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ABSTRACT. Let F be a field of characteristic not 2 . An associative F-algebra
R gives rise to the commutator Lie algebra R(™) = (R, [a,b] = ab — ba). If
the algebra R is equipped with an involution * : R — R then the space of
the skew-symmetric elements K = {a € R | a* = —a} is a Lie subalgebra of
R() . In this paper we find sufficient conditions for the Lie algebras [R, R] and
[K, K] to be finitely generated.

1. INTRODUCTION

Let F' be a field of characteristic not 2. An associative F-algebra R gives rise to
the commutator Lie algebra R(™) = (R, [a,b] = ab — ba) and the Jordan algebra
RY®) = (Ryaob = %
% : R — R then the space of skew-symmetric elements K = {a € R | a" = —a} is a

(ab + ba)). If the algebra R is equipped with an involution

Lie subalgebra of R, the space of symmetric elements H = {a € R | a* = a} is
a Jordan subalgebra of R, Following the result of J.M. Osborn (see[4]) on finite
generation of the Jordan algebras R™Y), H, 1. Herstein [4] raised the question about
finite generation of Lie algebras associated to R. In this paper we find sufficient

conditions for the Lie algebras [R(™), R(7)], [K, K] to be finitely generated.

Theorem 1. Let R be a finitely generated associative F-algebra with an idempotent
e such that ReR = R(1—e)R = R. Then the Lie algebra [R, R] is finitely generated.
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The following example shows that the idempotent condition can not be dropped.

Example 1. The algebra R = 0 Pl of triangular 2 X 2 matrices over the
x

polynomial algebra F[x] is finitely generated. However the Lie algebra
0 Fla]\ .
[R,R] = is not.
0 0
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Theorem 2. Let R be a finitely generated associative F-algebra with an involution
x : R — R. Suppose that R contains an idempotent e such that ee* = e*e = 0 and
ReR=R(1 —e—e")R = R. Then the Lie algebra [K, K] is finitely generated.

The following example shows that the condition on the idempotent cannot be

relaxed.

Example 2. Consider the associative commutative algebra A = F[z, y]/id(x?)

with the automorphism ¢ of order 2: p(x) = —z, p(y) = y. The algebra R =

. . ) a b s bu¥
M>5(A) of 2 x 2 matrices over A has an involution — . We have
c d ? a¥

[K, K] < 2Ms(F[y]), dimp|[K, K] = oo, which implies that algebra [K, K] is not
finitely generated.

W.E.Baxter [2] showed that if R is a simple F— algebra, which is not < 16
dimensional over its center Z then the Lie algebra [K, K|/[K, K] ﬂZ is simple.

Theorem 3. Let R be a simple finitely generated F'— algebra with an involution
*x : R — R. Suppose that R contains an idempotent e such that ee® = e*e = 0. Then
the Lie algebra [K, K|/[K, K] ﬂZ is finitely generated.

2. FINITE GENERATION OF LIE ALGEBRAS [R, R|

Consider the Peirce decomposition R = eRe+eR(1—e)+(1—e)Re+(1—e)R(1—e).
The components eR(1 — e), (1 — e)Re lie in [R, R] since eR(1 —¢) = [e,eR(1 — e)],
(1—e)Re=le, (1 —e)Re].

Lemma 1. The Lie algebra [R, R] is generated by eR(1 —e) + (1 — e)Re.
Proof. We only need to show that
[eRe,eRe]+[(1—e)R(1 —e),(1 —e)R(1 —e)] C Lie (eR(1—e),(1 —e)Re).

From R = R(1—e)R it follows that eRe = eR(1—e)Re. Hence an arbitrary element
from eRe can be represented as a sum Z a;bi,a; € eR(1—e),b; € (1 —e)Re. Now

K2

N | =

1
a;b; = a;ob; + §[ai,bi], where 2 oy = —(xy + yx). For an arbitrary element
¢ € eRe we have [a; o b;,¢] = [a;,b; o ¢c] + [bi,a; 0¢] € [eR(1 — e),(1 — e)Re]

and [[as, bi], c] = [ai, [bi, c]] = [bi, [as, c]] € [eR(1 —e),(1 — e)Re]. We showed that

