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Solving systems of linear equations

Cindy: Will we talk today about how old the three girls are?
I really want to know.

Denny: And I want to know how much Dan and Cody spent on
those beverages.

Alice: Let’s start talking today about solving linear systems.

Theo: Which means finding the solution set.

Bob: Should we start by reviewing the two systems that we
discussed in Conversation 11?
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Shall we try something simpler first?

Frank: Give me a break! These systems are too complicated.
Let’s try solving something simpler first.

Alice: Excellent idea! In fact, let’s start with the simplest possible
systems, like this one:

x1 = 3
x2 = −5

Denny: That one is not really a system though. It’s already the
solution!

Cindy: Yes, it already gives away the solution. But the way it is
written, with these equality signs, it also looks like a system.

I’m confused. Is it a system or the solution?
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Systems vs. solutions

Theo: It is formally a system. We can write it as

1 x1 + 0 x2 = 3
0 x1 + 1 x2 = −5

The solution would be the vector

[
x1
x2

]
=

[
3
−5

]
What Denny observed was that for this system we can immediately
read off the solution set.

Alice: Notice that for this system the coefficient matrix is I2.

Bob: Are you suggesting that whenever we have a system whose
coefficient matrix is an identity matrix, we can immediately read
off the solution?
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Systems with identity coefficient matrices

Alice: Yes! When we can write the system in matrix form as
I~x = ~b, or

x1 = b1
x2 = b2

· · ·
xn = bn

then the only solution is


x1
x2
...
xn

 =


b1
b2
...
bn


Denny: Cool!

Frank: But boring. Are there other examples of systems for which
we can immediately read off the solutions?
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Systems where we can immediately read off the solution

Alice: There are. Consider, for example, systems with coefficient

matrix

1 0 0
0 1 0
0 0 0

 They can be written as:

x1 + 0 x2 + 0 x3 = b1
0 x1 + x2 + 0 x3 = b2
0 x1 + 0 x2 + 0 x3 = b3

or simply

x1 = b1
x2 = b2

0 = b3

Frank: But wait!! When, for example, b3 = 1, the last line
becomes 0 = 1. This doesn’t make sense!
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Systems where we can immediately read off the solution

Alice: What, exactly, do you mean by “doesn’t make sense”?

Question C12.1: What can we say about the following system
and its solutions?

x1 = 3
x2 = 2

0 = 1

Alice: This system has no solutions; it is inconsistent. We can see
this right from its third equation.

Cindy: But what if we have b3 = 0? I mean, what could we say
about the solution set of a system like this one:

x1 = 3
x2 = 2

0 = 0

Question C12.2: How would you respond to Cindy?
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This is an underdetermined system

Bob: The system
x1 = 3

x2 = 2
0 = 0

is consistent.

The first two lines tell us what x1 and x2 are, but there is no
constraint on x3.

Denny: So the solution must be

[
x1
x2

]
=

[
3
2

]
Question C12.3: Did Denny get this right?

Theo: No, because we are treating this as a system of three

variables. The solution set comprises all vectors of the form

 3
2
x3


As Bob said, there is no constraint on x3, so the system is
underconstrained or underdetermined.
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Why consider such weird systems?

Denny: OK, OK. But why consider systems with weird equations
like 0 = 0 or 0 = 1?

Alice: Because they naturally pop up in the process of solving
more complicated systems. We will see examples soon.

Bob: I think we are now ready to look at some more complicated
examples.

Cindy: But not too complicated ones, please!

Frank: I’m with you, Cindy!

Alice: The next simplest systems would be the ones with an

upper-triangular coefficient matrix like A =

[
1 4
0 1

]
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A system with an upper-triangular coefficient matrix

Alice: Here is an example of such a system:

x1 + 4x2 = −3
x2 = −2

Cindy: Again we can read off the value for x2 in the solution, but
it is not immediately clear what x1 would be.

Bob: You can do the following: Substitute the value x2 = −2 in
the first equation. This gives:

x1 + 4(−2) = −3
x2 = −2

Then move the 4(−2) = −8 to the right of the first equation:

x1 = 5
x2 = −2
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The method of back-substitution

Denny: Cool! So now we can read off the solution

[
x1
x2

]
=

[
5
−2

]
Theo: What Bob and Denny have shown us here is the method of
back-substitution. It works by substituting numerical values for
some variables that you get from one equation into another
equation.

Cindy: But wait! The system

x1 + 4x2 = −3
x2 = −2

doesn’t seem to be the same as the system

x1 = 5
x2 = −2

Denny gave us the solution of the second system. Is this also the
solution of the first system? I’m not sure this is correct.

