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ABSTRACT. A matrix A € M, (R) with coefficients in any ring R is a quasi-
permutation matrix if each row and each column has at most one nonzero
element. It is shown that a singular quasi-permutation matrix with coefficients
in a domain is a product of idempotent matrices. As an application, we prove
that a nonnegative singular matrix having nonnegative von Neumann inverse
(also known as generalized inverse) is a product of nonnegative idempotent
matrices.
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1. INTRODUCTION AND PRELIMINARIES

Initiated by Erdos (cf. [6]) the problem of decomposing singular matrices into a
product of idempotent matrices has been intensively studied by several authors (cf.
Fountain [7], Hannah O’Meara [8] and others). Recently it has been shown in [2]
that for n > 1, every n x n nonnegative singular matrix A € M,,(R) of rank one has
a decomposition into a product of at most three nonnegative idempotent matrices.

A matrix A € M, (R) with coefficients in a ring R, is called a quasi-permutation
matrix if each row and each column has at most one nonzero element. Using
combinatorial techniques, we show that singular quasi-permutation matrices with
coefficients in any domain can always be represented as a product of idempotent
matrices (Theorem 7).

As an application, we show that nonnegative matrices having nonnegative von
Neumann inverse (also known as generalized inverse) can be decomposed into a
product of nonnegative idempotents (Theorem 16). Indeed, the well-known struc-
ture of nonnegative idempotent matrices and the structure of nonnegative matrices
that have a nonnegative von Neumann inverse reveal strong links with rank one ma-
trices and the quasi-permutation matrices (cf. [11]). We make use of their structure
to establish our results.

For convenience, we state below two lemmas that are used often in the proofs of
our results [2].

Lemma 1. Any singular nonnegative matriz of rank 1 can be presented as a product
of three nonnegative idempotent matrices of rank one.

Lemma 2. Any nonnegative nilpotent matriz is a product of nonnegative idempo-
tent matrices.



2. QUASI-PERMUTATION MATRICES

Let us recall that for a permutation o € S,,, the permutation matrix P, associ-
ated with ¢ is an n X n matrix defined by

n
Po =) €io)-
i=1
We consider a more general situation as given in the following definition.

Definition 3. A matric A € M,(R) with coefficients in a ring R will be called
a quasi-permutation matrix if each row and each column has at most one nonzero
element.

Remarks 4. (a) A quasi-permutation matrix can be singular and, in this case,
it has at least one zero row and one zero column. We will mainly work with
rows but the analogous properties for columns also hold (acting on the right
with given permutation matrices).

(b) Particularly important for our purposes will be the quasi-permutation ma-
trices, denoted by P,;, 0 € S,, | € {1, ..., n}obtained from P, by
changing the nonzero element of the I** row of P, to 0. We thus have

n
Po’,l = Zei,o(i)-
i=1
i#l
(c) We observe that the o(I)!* column of the matrix P, is the only column
that is zero.

We give some properties of the matrices P, in the following lemma.

Lemma 5. Leto, 7€ S, andl € {1, ..., n}. Then
a) PO'PT,l = P‘ra,a'*l(l)

) PT,l'PU:PUT,l

C) PO'PT,ng'_l = PU*ITO',G*I(Z)

) If o € Sy, has no fized point, then for any 1 <1 < n, P,; is a nilpotent
matriz. In particular, if c = (1, ..., n) is the cycle of length n defined in
the usual way, then P, is a nilpotent matriz. Moreover, when considered as
real matrices, Py and P are product of nonnegative idempotent matrices
(i.e. the coefficients of the idempotent matrices are in M, (R™)).

Proof. We will only prove statement d). Let o,7 € S, and 1 < I,s < n. We can
easily compute that P, P, s = Zi#,a(i)#s €ir(s(i))- In case 7 = o has no fixed
point and [ = s, then Pil has two zero rows. Similarly, we get that Pg’,z has three
zero rows and continuing this process we easily conclude that P, is nilpotent (of
index bounded by n)

The last statement of d) above comes from the fact that nilpotent nonnegative
matrices are always product of nonnegative idempotent matrices. (Il

The following somewhat technical proposition will be very useful while proving
the main result of this section.