[eRe,eRe] C [eR(1—e¢), (1 —e)Re]. The inclusion [(1—e)R(1—e), (1—e)R(1—e)] C
[eR(1 —e),(1 — e)Re] is proved similarly. Lemma is proved. O
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Definition 1. A pair of vector spaces (A~, A™) with trilinear products
AT X A7 x AT 5 AT A" x AT x A7 = A7, 0" xb 7 xc = (a”,b77,c7) € A7,

o =+ or —, is called an associative pair if it satisfies the identities
((x07y70'720')7u70,1}0) — (:I:U, (yfa',zcr,ufa'%,ud) — (,TU’yiU, (ZU7U70,’UU))

Example 3. The pair of Peirce components (eR(1—e), (1 —e)Re) is an associative

—0 0

pair with respect to the operations (a®,b~7,¢%) =a’b~%¢’.

Lemma 2. Let R be a finitely generated algebra and let e, f € R be idempotents
such that ReR = RfR = R. Then the associative pair P = (eRf, fRe) is finitely

generated.

Remark 4. In [8] it is proved that if R is a finitely generated algebra, e € R is
an idempotent such that ReR = R then the Peirce component eRe is a finitely

generated algebra.

Proof. Suppose that the algebra R is generated by elements a1, ..., a,. Suppose

further that a; = E QR UiLEViL = E Biruly fvl,, where 1 < i < m; sk, B € F;
k t
uik,vik,ugt, vgt are products in generators aq,...,a,. Let d denote the maximum

lengths of the products w, vik, s, vi, for all 4,k,t. We claim that the pair P is
generated by elements euf, fue, where u runs over all products in aq,...,a,, of
length < 3d+ 1. To prove the claim we need to show that for an arbitrary product
u = a;, ---a;y of length N > 3d + 1 the elements euf, fue lie in the subpair
generated by evf, fve, where v runs over all products in a1, ..., a,, of length < N.
There exist integers Ny, No, N3 such that N/3—1 < N; < N/3,1 < i < 3 and

N = N1 + N3 + N3 + 2. Let u = uja;uzajus, length (u;)) = N;, 1 <4 < 3. Then

a; = Zﬁkp;gf(ﬂw a; = Z%p;’qul, where B, v € F; p, q), py,q; are products in
k t

ai,...,am of length < d. Now euf = Zﬁk%eulpfch;cugp;'eqfugf. The lengths

ot
of the products uip), qpuzpy, q; us are less than N. The element fue is treated

similarly. Lemma is proved. ([

Remark 5. We don’t assume that the algebra R of Theorem 1 is unital. However
passing to the unital hull we see that if R is a finitely generated algebra, e €
R is an idempotent such that ReR = R(1 — e)R = R then the associative pair
(eR(1 —e), (1 — e)Re) is finitely generated.

We will need some definitions from Jordan theory.
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Definition 2. An algebra over a field F' of characteristic # 2 with multiplication
ao b is called a Jordan algebra if it satisfies the identities

(J1) zoy=you

(J2) (2% oy)ox =2%0(yox).

For references on Jordan algebras see [5, 7, 9].

An arbitrary associative algebra A gives rise to the Jordan algebra
1
AF) = (Aaob= §(ab + ba)).

Definition 3. A pair of F-spaces P = (P~, P") with trilinear products
PP x P77 x P? = P?,a° xb7 %7 = {a,b7%,¢°} € P7; 0 =+ or —;
a’,c® € P7,b77 € P79, is called a Jordan pair if it satisfies the following identities
and all their linearizations:
(1) {27,y 7 {27,277, 27}} = {2 {y™7,2%, 277}, 2"},
(J2) {27,977, 27}y 77,277 = {2 {y™7, 2%,y 7}, 27},
(J3) Ha% w727}, 277 {a%y 77 2%} = {27 {y ™7, {a, 277, 27}, y "7}, 27}
An arbitrary associative pair A = (A7, A%),a” x b7 x 7 — (a”,b77,c%) € A7
gives rise to the Jordan pair A = (47, AT) with operations {a®,b™7,¢"} =
(a%,677,¢%)+ (¢?,b7%,a%) € A7, 0 =+ or —.

For further properties of Jordan pairs see [6].
J.M. Osborn (see [4]) showed that a finitely generated associative algebra R gives
rise to the finitely generated Jordan algebra RM).

