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Review: Linear combinations

Definition
A vector W is a linear combination of vectors Vi, Vs, ..., V, if there
exist scalars di, da, ..., d,, called coefficients, such that

W = diVi + doV + - - - + dpViy.

When we talk about linear combinations, we always assume, at
least implicitly, that all vectors involved have the same order.

That is, we assume that either they are all row vectors of order
1 x m or all column vectors of order m x 1 for the same m.
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Review: Example 6 of Lecture 21

Definition
A vector W is a linear combination of vectors Vi, Vs, ..., V, if there
exist scalars di, da, ..., d,, called coefficients, such that

W = diVq + doVo + - - - + dpV,.

1 -5 5 7
Let w= |2 vi= |0 vo = |10 v3 = |8
3 —6 4 9

Question: Is w a linear combination of the vectors vy, Vo, v3?

This is a tougher problem than for the other examples of
Lecture 21. Here it is difficult to guess values of the coefficients
d1, d», d3 that would work, or to see any reason why such
coefficients would not exist.

We need a systematic method for solving such problems.
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We need to solve a system of linear equations

We want to find scalars di, d>, d3 such that
div1 + dovr + d3vz = w.

We can write this as:

-5 5 7 —bdy +5d> + 7d3 1
di| 0| +dr|10| +d3|8| = |0dy +10d> +8d3 | = |2
—6 4 9 —6d; + 4d> + 9d3 3

—5di + b + T7dz3 =1
or, equivalently, as: 10d, + 8d3 = 2
—6di + 4d» + 9d3 =

w

We end up with a system of linear equations with
variables di, d>, ds.

We can solve this system by performing a Gaussian elimination on
its augmented matrix.
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Gaussian elimination for this system

5 5 7 1] [1 -1 -14 02
0 10 8 2| FRUCE g 190 g 2 | RRYOR
6 4 9 3 6 4 9 3
11 14 02] 1 -1 -14 02
0 10 8 2 2RO 1 08 02
0 —2 06 18 0 -2 06 18
1 -1 -14 02] 1 -1 -14 02
RISR3L2R2 1 1 0.8 0.2 2R22 00 1 08 02

0o o0 22 22 0 O 1 1

The resulting row echelon form is extended matrix of the equivalent

d — d — 1lbd; = -0.2
system d + 08d; = 02
d3 = 1
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Finding the coefficients of the linear combination

We found that any scalars di, d», d3 such that
divi + dovo + d3vz = W
form the solutions the system of linear equations

i — d — 1l4ds = —02
d + 08d; = 02
d = 1

Question L22.1: Based on this information, what can you say
about these linear combinations?

The above system has a unique solution. This solution gives us
coefficients d; = 0.6, d» = —0.6, and d3 = 1. We can then
conclude that

w = 0.6v; — 0.6V> + v3
is indeed a linear combination of the vectors v, Vi, V3.

We can also conclude that there is no other choice for the
coefficients.
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A general method for finding coefficients of linear

combinations

Let Vi, Vs, ...,V,, W be given vectors of the same order.
The following method allows you to determine whether w is a linear
combination of the vectors v, V>, ..., V, and find coefficients if it is.

@ Form a matrix A that either has vy, Vs, ..., V, (if they are column

vectors) or V{ ,Vy ...,V as its successive columns.

Q Let b be either w or w ', depending on whether W is a column or a
row vector.

@ Solve the linear system with extended matrix [A, b].

@ If this system is inconsistent, W is not a linear combination of
Vi,Vo,...,V,.

© If this system is consistent, w is a linear combination of
V1,Vo,...,V, and each solution vector will give you coefficients of a
linear combination.

Note that we have not specified here whether the variables of the linear
system should be called di,...,d, or x1,...,x,. This does not matter.
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An example with row vectors

Let w=[1,2], vi =[1,3], vo =[1,-1].
We want to find dq, d> such that w = div] + dov.

Question L22.2: Can we find all such vectors of possible
coefficients di and d by solving the following system of linear

equations?
d + 3d =1
d — d = 2

No. This system has a unique solution with d; = 1.75 and
d>» = —0.25. However,

1.75v1 — 0.25%, = 1.75[1,3] — 0.25[1, —1] = [1.5,5.5] # w.

