injective.
Therefore cvery cyclic R-module is quasi-injective. It now follows from [6. Theorem
25.4.6A, Theorem 25.4.2] that every R-module is a dircet sum of quasi-injective
modules.

The equivalence of (b) and (c) is well-know (sce [5, Theorem 25.4.6A. Theorem
25.4.2)).
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