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This module is based on Lecture 29. Recall the following theorem from this lecture:

—

Theorem 1. Suppose AX = b is a consistent linear system with a coefficient matriz of order
m X n. Then the solution set can be described by choosing exactly k = dim(N(A)) =n —r(A)
among the variables x1,...,xy, as free parameters.

1 0 0 b
Question 54.1: Let AX = b be a system with extended matrix [A,b]= [0 1 0 b
0 0 0 b3

(a) Find r(A) and dim(N(A)).
(b) Under what conditions on by, b, and/or bs is the above system consistent?
(c) If the system is consistent, can we describe its solution set by taking:

e 1) as (one of) the free parameter(s)?
e 15 as (one of) the free parameter(s)?
e 13 as (one of) the free parameter(s)?

We also saw in Lecture 29 that we can always pick one particular solution X and a basis B =
{Z1,...,Z)} of N(A) and then write all solution vectors in the form X + ¢1Z; + - - - + ¢xZj, for
some coefficients. The coefficients ¢; here will usually be the same as our free variables, but that
depends on how the basis for the null space is chosen. Also, the numbering may change; in the
second example of Lecture 28 the coefficient c¢o for the second basis vector corresponded to the
free variable zo. To avoid possible confusion, we will always use different letters c; here for the
coefficients and x; for the free variables.

First we will work out a couple more examples, and then you will be asked to practice the
method following the same template.

Consider the following system of linear equations:

(1) r1 4+ x2 + x3 = 2
2c7 + 2z 4+ 33 = 6

We can easily verify that the vector ¥ = [1, —1,2]7 is a solution. Moreover, the coefficient matrix
is the matrix Ay of Example 2 of Lecture 28, and we already know that the null space N(Aj)
consists of all vectors Z of the form [x1, —1,0]” and has a basis {Z;} = {[1,—1,0]"}.
Thus the null space N(Ag) will consist of all vectors Z of the form ¢z, where ¢ is a scalar
coeflicient.
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In view of the above facts, we can represent the solution set of (1) as the set of all vectors of
the form

1 1 1+¢
(2) X+Z=X+cz1=|-1| +c|-1|=]|-1-c¢
2 0 2
We can see that the solution set forms a line in R?, but not a line through the origin. So the

solution set is not a linear subspace of R3. It is an example of what the literature calls an affine
subspace of R3.

It is interesting to compare (2) with a representation of the solution set in terms of one free
variable that we get from Gaussian elimination on the extended matrix and back-substitution:

- 1 1 1 2| Re—r-—2r1|1 1 1 2
[A%b]_[z 2 3 6} [o 0 1 2]

Solving the resulting equivalent system

I
o

1 + x2 + x3
T3 = 2
by back-substitution and using x; as our free variable we conclude that the solution set consists
of all vectors of the form
Z7
(3) —I1
2

Notice that this representation is different from the one in (2). However, if we choose the value
x1 in (3) as 1 = 1 + ¢, then we get exactly the same expression as in (2).

Now consider the following system of linear equations:

( 4) g + x99 + x3 4+ Ty = 7
2¢7 + 2z + 3x3 + 224 = 16
We can easily verify that the vector X = [—1, 1,2, 5]T is a solution. Moreover, the coefficient ma-

trix is the matrix Az of Example 3 of Lecture 28, and we already know that the null space N (Azj)
consists of the form [z1, —21 — 24,0, 24]7 and has a basis {Z1,Z>} = {[1,—1,0,0]",[0,—-1,0,1]7}.
Thus N(Aj3) consists of all linear combinations Z = ¢1Z; + coZo.

We can represent the solution set of (4) as the set of all vectors of the form

-1 1 0 —14c¢
-, > o o . 1 -1 -1 1—0c —
Xtz=Xtaziton=|,|ta|l gl +a| | = C; €2

5 0 1 S+ c2

We can see that the solution set forms a plane in R*, but not a plane through the origin. So the
solution set is again not a linear subspace of R%. It is another example of an affine space.



When attempting the following three problems, you may want to use your answers of Ques-
tions 52.2 through 52.7 of Module 52.

Question 54.2: Consider the system

il — 2.7}2 =-1
(5) 21’1 — 4.7}2 = -2

Verify that the vector ¥ = [1,1]7 is a solution and describe the solution set in terms of linear
combinations that use a basis of the null space of the coefficient matrix.

Question 54.3: Consider the system

r1 — 2x2 + 3r3 = -2
(6) 201 — 4dxo0 + x3 =1
3ry — 6xy + 4dxs =-—1

Verify that the vector ¥ = [1,0, —1]7 is a solution and describe the solution set in terms of linear
combinations that use a basis of the null space of the coefficient matrix.

Question 54.4: Consider the system

r1 — 2x9 + 3x3 =-4
(7) 2.%1 — 4.1‘2 + 6$3 = -8
—x1 + 2x0 — 3z3 =4

Verify that the vector ¥ = [1,1, —1]7 is a solution and describe the solution set in terms of linear
combinations that use a basis of the null space of the coefficient matrix.