Proposition 6. Let R be any ring, o € S, and A € M, (R) be a quasi-permutation
matriz having its I'" row and its " column equal to zero. Then
a) The o~ Y(1)*" row of P, A is zero and we have P, A = Py o-1qyA. Similarly,
the o(r)t" column of AP, is zero and we have AP, = AP, .
b) A= Pa-—l’l(Po-A) and A = (APG)ngl’G(T).
c) Suppose that Py—1; (resp. P,-1 ,(y)) is a product of idempotent matrices.
If the same is true for P, A (resp. for AP,) then A itself is a product of
idempotent matrices.

Proof. a) The proof is easy.
b) We have A = P (P,A) = P,-1,;(P,A) by the above statement a). The
other equality follows similarly.

¢) This is clear from the statement b) above.
O

We are now ready to state and prove the main result of this section.

Theorem 7. (a) Let R be any domain and A € M,(R) be a singular quasi-
permutation matrixz. Then A is a product of idempotent matrices.
(b) Any singular nonnegative quasi-permutation matriz A € M,,(RT) is a prod-
uct of nonnegative idempotent matrices.

Proof. We prove both statements by induction on n > 1. (a) Since A is a singular

quasi-permutation matrix, A = 0 if n = 1. Let n > 1 and assume that the
result holds for any singular quasi-permutation matrix of size smaller than n. Let
¢ = (1,...,n) be a cyclic permutation. It has been shown in Lemma 5 that,

considered over the reals, P.; is a product of nonnegative idempotent matrices.
Let us now show that, for any 1 < [ < n, the quasi-permutation matrix P,; is a
product of idempotent matrices. If I # n, welet 0 = (I,n) € S, be the transposition
exchanging [ and n, and if | = n we let o be the identity. The property (¢) in Lemma
5 implies that P, P, ;P,-1 = P,-1., , has its last row zero. Clearly, ifl = n, P, , has
its last column nonzero and, if I # n, the remark 4 (c) implies that the last column
of P,-1.,, is also not zero, so that, in any case, P, P, ;P,-1 is a quasi-permutation
matrix of the form

P,P. 1Py = {ﬁ g}
where B is a quasi-permutation matrix. Since a column of B is zero, B is singular
and our induction hypothesis shows that B is a product of idempotent matrices,
say B= F,--- Es; where, fori=1,...,s, Ef = E; € M,,(R). This implies that

1 B C I,.. C||B O I,.1 C||E1 O E, 0
FoPeiFo™ = [0 0] - [ 0 o} [0 1] :[ 0 o] [0 1]"'[0 1]
and hence, P,; is also a product of idempotent matrices. Let us now come back to
a general singular quasi-permutation matrix A € M, (R). There exists 1 <1 <mn
such that the [** row of A is zero. Let ¢ be the cycle (1,...,n). There exists r € {0,
1, ..., n— 1} such that P.rA has its bottom row (0,...,0).

Similarly, acting on the columns, we may assume that there exists 0 < s <n—1
such that P.- AP,s has a zero column which is not the last one. Let us notice that
after permuting cyclically the rows and the columns of a quasi-permutation matrix,
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we still obtain a permutation matrix. In other words, we may assume that P, AP,.s

is of the form
B C

0 0
where B is a quasi-permutation matrix. Since a column of B is zero, B is singular
and our induction hypothesis shows that B is a product of idempotent matrices. As
in the previous paragraph , we conclude that P.r AP, is a product of idempotent
matrices. Since the [*" row of A is zero, the same is true for the {** row of AP,..
On the other hand, the first paragraph of this proof shows that P.-; is a product
of idempotent matrices hence, applying proposition 6 c¢), we obtain that AP.: is a
product of idempotent matrices. The singular quasi-permutation matrix A also has
a zero column and the same is true for AP.s. Repeating the same arguments and
using 6 ¢) again, we easily conclude that A is a product of idempotents, as desired.

