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Real-analytic functions

Definition 4.2.1: (Real-analytic functions) Let E C R, and let
f : E — R be a function.

If ais an interior point of E, we say that f is real-analytic at a if
there exists an open interval (a —r,a+r) C E for some r >0
such that there exists a power series »_° , cs(x — a)" centered

at a which has a radius of convergence greater than or equal to r,
and which converges to f on (a—r,a+r).

If E is an open set, and f is real analytic at every point a of E, we
say that f is real-analytic on E.

We will see later where the name ‘“real-analytic” comes from.

Example 1: The function {2 = 370° (x" = 3% (x — a)" is
real-analytic at a = 0. However, this function cannot be

real-analytic at a = 1, since f(1) is undefined for f(x) = 1=

1—x-*
It can be shown that f(x) of this example is real-analytic for every
a # 1, that is, real analytic on E := (—o00,1) U (1, 00).
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k-times differentiability and smoothness

Now suppose that f is given and real-analytic at a.
The question is how we can find the coefficients ¢, of the series
D neo En(x — a)" = f(x).

We make several observations.

Definition 4.2.4: (k-times differentiability) Let E C R. We say a
function f : E — R is once differentiable on E iff it is
differentiable. More generally, for any k > 2 we say that f : E —» R
is k times differentiable on E, or just k times differentiable, iff f is
differentiable, and ' is k — 1 times differentiable.

If f is k times differentiable, we define the k" derivative

f(k) . E — R by the recursive rule f(1) := £’ and f(k) = (F(k=D)Y
for all kK > 2.

We also define £(0) := f (this is f differentiated 0 times), and we
consider every function to be zero times differentiable.

A function is said to be infinitely differentiable (or smooth) iff it is
k times differentiable for every k > 0.
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The k" derivatives of real-analytic functions

You will recall from calculus that most “nice” functions, like
polynomial functions, exponential functions, and trig functions, are
k times differentiable for all k € N, that is, are infinitely
differentiable. This property is shared by all real-analytic functions:
Proposition 4.2.6: (Real-analytic functions are k-times
differentiable). Let E C R, let a be an interior point of E, and

let f be a function which is real-analytic at a and has the power
series expansion f(x) =Y ca(x —a)" for all x € (a—r,a+r)
for some r > 0.

Then for every k > 0, the function f is k-times differentiable on
(a—r,a+r), and for each k >0 and all x € (a—r,a+r):

FR) =Y crn(n+1)(n+2)...(n+ k)(x — a)"

n=0
> n+ k)!

= Z Cn+k(n,)(x —a)".
n=0 ’
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Real-analytic functions are infinitely differentiable

Sketch of the proof: For k = 1, Proposition 4.2.6 follows

immediately from Theorem 4.1.6. In this case we have

n+1)! 1--n(n+l
Cn+1( al e Cn+1# = cay1(n+1),

so that we get F()(x) = f/(x) = 320° o(n + L)cpp1(x — a)".

For k > 1 the result can be proved by induction over k;
we will do this in Module 58.

Corollary 4.2.7: (Real-analytic functions are infinitely
differentiable) Let E be an open subset of R,
and let f : E — R be a real-analytic function on E.

Then f is infinitely differentiable on E.

Also, all derivatives of f are also real-analytic on E.

Not every infinitely differentiable real function is real-analytic
though; we will explore an example in Module 58.
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Finding the coefficients of the power series

If f is real-analytic, then we can use Proposition 4.2.6 to find the
sequence of coefficients ¢,. Here is how this works:

Assume f(x) =Y 2y cp(x —a)" for all x € (—r+a,a+r).

Then f(a) =Y " gcn(a—a)"=c+ > g cn(0)" = co.

Similarly: f'(a) =Y "2 o(n+1)cpr1i(a—a)" = (0+ 1)cp = c1.
f"(a) = > o o(n+2)(n+1)chyo(a — a)” = 2¢o. Thus ¢ = @
And so on. Now we can prove by induction over k the following:
Corollary 4.2.10 (Taylor's formula) Let E C R, let a be an interior
point of E, and let f : E — R be a function which is real-analytic

at a and has the power series expansion f(x) = > cn(x — a)"
for all x € (a—r,a+ r) and some r > 0.

Then for any integer k > 0 we have f(K)(a) = klcy.

In particular, for all x in (a — r,a+ r) we have Taylor's formula

00 (n)(a n
flx) = 302 T2 (x — a)m.
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Taylor and Maclaurin series: An example

For example, we have shown that the function f(x) :=In(x + 1) is
real-analytic at a := 0, with f(x) =7, %x” on (—1,1).
When we take derivatives at a := 0 we get:
©(0)=In(1+0)=0
1)1+1
F(0) = () @ =1=

Question L47.1: What is f”(0)?

£(0) = (ikp ) (0) = —1= S5

)2+1

21

Similarly, £3(0) = (25 ) (0) =2 = =3

And so on.

. (n) . .
The power series » 7 o f n,(a)( — a)" is called the Taylor series

of f around a. In the special case when a := 0, this is also called
the Maclaurin series of f.
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Uniqueness of power series

We have found that the Maclaurin series of f(x) := In(1 + x) is

given by the formula In(14x) = >0, (71,3”1 x™.

This example is an instance of a more general observation:

When f(x) := 372, cn(x — a)", on some interval (—r +a,a+r),
then the coefficients ¢, must be the ones given by the Taylor series
at a:

Corollary 4.2.12: (Uniqueness of power series) Let E C R, let a
be an interior point of E, and let f : E — R be a function which is
real-analytic at a. Suppose that f has two power series expansions
F(x) = 2020 clx —a)" and f(x) = 3272 dn(x — a)"

centered at a, each with a non-zero radius of convergence.

Then ¢, = d, for all n > 0.
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The power series for the natural exponential function

Now let us consider the function f(x) := e* on R.
This function is real-analytic.

Let us compute the coefficients of its Maclaurin series
)(m (0

Z?ioch”:Zioo(e )nl( )( — a)n.

Question L47.2: Find a formula for c,.

Since (eX)’ = e~ and €® = 1, we get f(M(0) =1 for all n € N.
It follows that ¢, = % for each n € N.

As we have mentioned, e* is real-analytic.

Therefore eX = >°0° 0 Lx".

One can show that this equality holds for all x in the interval of

convergence of this series, which is the entire real line, as we have
seen in Module 57.
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The function(s) e* and exp(x)

The textbook takes a slightly different approach and actually
defines a function

exp(x) == > 12, %x”.

This definition works for all x € R, since the power series has a
radius of convergence R = oo as we saw in Module 57.

A different definition of the function e was given in Volume | of
the textbook.

If we know that the function e* is real-analytic, then it follows from
Corollary 4.2.12 that exp(x) and €* must be the same function.

However, we shouldn't take on faith that our familiar function e~ is
actually real-analytic. This can be rigorously proved, but the proof
goes beyond the scope of our course.
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