Question L22.3: What went wrong here?
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We need to change row vectors to column vectors

Recall that we let w = [1,2], Vi =[1,3], vo =[1,—1]

and that we want to find di, db such that W = divy + dovo.
This means: [1,2] = di[1, 3] + do[1, —1] = [d1 + do,3d1 — db].
So, instead of solving the system given at the previous slide,

d + d =1

we must solve the system
¥ 3di — 2

where the transposes of the vectors vy, Vo are the columns of the

.. ) 1 1
coefficient matrix A = [3 _1]

This corrected system has a unique solution with d; = 0.75 and
dr = 0.25. These coefficients work out right:

0.75v1 + 0.25V, = 0.75[1,3] + 0.25 [1, 1] = [1,2] = W.
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Systems of linear equations as linear combinations

Consider a system of linear equations

a1ix1 + apxa + -+ + ainxy = by

am1X1 + amex2 + -+ amnXp = bm

Let &1,...,a, be the column vectors of the coefficient matrix A,
and let b be the column vector that represents the right-hand side:

a1l a1z ain b
a, = a = ... a,= b=
aml am?2 dmn bm
Then the above system can be written as

x1a1 + x0ap + - -+ + xpa, = b.
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An observation: Consistency of systems and linear

combinations

aiixy + apxa + -+ ainxp = by

amiX1 + amex2 + -+ 4+ amnXp = bm

Let &1,...,a, be the column vectors of the coefficient matrix A,
and let b be the column vector that represents the right-hand side.

By writing the system as x;a1 + xpap + - -+ + xpa, = b we
essentially get a one-line proof of the following result:

In the notation introduced above, a system AX = b of linear
equations is consistent if, and only if, the vector b is a linear
combination of the columns a1, ay, ..., a, of the coefficient
matrix A.
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The linear span

Definition

Let {Vi,Va,...,V,} be a set of vectors of the same order. The
linear span of these vectors is the set

span(Vi,va, ..., Vp)

of all linear combinations of the vectors vy, Vo, ..., V.

At some level, this definition just says that the phrases “w is a

linear combination of the vectors v, Vo, ..., V,"
and "W is in span(vi,Va,...,V,)" mean exactly the same thing.

But the linear span is usually a very large set of vectors with very
interesting properties, as we will see soon. Therefore it is useful to
have a standard notation and standard name for this set.
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An observation: Consistency of systems and the linear span

Two slides earlier we saw a version of the following theorem:

A system AX = b of linear equations is consistent if, and only if,
the vector b is a linear combination of the columns a1, a», ..., a,
of the coefficient matrix A.

We can rephrase this theorem in the language of linear spans as
follows:

A system AX = b of linear equations is consistent if, and only if,
the vector b is the linear span span(ay,ay,...,a,) of the columns
ai,ap,...,a, of the coefficient matrix A.
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The linear span: Some examples

On this slide, let R3 denote the set of all 1 x 3 row vectors. Then:

span([1,—1,2]) is the set of all vectors of the form

d[1,-1,2] = [d,—d,2d]. This set is a line in R3.
span([1,0,0],[0,1,0],[0,0,1]) is R3 itself, as for any given x, y, z
we can write [x, y, z] = x[1,0,0] + y[0, 1,0] + z[0, 0, 1].

Question L22.4: What is span([1,0,0], [0, 1, 0])?
The x-y plane.
Question: What is span([1,2,4],[5, -1,7],[3,8,5])?

This is a tough one. We can determine for every individual vector
in R3 whether it is in the linear span by using the method you
learned earlier in this lecture and solving a corresponding system of
linear equations. But finding all vectors in this linear span will
require new methods.
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Take-home message

A vector W is a linear combination of vectors Vi, Vo, ..., V, if there
exist scalars dy, ds, ..., d,, called coefficients, such that

W = diVi + doVs + - - - + dnViy.

The vectors W, vy, Vo, ..., V, are assumed to be all of the same
order.

The set of all linear combinations of vectors vi,Vo, ..., V, is
denoted by span(vi,Va,...,V,) and called the the linear span of

these vectors.

Determining whether a given vector is in the linear span of a given
set of vectors and finding coefficients for linear combinations boils
down to solving a system of linear equations. A detailed procedure
is outlined on slide 7.

A linear system AX = b is consistent if, and only if, b is in the
linear span of the column vectors of its coefficient matrix A.
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