Lemma 3. Let A = (A, A") be a finitely generated associative pair. Then the
Jordan pair A is also finitely generated.

Proof. Suppose that the pair A is generated by elements a,...,a} € A™;
aji,...,a, € A7. Consider an (associative) product a = a;-'; aj, ai"; cea OJZH €
A", We claim that if the indices i1, . .. ,is+1 are not all distinct then a is a Jordan
expression in shorter products. We have
rty v ut = @ty utoTut futvTatyTut) —utoT Ty T
1
— (a0t} - et ety (1

* (see [9]) we get

Linearizing this equality in u
ety {ur, v ud} = {aty uf v ud Y+ {atyTud o uf Y — (el vty ud )

(2)
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Now (1) and (2) imply
rry utvTut et =Ty (wtoTut et T T u o u ) — 2ty Tt T u et
L (o= tY gt o=+ y— gt o=yt
=—zy {{uTvTuT 2Tt Ty Ttz uTv T

2

1 1
= §I+y_{{u+v_u+},f,t+} + §{$+y_t+,f, {ut, o7, u}}

1
- 5{{u+7,077u+}7 Z7$+y75 t+} - {I+y7t+ziu+7vivu+}
1
Lt eyt ) 3)

If i, = i4q, p < @, then a is an expression of the same type as the left hand sides of

(1), (3). Hence a is a Jordan expression in shorter products.

We showed that the Jordan pair A s generated by elements aj; aj;, ai‘z e aj ,
s+1

where the indices iy, ...,%54+1 are distinct, and elements a;, azg ---a;g aj,,,, where
Jiy-- -5 Js+1 are distinct. Hence the pair A s finitely generated. O

Proof of Theorem 1.

Proof. Let R be a finitely generated associative algebra with an idempotent e such
that R = ReR = R(1 — e)R. By Lemma 2 the associative pair

A= (eR(1—e), (1 —e)Re) is finitely generated. By Lemma 3 the Jordan pair A
is finitely generated as well. For arbitrary elements a?,c? € A%, 077 € A7, 0 = +
or —, we have {a”,b77,¢?} = [[a”,b”7],¢’]. This implies that generators of the
Jordan pair A generate the Lie algebra A~ +[A™, A*] + A*. Now it remains to
recall that A~ +[A7, AT] + A" = [R, R] by Lemma 1. Theorem is proved. O

3. FINITE GENERATION OF LIE ALGEBRAS [K, K.

Let R, * : R — R, be an involutive algebra with an idempotent e satisfying
ec* =e*e =0and ReR=R(1—e—€e¢*)R=R. Let s=1—e—¢€* # 0. For
an arbitrary element a € R we denote {a} = a —a* € K. Let R_y = eRe",
R_i =eRs+sRe*, Ry = eRe+e*Re* +sRs, Ry = ¢*Rs+ sRe, Ry = ¢*Re. Then
R=R s+ R_1+ Ryp+ Ry + Ry is a Z-grading.

Denote K; = KN R;, H; = HN R;, where H = {a € R|a* = a}.

Remark 6. By Lemma 2 the associative pair (R_s, Rg) is finitely generated. The
restriction of * is an involution of the pair (R_2, R2). However, —x is also an involu-
tion of (R_2, Ra). The Jordan pair (K_o, K5)is K((R—2, R2),*) = H((R—2, Ra), —%).
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An analog of Lemma 3 for associative pairs is not true: the Jordan pair of sym-
metric elements of a finitely generated involutive associate pair may be not finitely

generated. An example can be derived from the Example 2 above.

Lemma 4. Ky = [Ky, K], Hy = spanp{k*|k € K} and, similarly, K_o =
[K_1, K_1], H o = spanp{k*|k € K_,}.

Proof. Recall that the algebra R is generated by the elements ai,...,a,,. An
arbitrary generator a; can be represented as a; = Z QU SW; 5, where ayj € F'; v,
J
w;; are products in generators ai, ..., am, (may be, empty). Let a = a;, ---a;, be
an arbitrary product of generators. Applying the equalities above to the generator
a;, we get
e“ae = Zailje*viljswiljaiz e
= Zailj{e*viljs}{swiljaiQ s aiTe} € K1 K;.
Now K2 = {e*Re} = {KlKl} = [Kl,Kl];
Hy; ={e*ae+e*a"ela € R}
= {kiko + (kik2)*|k1, ko € K1}
= spanp{k’|k € K;}.

