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Let us explicitly state as theorems two results that were discussed in

Conversation 29:

Consider a linear system AX = b with A of order m x n.
@ When r(A) = m, the system is always consistent.

@ When r(A) < m, the system is consistent for some, but not for all

choices of b.

Consider a linear system AX = b with A of order m x n.

@ When r(A) = n, the system is either inconsistent or has exactly one
solution.

@ When r(A) < n, the system is either inconsistent or has infinitely
many solutions. )
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One more theorem

Suppose A is the coefficient matrix of a linear system AX = b.

Let X be a solution of this system and let y be another vector. Theny is
also a solution of the same system if, and only if, X —y is in N(A).

In other words, when X is one solution of the system AX = b, then all
other solutions must be of the form X + Z, where Z is in N(A).

A

It follows that when A is of order m x n, the solution set of AX = b can
always be written as the set of all vectors of the form X + Z, where Z
belongs to a vector space of dimension dim(N(A)) = n— r(A).

Question L29.1: Suppose A is a 3 x 5 matrix with r(A) = 3. Then
AX = b is always consistent. How does the solution set look like?

Here dim(N(A)) =5 — 3 = 2, so that the solution set will be a plane.

It will be a plane through the origin if, and only if, b=0sothat 0isa
solution. Note that b 0 # 0, then A0 =0 #* b, so that 0 is not a solution
of the system AX = b and will not lie in this plane.
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Example 1

X1 + x2 + x3 = b

Consider a system of the form:
x3 = b

111
0 01

Here the coefficient matrix is A = [

Since r(A) = 2 = m, the system is consistent for every choice of b.

Here the extended matrix of the system is already in row-reduced
form and we can solve the system by back-substitution, choosing
one of the variables x1, xo as our free parameter.

Question L29.2: What do we get when we choose x; as our free

parameter?
X1

The solution set consists of all vectors X = | by — by — X3
b
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Example 1, completed

Consider a system of the form: o+ e + s = b
x3 = b
Here the coefficient matrix is A = 111
S0 01
X1
dim(N(A)) =1 and N(A) consists of all vectors | —xi | .
0
1
-1 is a basis of N(A). The solution set consists of all
0
0 1 0
vectors | by — bo| +x1 | —1| where |by — by| is one solution.
bo 0 bo
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Example 2

X1+ x + x3 = b

Consider a system of the form:
0 = b

111
000

Here the coefficient matrix is A = [

Since r(A) = 1 < m, the system is consistent only for some b.
More precisely, the system is consistent only when by, = 0.

If b, =0, we can solve the system by back-substitution, choosing 2
among the variables x1, x2, x3 as our free parameters.

When we choose, for example, x; and x3 as free parameters we

find that
X1

the solution set consists of all vectors X = [ by — x1 — x3
X3
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Example 2, completed

Consider a system of the form: X+ X ’(()3 i %1
11 1}

Here the coefficient matrix is A = [0 0 0

Question L29.3: What are dim(N(A)) and N(A)?

X1
dim(N(A)) = 2 and N(A) consists of all vectors | —x; — x3|.
x3
1 0
-1, -1 is a basis of N(A). The solution set
0 1
0 1 0
consists of all vectors [0 | +x1 [—1]| +x3 |—1
b1 0 1
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Take-home message: What do these examples illustrate?

In both examples we had r(A) < n. In Example 1 we needed
dim(N(A)) = 1 free parameter and in Example 2 we needed
dim(N(A)) = 2 free parameters to describe the solution set.

Suppose AX = b is a consistent linear system with a coefficient
matrix of order m x n. Then the solution set can be described by
choosing exactly k = dim(N(A)) = n — r(A) among the variables
X1,...,Xn as free parameters.

In both examples we could pick one particular solution X and a
basis B = {Z1,...,Zx} of N(A) so that all solution vectors could
be written in the form X+ c1Z1 + - - - + cxZx for some coefficients.
This will always be possible in view of the theorem on slide 3.

When the basis B of N(A) is constructed in the way that we
learned in Lecture 28, we can choose our free variables x; as
coefficients ¢; here. But note that ¢, for Example 2 would be x3.
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