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This module is based on Lecture 30 and Conversation 30A. Recall the following theorem from
this Conversation:

Theorem 1 (Matrix representation of linear transformations). Suppose L : R™ — R™ is a linear
transformation. If both the elements of the domain R™ of L and the function values L(X) in R™
are treated as column vectors. Then there exists a matriz A of order m x n such that L = La,
that is, L(X) = AX for all X in R™.

Proof of Theorem 1: Let us analyze a proof of this theorem here.

Recall that if we treat R™ as a space of column vectors, then the standard basis vectors are
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We want to show that L is the same linear transformation as the linear transformation LA that
is defined by La (X) = AX for every vector X € R™.

Let us first calculate the values La (€;) for the standard basis vectors €;.
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Question 55.10: Where does the last equality in (1) come from?
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Now let X be any vector in R™. Then

X = 1161 + 2262 + - - - + T,,€y,

and it follows from the linearity of L that

LA(X) =21LA(€1) + 22LA(82) + - + 2 LA (E).

From what we have already shown it follows that
(2) La(X) =21L(€1) + x2L(€2) + - - - + zp L(€,) = L(X).
Question 55.11: Where does the last equality in (2) come from?

Thus the two functions Lo and L take the same values for all inputs X and must be the same
function. O