Lemma is proved. (|

Lemma 5. There exists a finite subset M_1 C K_1 such that Ry = M_1Rs +
RoM_1. Similarly, there exists a finite subset My C Ky such that R—y = M1 R_o+
R_oM,.

Proof. Represent each generator a; as a; = E ;v ew;;, where aj; € F; vy,
J
wy; are products in ay, ..., an(may be, empty). Consider an element e*as, where

a = a;, -+ - a;, and apply the decomposition above to a;,.. We'll get

s

* _ / * o . / /
e'as = E QG €7 gy U SeW; S

_ rE ) / /
= a; i€ @iy -alklvirj{ewirjs}.

It remains to choose M_; = {{ew; ;s}} € K_;. Lemma is proved. O
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Lemma 6. (1) Y K; C [K,K];

(2) [K, K] is genzj;)ated by K_1, K;.

Proof. (1) For arbitrary elements k1 = {sae},k_1 = {sae*}, a € R, we have
k1= [k1,e—¢€*], ko1 = [e—€*,k_1]. Hence K_1, K; C [K, K]. By Lemma
4, Ko = [K1,K4], K o =[K_1,K_1] C [K, K].

(2) We have eRe = eRe*Re = R_oRy = K _oKo+ K_osHy+ H 3Ky+ H_5Ho.
Hence {eRe} C [K_o, Ko| + [H_o,Hs] + K_90 Hy + H_5 0o K5. This im-
plies that [{eRe}, Ko| C [K_2, Ka] + [H_2, Ha] C [K_a, K3] + [K_1, K1] by
Lemma 4. Now sRs is spanned by elements of the type saebs; a, b € R.
We have saebs = (sae —e*a*s)(ebs — sb*e*) —e*a*sb*e” € K1K_1+e"Re™.
Hence {sRs} C [K_1,K;i] + {eRe}. Now [{sRs}, Ko C [K_1,K1] +
[K_o, K5] by what we proved above. Lemma is proved.

O

Lemma 7. Letn > 2, aél), .. .,ag"H) € Ko U Ho; b(_lg, .. .,b(_"Q) €e K sUH_5 and
Card({b(_j%,j =1,...,n}) <n. Then

agl)b(_lg e aé")b(_ngaénﬂ) € Z agil)b(_jé)aém e b(_jg)agiT+1)(K_2K2+H_2H2), r<n.

Suppose that there exists 1 < i < n — 1, such that b(_z)2 € K_5. Then

Proof. Suppose that aénﬂ) € Ko If b("2) € K_,, then we are done. Let b(_"2) € H ».

BOTTO N

OB = oD ) B kalD) 1Y B

NERE 5 i

as claimed. Therefore we can assume that b(j)Q € H 5, 1<i<n. Let aén) € Hs.
Then

o el = e — o Pa) 5 Dl )
which is an element of H_oHy + H_sK9H_oH,. We will assume therefore that
ag") € Ks5. Suppose that there exists 2 < ¢ < n — 1, such that aéi) € H,. Then
agi) e ag")b(jgaénﬂ) = (aéi)b(j)z e ag") + (agi)b@Q e aé"))*)b(,"z)ag"“)

:I:aén) . G/éi)b(_ng) ag"H). Both summands on the right hand side fall into the case
that has just been considered above. From now on we will assume that aéz), R
al"™ e Ky b)), b™ e H_,y. Notice that b5 Val"b", = {37 Val"p)) —
bgagi)bggl). The element b_o = {b(fz_l)aéi)bg} lies in K_5. Hence the product

aél) X -aéi_l)b_ aéiﬂ) X -aé"H) is one of those considered before. We proved that
the elements b@Q, 1 <¢<n, in aél)b(_lg---agnﬂ) are skew-symmetric modulo

expressions of the desired type. Now taking into account that
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Card(b(f)Q, 1 <4 <n) < n, we arrive at the conclusion of the lemma. We started

with the assumption that a§"+1) € Kj. The case of agnﬂ) € Hj is treated similarly.
This finishes the proof of the Lemma. O

Proof of Theorem 2.

