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The coefficient matrix of a system of linear equations

Consider a system of m linear equations in n variables.

aiixy + apxo + -+ ainxp = by

as1X1 + axnxa + -+ + axpxp, = by

am1X1 + amex2 + -+ 4+ amnXn = bm

The coefficient matrix of this system is

all ai2 e diln

ani daj»o ... aon
A =

dmi adm2 - -- amn
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Example of a coefficient matrix

Consider a system of 3 linear equations in 4 variables.

3x1 +4xp — 6x3 =11
X1 —Xx3+bxqg =7
X2+2X3+8X4:0

The coefficient matrix of this system has elements

ai1 = 3 and a;p = 4:

d11 412 413 di4
A= |ax ax» a3 au| =

d31 432 433 4d34
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Question L12.1: What is a13?
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Example of a coefficient matrix

Consider a system of 3 linear equations in 4 variables.

3x1 +4xp — 6x3 =11
X1 —Xx3+bxqg =7
X2+2X3+8X4:0

The coefficient matrix of this system has elements

a1 = 3,312 = 4, and ai;3 = —6:

d11 412 413 di4
A= |ax ax a3 au| =
a31 4a32 433 4as4
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Question L12.2: What is a14?
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Example of a coefficient matrix

Consider a system of 3 linear equations in 4 variables.

3x1 +4xp — 6x3 =11
X1 —Xx3+bxqg =7
X2+2X3+8X4:0

The coefficient matrix of this system has elements

a1 = 3,a1p = 4,a13 = —6, and aj4 = 0:
ai1 adip a3 ais 34 —6 0
A= la ax a3 ay|=|7 7 7 7
a3l a3y a3 au v 77

Question L12.3: What is a»;?
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Example of a coefficient matrix

Consider a system of 3 linear equations in 4 variables.

3x1 +4xp — 6x3 =11
X1 —Xx3+bxqg =7
X2+2X3+8X4:0

The coefficient matrix of this system has elements

ai1 = 3,a1p =4,a13 = —6,a14 =0, and ap; = 1:
a1l 412 a3 A 34 60
A= la ax a3 au|=|17 7 7
27 7 7

d31 432 433 434

Question L12.4: What is a»?
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Example of a coefficient matrix

Consider a system of 3 linear equations in 4 variables.

3x1 +4xp — 6x3 =11
X1—Xx3+bxa =7
Xp +2x3+8x4 =0

Here ay» = 0.

The entire coefficient matrix of this system is:

a1 a2 a3 a4 3 4
A= do1 dp2 a3 ax| = 1 0 -1 5
a1 a3y a3 ass 01

Question L12.5: Is there only one system of linear equations with
this coefficient matrix?

No.

Winfried Just, Ohio University MATH3200, Lecture 12: Matrix Representations of Systems



Infinitely many systems with the same coefficient matrix

For example, the systems
3x1 +4xp — b6x3 =11
X1 —x3+bxqg =7
Xo +2x3+8x4 =0
and
3x1 +4xp —b6x3 =7
X1 — X3+ bxg =7.43
X2 + 2x3 + 8x4 = —40.8

have the same coefficient matrix. In fact, the numbers

by
bo| on the right-hand side could form any vector in R3.
b3

There are infinitely many systems with the same coefficient matrix.
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The extended matrix of a system of linear equations

aiixy + apxp + -+ ainxp = by

as1X1 + axxa + -+ + axpxy = by

am1X1 + amex2 + -+ + amnXn = bm

The coefficient matrix A does not give us complete information
about this system.

But the extended aka augmented matrix [A, b] does:

aill a2 ... din b1

. a1 ax ... ap b
[A.B] = :

dml  dm2 amn bm
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Example of an extended matrix

Consider a system of 3 linear equations in 4 variables.

3x1 +4xp — b6x3 =11
x1—x3+bxqg =7
Xp +2x3+8x4 =0

The extended matrix of this system is:

. a1 ar a3 as b 3 4
[A7 b] = |d21 a22 a3 a4 b2 =11 0 -1 5 7
a3l a3y a3z a4 b3 01

Question L12.6: Is there only one system of linear equations with
this extended matrix?

Yes.
The extended matrix gives a complete description of the system.
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The left-hand side of a system as a matrix product

Let A be the coefficient matrix of a system

aiixy + apxa + -+ ainxp = by

a1x1 + amxa + -+ + apxy, = by

am1X1 + amex2 + -+ + amnXn = bm

Then for X = [x1, x2,...,x,] T we have

a1 a2 ... adn X1 ai1x1 + aexe + - + aipXp
ani an» . aon X2 ?

A= | . : . =
ami am2 .-  amn| |Xn ?
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The left-hand side of a system as a matrix product

Let A be the coefficient matrix of a system

aiixi + axg + -+ + aipXp = by

ar1x1 + axnxo + -+ + acpxy, = by

amiX1 + amex2 + -+ 4 amnXp = bm

Then for X = [x1, x2,...,x,] T we have
a1 412 ... Al (X1 a11x1 + a12Xe + -+ - + A1 Xy
. a  a» ... any| (X2 axy + agpxp + -+ axnXp
AxX=| . =
dml dm2 - -- dmn Xn ?
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The left-hand side of a system as a matrix product

Let A be the coefficient matrix of a system

aiixi + axg + -+ + aipXp = by

ar1x1 + axnxo + -+ + acpxy, = by

amiX1 + amex2 + -+ 4 amnXp = bm

Then for X = [x1, x2,...,x,] T we have
a1 a2 --- adn| |X a11X1 + a2x2 + -+ + A1nXp
. a  a» ... auy| (X2 axy + agpxp + -+ axnXp
AX = =
Aml dm2 --- dmn Xn Am1X1 + am2X2 + -+ + amnXn
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The matrix form of a system of linear equations

Let A be the coefficient matrix of a system

aiixy + apxa + -+ ainxp = by

ax1x1 + amxa + -+ + apxy, = by

am1X1 + amex2 + -+ + amnXn = bm

Then the system can be expressed in matrix form as follows:

X1 by

- X2 _, bo
AX=Db, where X= and b= |

Xn bm
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Example of a system in matrix form

Consider a system of 3 linear equations in 4 variables.

3x1 +4xp —bx3 =11
X1—Xx3+bxa =7
Xo +2x3+8x4 =0

This system can be expressed in matrix form as:

X1

34 6 0] | 11 bl
A>?=10—15X2=7:b2:b
01 2 8| 0 b3
X4
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Consider a system of m linear equations in n variables.

aiix1 + awxo + -+ aipx, = by

am1X1 + amex2 + -+ 4+ amnXp = bm

ailr ... din ailr ... din b1
A=|: © | and [Ab]=
ami --- amn ami --- amn bm

are the coefficient matrix and the extended or augmented matrix of
the system, respectively.

The system can be written in matrix form as AX = 5
X1 by
where X=|: and b=

Xn bm
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