(b) The proof of the part b) follows exactly the same pattern as the proof of
part a), using the fact that P.; is a product of nonnegative idempotent matrices
(cf. Lemma 5 (d)). O

PCTAPCS - |: 5 B S Mn_l(R—"—)

Remark 8. The hypothesis that the ring R is a domain in part (a) of the above
theorem is only necessary to start the induction process. If the ring R is assumed
to be such that the left and right zero divisors are product of idempotent elements,
then part (a) of the theorem holds in this case.

The following definition somewhat enlarges the definition of a quasi-permutation
matrix.

Definition 9. Let R be a ring. A matriz A € M,,(R) is a quasi-permutation block
matriz if there exist a sequence of natural numbers ny, ..., n; such thatni+---+n; =
n and o permutation o € S; such that A = (A;;) where A;; are matrices of size
ni X Ng-1(;) and Aj; =0 if j # o(i).

Remarks 10. (1) As a consequence of the definition, the nonzero blocks A;4;)
of a quasi-permutation block matrix are square matrices of size n; x n;.

(2) Notice also that a quasi-permutation block matrix whose all nonzero entries

are quasi-permutation matrices must itself be a quasi-permutation matrix.

Next we prove a generalization of the theorem 7.

Proposition 11. Let A = (A;;), 1 <14,5 <1 be a quasi-permutation block matriz
associated with the permutation o € S;. Suppose that, for every i, 1 < i <, there
exist matrices E;, B;, F; € My, sn,(RT) such that Aigiy = E;BiF;. Then A can be
factorized in the following way:

A= dia’g(Elu .. 7El)(B)d7’a’g(FT(l)7 e '7FT(Z)) (*)

where T = o~ and the matrix B = (B;j) is a quasi-permutation block matriz
associated with o such that B,y = Bi.

Moreover, if for 1 < i <n the blocks B; are quasi-permutation matrices, then A
is a product of idempotent matrices.

Proof. Let D be the matrix on the right hand side of the equality (*). Let us
compute the (s,7) block of D, for 1 <r, s <.
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‘We have

Dsr = (dz’ag(El, SN ,El)(Bij)diag(FT(l), SN 7FT(l)))S,T
l
Z dzag El, ey El)sk((Bij)diag(F-r(l)a ceay FT(l)))kr

k=1
= E,((B dmg r)s - Fr)
= ( ’L] stdzag( T(1)y -+ 7FT(Z))tr)

=FE; B so(s) (dlag( T(1)s 7FT(l))U(s)7‘

If r # o(s) we get (diag(Fry1,-- -, Fray)e(s)r = 0 and hence Dy, = 0. If r = o (s)
we have DST = EsBsdiag(FTu),~-.7Fr(z))a(s)a(s) = ESBSFT(U(S)) = ESBSFS =
Ago(s) = Asp. This shows that Dy, = Ay, for all 1 <7, s <.

For the additional statement we first remark that (as mentioned in the remark 10
(2) above) a quasi-permutation block matrix whose blocks are quasi-permutation
matrices is itself a quasi-permutation matrix. The result then follows immediately
from Theorem 7. g

3. APPLICATION

Our aim is to use the results related to the quasi-permutation matrices obtained
in the previous section to prove that a nonnegative singular matrix with nonnegative
von-Neumann inverse is a product of nonnegative idempotent matrices. All the
matrices in this section will be real matrices.

Let us first state a result which will be used in the application.

Proposition 12. (¢f. [11], Theorem 1 and Lemma 2) If a nonnegative square
matriz A admits a nonnegative von Neumann inverse X (ie. A = AXA) then
there exists a permutation matriz P such that PAPT is of the form

J JD 0 0
0 0 0 0
cJ CJD 0 0
0 0 0 0

PAPT =

where C' and D are nonnegative matrices of suitable sizes and J is a direct sum of
matrices of the following two types.
1) Bay™ where x,y are positive vectors and B is a postive real number.

2)

0 Bawoys 0 .- 0
0 0 - Ba—1Ta—1yl 4
Bazayy o - 0

where for 1 < i < d the vectors x;,y; are positive and [; is a positive real number.

The following lemma is straightforward.
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Lemma 13. Let A be a nonnegative matrix having a nonnegative quasi-inverse and
let J,C, D be matrices associated with A as in the above proposition 12. If J is a
product of nonnegative idempotent marices then the same is true for A.