Proof. By Lemma 2 the associative pair (R_s, Rg) is finitely generated. Without
loss of generality we will assume that (R_o, R2) is generated by elements agi),
b(f% € KUH, 1<1i,57 <n. Consider the set of products P = P_s U Py,

Py = {a§V0V) a1 < r <t 2}, Poy = (093alM U1 < <n 4 2).

2
p,i?

oaps € F, kp; € Kii. By Lemma 5 there exist finite sets M_; C K_y, My C K,
such that Ry = M_ 1Ry + RoM_1, R.1 = M1 R_s+ R_sM;.

We claim that the Lie algebra [K, K] is generated by the union of the sets:
My, My, {[{p}, {a}llp,q € P}, {[(p+p")okq, kq,illp,q € P}, {M_1 P}, {M1P_2}.
By Lemma 4 and Lemma 6 it is sufficient to prove that all elements from K_;, K3

By Lemma 4 for an arbitrary product p € Pys we have p+p* = Z oy, k> ;, where

can be expressed by these elements. By Lemma 5 K; is spanned by elements of the
type {k_lagl)b(_jé) . agr)}, k_1 € M_;. We will use induction on r.

If r < n+ 2 then the assumption is clear. If » > n + 2 then by Lemma 7 applied
to alir=r+2)plr=n+2)  q(ir=1)p(Ir=1) () the element k,lagil)b(j;) e agi’") is a linear
combination of elements of the type
feo1adpM) o alP K Gk and k_ya$"bY) - altO R bl where t < 1

K o e {P_o}, kb € {P}; h' 5, by € {p+p* | p € P}. We have
{k_1alp™) Ok kDY = [{k_1al™) -l K, K,
{k_1ayV0"8) - af R kY = [{k_1ay™) - af}, (W, )]

Now it remains to notice that if hl, = p+ p*, p € P, then h}, = Z ap, ik, ; and
(W, kil = 2[5 0 kp, 4, kp, i) € [K_1, Ki].
This finishes the proof of the theorem. (I

4. SIMPLE ALGEBRAS

Let R be a simple finitely generated F'— algebra with an involution * : R — R,
char F # 2, e is an idemotent such that ee* =e*e =0, K ={a € R|a" = —a}.
If e + e* is not an identity of R then the Lie algebra [K, K] is finitely generated by
theorem 2. Suppose that e + ¢* = 1. As above, let R_5 = eRe",
Ry = eRe + e¢*Re*, Ry = e¢*"Re. Then R = R_5 + Ry + Ry is a Z- grading of R.
Denote K; = KﬂRi,i =-2,0,2.
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If R has a nonzero center Z and dimzR < oo then Z is a finitely generated
F-algebra. Since Z is a field it follows that dimpZ < oo, hence dimpR < oo and
dimp[K, K] < co. From now on we will assume that the algebra R is not finitely

dimensional over its center.
Lemma 8. The algebra R is generated by K_o + K.

Proof. Since the algebra R is not finite dimensional over its center it follows that R
does not satisfy a polynomial identity. By the result of S. Amitsur [1] R does not
satisfy a polynomial identity with involution. Hence [[[K, K], K], [[K, K], K]] # (0).
I.Herstein [4] proved that if A is a subalgebra of R such that [4, K] C A, A is not
commutative and dimzR > 16, then A = R. Applying this result to the associative
subalgebra generated by [[K, K|, K| we see that [[K, K], K] generates R.

Let us show that [[K, K], K] C K_s + [K_2, Ko] + K2. The Lie algebra K_5 +
[K_o, Ko]+ K5 is an ideal in the Lie algebra K = K_o+ K¢+ K2 and, hence, in the
Lie algebra [K, K. As shown by W. E. Baxter [2] the Lie algebra [K, K|/[K, K] ﬂ Z
is simple. Hence [K, K| C K_s + [K_2, K3] + K2 + Z. Now, [[K, K], K] C [K_2 +
[K_2, Kol + Ko, K] C K_9+ [K_g, K5] + K». This finished the proof of the lemma.

O

Lemma 9. Let A be a semi prime F— algebra with in involution x : A — A,
char F # 2K = K(A,%) = {a € A | a* = —a}. Suppose that k € K and
kKk = (0). Then k = 0.