Question C12.4: How would you respond to Cindy?
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The method of back-substitution

Theo: The systems

x1 + 4x2 = −3
x2 = −2

and
x1 = 5

x2 = −2

are different systems but they have the same solution sets. Two
systems with the same solution sets are called equivalent systems.

Cindy: But how can I be sure that the two systems are equivalent?

Denny: Come on, Cindy! This is obvious.

Theo: No, Denny. Cindy asked a very good question. In
mathematics we always need to carefully examine whether every
step of an argument is correct. When solving systems of linear
equations, we can only use methods that lead to equivalent
systems. The method of back-substitution is one of them.
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Another example of back-substitution

Bob: Let’s practice back-substitution with another example:

x1 + 3x2 − 2x3 = 0
x2 − x3 = 1

x3 = 2

Cindy: I can substitute x3 = 2 in the second equation and get
x2 − 2 = 1. So we get an equivalent system

x1 + 3x2 − 2x3 = 0
x2 = 3

x3 = 2

But now what do I do?

Question C12.5: What should Cindy do next?
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Another example of back-substitution, completed

Recall that after substituting x3 = 2 in the second equation, Cindy
got an equivalent system

x1 + 3x2 − 2x3 = 0
x2 = 3

x3 = 2

Bob: You can substitute both x3 = 2 and x2 = 3 into the first
equation. This gives x1 + 9 − 4 = 0 and leads to the equivalent
system

x1 = −5
x2 = 3

x3 = 2

Denny: For which we can immediately read off the solution. Cool!
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A third example of back-substitution

Cindy: But what if our system were:

x1 − x2 + 3x3 − 2x4 = 0
x3 − x4 = 1

x4 = 2

Bob: You can start as before.

Cindy: I know. But then I obtain the equivalent system

x1 − x2 = −5
x3 = 3

x4 = 2

How do I get the solution for this system?

Question C12.6: What should Cindy do now?
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A third example of back-substitution, continued

Alice: The system

x1 − x2 = −5
x3 = 3

x4 = 2

is underdetermined and has infinitely many solutions.

You need to choose one of the variables as your free variable aka
free parameter. Let’s make x2 your free variable.

You can pick any number for x2. Then x1 = x2 − 5 by the first
equation, and your solution set will consist of all vectors of the
form
x1
x2
x3
x4

 =


x2 − 5
x2
3
2


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A third example of back-substitution, completed

The system
x1 − x2 = −5

x3 = 3
x4 = 2

is underdetermined and has infinitely many solutions.

Cindy: Could I use x1 as my free variable instead of x2?

Question C12.7: Could Cindy do this?

Alice: Yes you could. Your solution set would then consist of all
vectors of the form
x1
x2
x3
x4

 =


x1

x1 + 5
3
2


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When does back-substitution work?

Frank: So when, exactly, can we use back-substitution? Are there
some clear guidelines?

Alice: Let’s look at the extended matrices for the systems in our
three examples:

x1 + 4x2 = −3
x2 = −2

[A,~b] =

[
1 4 −3
0 1 −2

]
x1 + 3x2 − 2x3 = 0

x2 − x3 = 1
x3 = 2

[A,~b] =

1 3 −2 0
0 1 −1 1
0 0 1 2


x1 − x2 + 3x3 − 2x4 = 0

x3 − x4 = 1
x4 = 2

[A,~b] =

1 −1 3 −2 0
0 0 1 −1 1
0 0 0 1 2


All of these matrices are in so-called row echelon form or simply
echelon form. We can use back-substitution whenever the
extended matrix is in this form.

Frank: So what, exactly, does “row echelon form” mean?

Bob: I think the exact definition will be given in Lecture 13.
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Take-home message

Let us consider what we have been doing here. Essentially, solving
a linear system that has exactly one solution boils down to
transforming a system of the form

a11x1 + a12x2 + · · · + a1nxn = b1

a21x1 + a22x2 + · · · + a2nxn = b2
...

am1x1 + am2x2 + · · · + amnxn = bm

into an equivalent system of the form:

x1 = c1

x2 = c2
...

xn = cn

where c1, c2, . . . , cn are numbers.
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Take-home message, completed.

When the extended matrix

[A, ~b] =


a11 a12 . . . a1n b1
a21 a22 . . . a2n b2

. . .
am1 am2 . . . amn bm


of the system has a sufficiently nice form, we can find the solution
set with the method of back-substitution.

A particularly nice form of the extended matrix, called the (row)
echelon form, that allows us to use back-substitution will be
covered in Lecture 13.

When the system is underdetermined, it’s solution set can be
described by leaving at least one of the variables in symbolic form,
as a free variable or free parameter that can take any values.
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