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Matrix multiplication has a few surprises up its sleeve

Let A = [ajj]mxn, B = [bjj]lm xn be two matrices.

The sum A + B behaves exactly as one might expect,
the product AB doesn't.

o A + B is defined whenever m = m’ and n=n'.

AB may not be defined for matrices of the same order, and is
sometimes meaningful for matrices of different orders.

@ When A + B = [cjj], then always c;; = ajj + bj;.
When AB = [djj], then usually djj # ajjbj;.

o A+ B =B+ A, exactly as for addition of numbers.

Unlike in multiplication of numbers, it is possible that
AB # BA.
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When can we multiply two matrices?

Let A = [ajilkxn, B = [bjj]mxp be two matrices.

Then the product AB is defined if, and only if, n = m, that is,
the number of columns of A is equal to the number of rows of B.

1 0 3 1 4
Let A=|-1 6 7 B=|-17 C:[i g z]
0 0O -3 0

AB is defined (3 columns, 3 rows),
AC is not defined (3 columns, 2 rows),
AA s defined (3 columns, 3 rows),

BA is not defined (2 columns, 3 rows).
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When can we multiply two matrices?

Let A = [ajilkxn, B = [bjj]mxp be two matrices.

Then the product AB is defined if, and only if, n = m, that is,
the number of columns of A is equal to the number of rows of B.

1 0 3 1 4
Let A=|-1 6 7 B=|-17 C:[?1 g ;]
0 00 -3 0

Question L5.1: Which of the matrix products BB, BC, CA, CB,
CC are defined?

BB is not defined (2 columns, 3 rows),

BC /s defined (2 columns, 2 rows),

CA is defined (3 columns, 3 rows),

CB is defined (3 columns, 3 rows),

CC is not defined (3 columns, 2 rows).
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The order of the product

Let A = [ajilkxn and B = [bjj]nxp be such that the number of
columns of A is equal to the number of rows of B.

Then the product AB is defined and has order k x p.

1 0 3 1 4
Let A=|-1 6 7 B=|-17 C—[i g z]
0 00 -3 0

AB has order 3 x 2, and AA has order 3 x 3.
Question L5.2: What are the orders of BC, CA, and CB?

BC has order 3 x 3,
CA has order 2 x 3,
CB has order 2 x 2.
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Products of matrices with vectors

Let A be a matrix of order m x n and let Vv be a 1 X m row vector.

Then VA is a 1 X n row vector:

allr .- dln
VA =[vi,...,vm] | : Dl = (wa, ., wa)

dmi --- Amn

Now let v be an n x 1 column vector.

Then AV is an m x 1 column vector:

dml ... @mn Vn Wm
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The definition of the product

Let A = [ajilkxn and B = [bjj]nxp be such that the number of
columns of A is equal to the number of rows of B.

Then the product AB is the matrix C = [cjj]kxp such that
foralli=1,....,kandj=1,...,p

Cij = ajtbyj + appbzj + -+ + ajpbpj = Za,eb@-
di1...di¢...din b11...b1j...b1p Ci1..-Cj..-C1p
dj1...dj¢...din bgl...b[j...bgp = C1.--Gj--.Cip
a1l .--dkl---3dkn bnl--~bnj~-bnp Ck1l---Ckj---Ckp
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An example of a matrix product

Let A = [aji]ox3 and B = [bjj]3x3.

Then the product AB is the matrix C = [cjj]ox3 such that
forall i=1,2 and j = 1,2,3:

3

cj = apbyj + apboj + ajzbsj = Y ajehy;.
=1

4 2
1 = |:C11 c12 C13:|

3 -2
1 -1 o €1 2 23
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An example of a product: ci;

Let A= [a,'j]2><3 and B = [blj]3><3-

Then the product AB is the matrix C = [cjj]ox3 such that
foralli=1,2and j=1,2,3:

3

CU = ailblj + ai2b2j + ai3b3j = Z a,'fbﬁj.
/=1

_ft -1 0 _|=2 a2 as
AB_[O 2 3] 321 _|:C21 C2 3

c11 = ai1bi1 + aohor + a13b31 =1-34+0=-2.
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An example of a product: c¢i»

Let A= [a,'j]2><3 and B = [blj]3><3-

Then the product AB is the matrix C = [cjj]ox3 such that
foralli=1,2and j=1,2,3:

3

CU = ailblj + ai2b2j + ai3b3j = Z a,'fbﬁj.
/=1

4 2

1
AB:E _21 g] 3 21 :{_2 0 Clﬂ
1 -1 2 €1 €2 3

c12 = a11b1o + a1oby + a13bsp =4+2+0=06.
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Let A = [aji]ox3 and B = [bjj]3x3.
Then the product AB is the matrix C = [cjj]ox3 such that
foralli=1,2and j=1,2,3:

3

Cij = a,-1b1j + a,-2b2j + a,-3b3j = E a,'gbgj.
/=1

— — ?
e P R T S [
1 -1 2 1 22 3

[
S
N

Question L5.3: What is c137
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An example of a product: ci3

Let A= [a,'j]2><3 and B = [blj]3><3-

Then the product AB is the matrix C = [cjj]ox3 such that
foralli=1,2and j=1,2,3:

3

CU = ailblj + ai2b2j + ai3b3j = Z a,'fbﬁj.
/=1

1 -1 0 -2 6 1
AB_[O 2 3] 321 _|:C21 2 Czj

c13 = a11b1z + anpboz +a13b33 =2-1+0=1
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An example of a product: ¢

Let A = [aji]ox3 and B = [bjj]3x3.
Then the product AB is the matrix C = [cjj]ox3 such that
foralli=1,2and j=1,2,3:

3

Cij = a,-lblj + a,-2b2j + a,-3b3j = E a,'gbgj.
/=1

2
1 -1 0 -2 6 1
AB_[O ) 3]3—21_{_ }

,_\
S

—_
[
—_
N

Question L5.4: What is ¢p17

Co1 = an1b11 + axobo1 + axzb3; =04+ 643 =0.
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An example of a product: ¢

Let A= [a,'j]2><3 and B = [blj]3><3-

Then the product AB is the matrix C = [cjj]ox3 such that
foralli=1,2and j=1,2,3:

3
cj = anbyj + aipbyj + aisby = Y _ aicby;.
(=1
1 4 2
1 -1 0 -2 6 1
AB:[ } 3 21 :[ ]
0 2 3 1 ~1 92 9 -7 23

Co2 = ap1b1a + axoboo + axpzbzp =0—-4 -3 = —7.
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An example of a product: cy3

Let A= [a,'j]2><3 and B = [blj]3><3-

Then the product AB is the matrix C = [cjj]ox3 such that
foralli=1,2and j=1,2,3:

3
Cij = ailblj + ai2b2j + ai3b3j = Z a,'fbﬁj.
/=1
1 4 2
1 -10 -2 6 1
AB:[ ] 3 21 :{ }
0 2 3]|] 7, 9 -7 8

€23 = az1b13 + axobo3 + axzbzz =0+ 246 = 8.
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The inner product of two vectors

Assume X is a 1 X n row vector and y is an m x 1 column vector.
Then Xy exists if, and only if, n = m, that is, if these vectors have
the same dimension.

If the product Xy exists, it has order 1 x 1.

N
. Yy
xy:[xl X2 ... x,,] :2 =[],
Yn

where ¢ = Xx1y1 + Xoy2 + -+ XnYn = 2 g1 XeYe

is called the inner product or dot product of X and y.
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The inner product: Examples

Let
0
-1 2
X=1[2 4 y:[ ] 2’:[_} u=|1
3 1 3
Then

xy = [(2)(=1) + (4)(3)] = [10].
Note that Xu is undefined.

Question L5.5: What is XZ?7

xZ = [(2)(2) + (4)(-=1)] = [0].
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An application of inner products

Sums of vectors can be expressed as inner products:

X1 1

X n 1
111l :[ZXg]:[Xl X2 o X

_ v

Xn ' 1

1
For example, [1 1 1] |2| =[1+2+ 3] = 6]
3

1

and [5 6] [1

] =[5+ 6] = [11]
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A second look at the definition of the product AB

di1...di¢...din b11...b1j...b1p Ci1.--C1j-.-C1p

dj1...4dj¢...djn bgl...bgj...bgp = C1...Gj...Cip

akl...dakg ... 3dkn bnl---bnj---bnp Ckl---Ckj---Ckp
Cij = aibyj + appboj + -+ + ainbyj = E ajeby;.

Let a;, denote the vector in row i of A, and let B*J- denote the
vector in column j of B.

In this notation, [cj] = 5’,-*5*1-.
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@ The product AB of two matrices A = [ajj]kxn, B = [bjj]lmxp is
defined if, and only if, n = m, that is, the number of columns
of A is equal to the number of rows of B.

o If AB is defined, it has order k x p.
o If AB = [cjj]kxp is defined, then
cij = aibij + appboj + - + ainbnj = Y_/)_; aiebyj.

@ The matrix product Xy of a row vector X and a column
vector y of the same length is a 1 x 1 matrix whose single
element is called the inner product or dot product of these
vectors.

@ The sums of the rows of a matrix A are given by the matrix
product A[1 1...1]7 of A with a vector of ones.

@ Similarly, the sums of the columns are given by the matrix
product [1 1...1]A of a vector of ones with A.
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