Proof. Let H={a € A|a" =a}. Clearly, A= K+ H.If k # 0 then kAk = kHk #
(0). Choose an element h € H such that khk # 0. We have (khk)K (khk) = (0). For
an arbitrary element hy € H we have khkhikhk = k(hkhi+hikh)khk—khikhkhk =
0, since hkhy + hikh € K and hkh € K. This implies (khk)A(khk) = (0), which

contradicts the semi primeness of A. Lemma is proved.

Let F < X >=F < z1,...,T,, > be the free associative algebra without 1. The
mapping x; — —x;, 1 <1 < m, extends to the involution
*x: F <X > F < X > . For an arbitrary generator z;, arbitrary elements
ai,az,a3 € K(F < X >, %) denote f(x;,a1) = ziar1x;, f(x;,a1,a2) = f(x;a1)as f(x;,a1),
flxi,a1,a9,a3) = f(x;,a1,a2)asf(x;, a1, a2).

Let I be the ideal of the algebra F' < X > generated by all elements
f(zi,a1,a2,a3),1 <i<m,aj,as,a3 € K(F <X >),x*).
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Recall that the Baer radical B(A) of an associative algebra A is the smallest
ideal of A such that the factor-algebra A/B(A) is semi prime. The Baer radical is
locally nilpotent: an arbitrary finite collection of elements from B(A) generates a

nilpotent subalgebra (see [3]). O
Lemma 10. The factor-algebra F' < X > /I is nilpotent.

Proof. Since I = I, the involution x gives rise to an involutionon A = F < X > /I.
Let B(A) be the Baer radical of A, A = A/B(A). The radical B(A) is invariant with
respect to any involution, hence A is an involutive semi prime algebra. By Lemma
9 the image of an arbitrary element f(x;,a1,as2,a3),a1,a2,a3 € K(F < X >, %),
is equal to zero in A. Again, subsequently applying lemma 9 three times we get
f(xi,a1,a2) = 0 in A, f(x;,a1) = 0 in A and, finally, 2; = 0 in A,which means
that A = B(A). Since the algebra A is finitely generated we conclude that A is

nilpotent. Lemma is proved. ([l

The degree of nilpotency of the algebra A depends on the number of generators
m. Let F < x1,...,Tm >dm)C .

Now let us return to our finitely generated simple algebra R. By Lemma 8 there

exists elements kf, okt € Ko ki ... k,, € K_5 that generates R.

Lemma 11. The Jordan pair (K_q, K2) is generated by elements {a}, where a are

products in k;t,l < i < m generated by products of odd length < d(2m).

Proof. Choose a generator k{,o = +or —, and three elements c1,ca,c3 € K_s9.
Denote f1 = ki c1ky, fo = ficaf1, f3 = facs fo.
Choose arbitrary elements ay,...,a, € K_s2;b1,...,b,, € Kyo.
(1) Let u = ay1by..anby. Then fru = kfc1kiu = kJ c1{kJu} £ k7 (u*cq)k] . Hence
{fiv} ={k7,c1,{kJu}} £{k{, {c1u}, k{} is a nontrivial Jordan expression.
(2) Letu = brag...biar, v = ag41big1..-anby. Then {ufov} = {{uf1}, co, { fru}}+
{f1...} is a nontrivial Jordan expression by (1).
(3) Let w = a1by..bs—1a4,v = ap41bty1...Gn—1bp—1a,, it Temains to consider the
product ufsv. We have f3 = facsfo = ficaficsficafi = k7 c1k] cok{ c1k] csk{ c1k] coki c1k =

kY chkT skl chk, where b = c1k{ caki cr.

Hence, {uk{cyk? csk chkfvy = {{uklch}, k7 cskd , {chkiv}} £ {ch...}
The second summand can be treated in the same way as we did in (1).

Now we are ready to finish the proof of the lemma
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Let a = kjy, k7. ks, 2s—1 > d(2m). Then by lemma 11 a is a Jordan expression

in elements b, where b are products in kii, 1 <i <'m, of odd length less than 2s—1.

This proves the lemma. ([l

As we have already mentioned above [K, K|+ Z/Z = K_o+[K_2, Ks3]+ K2+ 7/ Z.
In view of Lemmall this implies that the algebra [K, K]/[K, K] ﬂZ is finitely

generated. Theorem 3 is proved.
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