This lemma shows that, in order to prove that singular nonnegative matrices hav-
ing nonnegative quasi-inverse are product of nonnegative idempotents, it is enough
to show that singular matrices of type J as described in the above proposition 12
are product of nonnegative idempotent matrices.

Remark 14. We have seen that a nonnegative matrix A with nonnegative von
Neumann inverse has a very special form (cf. Proposition 12). The two types
of matrices appearing in the description of A are clearly quasi-permutation block
matrices. Since these different types are all located on the diagonal of A, the matrix
A itself is a quasi-permutation block matrix. Moreover, in this case, the nonzero
blocks are nonnegative matrices of rank one.

Lemma 15. Let E? = E € M,,(R*) , n > 2, be an idempotent matriz of rank
1. Then there exists a matrix N such that E = ENFE where N is a singular
quasi-permutation matrix with nonnegative entries.

Proof. Since the matrix E = E? is of rank one, there exist vectors a = (ay, ..., a,)7,
b= (by,...,b,)T € R" such that E = ab” and bTa = 1. In particular, there exists
1 <1 < n such that a;b; > 0. Let N = (N;;) € M, (R) be the matrix defined by
Nij = (albl)’léiléjl where ¢ is the classical Kronecker symbol. It is easy to check
that ¥’ Na = 1 and hence ENE = ab” Nab” = ab” = E. Obviously the matrix N
is a quasi-permutation matrix. O

We are now ready to prove the main result of this section.

Theorem 16. Let A be a singular nonnegative matrix having a nonnegative von
Neumann inverse X (i.e. A= AXA). Then A is a product of nonnegative idem-
potent matrices.

Proof. According to Remark 14 A is a quasi-permutation block matrix associated
with a permutation o € S;. We can thus write A = (A4;;) where the nonzero blocks
Ajg(iy are matrices of rank 1. Hence for any 1 < i < [ we have either A;, ;) is
the zero matrix or a scalar or it is a singular square matrix of rank one (and size
bigger than 2). In any case, using Lemma 1, we can write A;,;) = E;B;F; where
FE; and F; are idempotent matrices and B; is either a scalar or an idempotent
matrix of rank 1. Proposition 11 shows that our matrix A can be written as A =
diag(E1, ..., Ey)Bdiag(F.), ..., Frq), where 7 = o~ 1. The two diagonal matrices
on the right hand side of this equality are idempotent matrices and the matrix B is
a quasi-permutation block matrix associated with o where the nonzero blocks B; =
Bis(iy are either scalar or nonnegative idempotent matrices of rank one. Hence, for
any 1 <1¢ <[, using Lemma 15, we can write B; = E; N; F; where FE; is a nonnegative
idempotent matrix (E; = 1if B; is a scalar) and N; is either a scalar (if B; is a scalar,
B; = N;) or a singular quasi-permutation matrix with nonnegative entries. We
thus conclude that, for any 1 < ¢ <[, the matrix N; is a quasi-permutation matrix.
Proposition 11 implies that B = diag(FEx, ..., Ej)Ndiag(E-«),. .., E.q)), where
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7 = o~ !. Finally, we can write B = eN f where e and f are idempotent matrices and
the matrix N is a quasi-permutation block matrix whose nonzero blocks are quasi-
permutation matrices, and so N itself is a quasi-permutation matrix (cf. Remark
10 (2)).

Notice that since A is singular there must exist at least one integer r € {1,...,[}
such that A, ;) is singular. Hence there must exist 7 such A, ;) is either zero
or a singular matrix of rank 1. This implies that there exists 1 < r <[ such that
B, is either zero or a singular idempotent matrix of rank 1. We have seen above
that the matrix B can be decomposed as B = eN f where e and f are idempotent
matrices and N is a singular quasi-permutation matrix. Theorem 7 implies that N
is a product of nonnegative idempotent matrices and hence B and finally A is also
a product of nonnegative idempotent matrices, as required. O

Remark 17. Let us remark that the positivity of the vectors x;,y; that appears
in the second type of the description of the matrices J (cf. Proposition 12) is not
used in the proof. We only need that these vectors are nonnegative.
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