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Inverses of matrix products

Let A,B,A1, Ay, ..., A, be invertible matrices of the same order. Then
(AB)"! =B AL
(AtAy .. A A T =AA Y ATATL

Proof: We prove the second part. The first part is a special case.

Consider the product
(AtAy . A A)(ACTA L ASTATY

Question L19.1: What do we need to show about this product?
We need to show that this product is the identity matrix.

Now group the factors differently:

= (AA A (AKAD (A L ASTATY

Question L19.2: What can we say about the middle term?

The middle term is the identity matrix.
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Inverses of matrix products, completed

Let A,B,Aq, Ay, ..., Ay be invertible matrices of the same order.
Then

(AB)"! =B !A-L.
(A1Ay.. A 1A T =ATAY ASTALT

Proof: We prove the second part. The first part is a special case.
(AjAy .. A A)ACTAL L ASTATY

= (AA2. A (AR (A ASTATY

= (A1Ay . ACDIAY ASTATY

= (A1Ay ) (A1 A )G ASTATY) = (AAS LI ATATY)

... (We keep going like this.)

= (A1A)(ASTATY) = AL (A A AT = AJIAT = AJAT =1 O
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Some numerical examples

1 2 1 0 1 -2
LetA—[3 4] and B—[O _1] Then AB—[3 _4]

H 1 _ 1
ere A~ |:1 5 O5:| and B = |:O 1:|

2 1 2 111 -2
—1lpa-1 _ _ -1 —
BUAT = [—1.5 0.5} = (AB)™, as [—1.5 0.5} [3 —4] =1

L [-2 2 -1
But (AB) 1:[ 1.5 05]7"éA ‘B = [15 05]

Also, AT = B ﬂ and (A7) = [_12 _1:5} = (A )T,
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The inverses of a matrix transpose

Let A be an invertible matrix. Then

(A1) = (A1)

Proof:

Question L19.3: What do we need to show in this proof?
We need to verify that (A™1) TAT =1.

Question L19.4: What is the correct formula for BTC7?

Since for any two square matrices B, C of the same order we have:
B'C™ = (CB)7, we get:

(AH)TAT = (AA ) =T =1 O
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The inverses of upper- and lower-triangular matrices

Recall that an upper-triangular matrix is a square matrix U for
which all entries below the main diagonal are zero and a
lower-triangular matrix is a square matrix L for which all entries
above the main diagonal are zero.

Note that, in particular, any square matrix in generalized row
echelon form is upper-triangular.

Let U be an invertible upper-triangular matrix. Then U™! is also
upper-triangular.

Let L be an invertible lower-triangular matrix. Then L™ is also
lower-triangular.

We will illustrate the proof in Module 31.
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Examples of inverses of triangular matrices

For example, both

o2 1 -04
U_[o 5] and U _[o 0.2]

are upper-triangular.

Similarly, both
1 0 0 1 0 0
L=|3 —-10 O and L '=[03 -01 0
7 0.1 -70 0 10

are lower-triangular.
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Take-home message

We have seen the following properties of matrix inverses:

o (AB) ' =B AL
1 _ (a-1\T

o (AT) 1= (A )T

@ An upper- or lower-triangular matrix is invertible if, and only
if, all of its diagonal elements are nonzero.

@ The inverse of an invertible upper-triangular matrix is also
upper-triangular.

@ The inverse of an invertible lower-triangular matrix is also

lower-triangular.
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