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The goal of this lecture

In this lecture you will learn an alternative method for calculating
the determinant of a square matrix.

This method often works well when the matrix is sparse, that is,
when most of its elements are equal to 0.

First we need to introduce two new concepts: minors and cofactors.
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Minors

A minor of a matrix A is a determinant of any square submatrix
of A,

Consider the following matrix:

ail a2 a3 adis ais 1 2 3 4 5
A— dp1 dpp a3 do4 dys _ 6 7 8 9 10
d31 d32 4d33 4di34  ass 11 12 13 14 15
a4l dqo  A43  d44  das 16 17 18 19 20

All of the following numbers are examples of minors:

1 3 4
6 8 9|=0 ’177 ;g‘z—w det([12]) = 12
11 13 14
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Minors, continued

Consider the matrix:

ai
a
A= |9
asi
dal

Question L35.1: Is [

a2
az
asp
a42

a13
a3
as3
d43

a4
a
ass
daq

8
13 14

ais 1 2 3 4 5
ax | 6 7 8 9 10
ass| |11 12 13 14 15
ags 16 17 18 19 20

9] a minor of A?

8 9. : .
No. [13 14] is a square submatrix of A, but minors are

by definition numbers. The corresponding minor would be

its determinant

9

13 14

s
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The cofactor of the element aj; of a square matrix A is the
product of (—1)"*/ with the minor that is obtained by removing
the it" row and the jt" column of A.

Example: Find the cofactor of ap3:

ail a2 a3 A4 ain ap B ay
a1 axp ax axn H EH B BN
A= —
331 ax a3 a3y a3y azxx W azy
d41  d42 A43  d44 as azx W ay
a11 a2 a4 a1l ad12 a4
— |4831 4832 434| — |d31 4a32 a3
d41  d42 44 a41  d42 44
di1 d12 di14 411 d12 414
— (=1)?|azy an am| — (—1)|ann an asm
dql  d42  A44 dal  d42  ass
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Cofactors: An example

The cofactor of the element aj; of a square matrix A is the product of
(—1)™/ with the minor that is obtained by removing the it" row and

the j*" column of A.

1 2 3 4
. . . 6 7 8 9
Question L35.2: Find the cofactor of axs in A = 5 3 5 7
11 13 17 19
1 2 3 H 1 2 3 1 2 3
H B B N
5 3 5 m — 12 3 5| —1|2 3 5
11 13 17 = 11 13 17 11 13 17
1 2 3 1 2 3
— (1|2 3 5| —1|2 3 5|=7
11 13 17 11 13 17
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The method of expansion by cofactors

Let A be any square matrix.

We can calculate det(A) as follows:

@ Pick any row or column.

@ For each element of the chosen row or column, find its
cofactor.

© Multiply each element in the cosen row or column by its
cofactor.

@ Sum the results.

The method works best if you choose the row or column along
which you want to expand as one that contains a lot of zero
elements.
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Expansion by cofactors: An example

det(A) = 1(—37) — 6(—17) + 4(—5) = 45.
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Expansion by cofactors: 3 x 3 matrices

ailr a2 a3
Let A= |ay1 ax» a3 Expand along the first row:

a31 d32 4as3

det(A) = aqq (—1)1+1 |22 923 4 o qy142 (921 23
(A) =au(-1) 2 A3 12(—1) o1 am
a1 axn

+a13(*1)1+3

as31 a3

det(A) = a11(axass — axzas)—aiz(az1ass — axasi)

+aiz(axiasy — axnas).
det(A) = a11a333 + 312323331 + 313321332

—d11d234a32 — 412421433 — d134d224d31-

We obtain the formula that was shown in a previous lecture.
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Expansion by cofactors: Another example

Suppose you want to use cofactor expansion along a column of the

1 2
6 7
4 0
-2 -1

matrix A = to compute det(A).

= 1O W

0
8
0
0

Question L35.3: Along which column should you expand?

1 2 0 3
. 6 7 8 9
Expand along the third column: A = 4 0 0 5
-2 -1 0 1
1 2 3 1 2 3
det(A) :0+8(71)2+3 4 0 5 +04+40=28(-1)|4 0 5
-2 -1 1 -2 -1 1
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Expansion by cofactors: The example completed

1 2 3 1 2 3
det(A)=0+8(—1)>3(4 0 5/+0+0=8(-1)[4 0 5
2 -1 1 2 -1 1

Question L35.4: If we now want to expand along a row, which row
should we choose?

Now expand along the second row:

1 2 3

4 0 5 —a—1| 2 3 iops1p|l 2
-1 1 -1

-2 -1 1

1 2 3

4 0 5 =4(-1)(5)+5(-1)(3)= 35

-2 -1 1

det(A) = 8(—1)(~35) = 280.
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A minor of a matrix A is a determinant of any square submatrix
of A,

The cofactor of the element aj; of a square matrix A is the
product of (—1)"/ with the minor that is obtained by removing
the it" row and the jt" column of A.

We can calculate det(A) by cofactor expansion as follows:

© Pick any row or column.

@ For each element of the chosen row or column, find its
cofactor.

© Multiply each element in the chosen row or column by its
cofactor.

@ Sum the results.

The method works best if you choose the row or column along
which you expand as one that contains many zero elements.
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