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Abstract—A reflection formula is proposed for the two-dimensional Helmholtz equation subject to the
Neumann condition. In contrast to the classical Schwarz symmetry principle, the formula has a nonlocal
(integral) form.

o 1. STATEMENT OF THE PROBLEM

The well-known Schwarz symmetry principle [1] is as follows.

Let I' = R? be a real analytic curve and P' be a point on it. Then, there exist a neighborhood U of P'
partitioned by T into subdomains U, and U, and a unique anticonformal mapping R : U — U that maps
every point of I" onto itself and U, and U, onto one another. Under the mapping, any harmonic function
vanishing on I (Dirichlet condition) is odd; i.e.,

u(xg, ¥o) = —u(R(xo, yo)) (.bD
at any (xg, yp) € U.
Under the Neumann condition (du/on = 0), the corresponding symmetry formula is
u(xo, ¥o) = u(R(xo, yo)) (1.2)
(even continuation).
Obviously, if (xy, yo) € U,. then the corresponding “reflected” point R(x,, y,) belongs to U,.

The Schwarz symmetry principle was also discussed in [2-7]. Much attention was given to the actual
construction of R. This can be done as follows. Consider a domain W in C? and analytically extend the equa-
tion fix, y) = 0 of T to this domain so that W m [R?= U. In the characteristic (under the Laplace operator)
variables z = x + iy and { = x — iy, the equation of the complexified curve I'¢ is written as

If gradfix, y) # 0 on T, then the equation of I'¢ (in a neighborhood of a real point) is solvable for both z

-

and (. Let the corresponding solutions be { = S(z) and z = S (). Then, R is defined by the formula

R(x,y) = R(z) = 5(2). (1.3)
The function S(z) is called the Schwarz function of T (see, e.g., [2]).

Unfortunately, formulas (1.1) and (1.2) do not hold in such a simple form for spaces of higher dimen-
sions or for more general equations [3]. The possibility of generalizing formula (1.1) was demonstrated
in [4]. In [5, 6], such a formula was derived in explicit form for a two-dimensional elliptic equation with
constant coefficients of the highest order terms. Moreover, this formula was shown to be true in the large
when the equation is of the second order.

The goal of this study is to extend formula (1.2) to the case of the Helmholtz equation.

Statement of the problem. Let U be a given domain in R? that is partitioned into subdomains U, and
U, by a real analytic curve I" described by the equation fix, y) = 0, dfi(x, y) # 0. Let u(x, y) be a solution to
the Helmholtz equation

A+ =0
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subject to the condition
ou/dn|. = 0.

It is necessary to express the values of the function u(x, y) at (%0, ¥o) € U, in terms of its values in U,
(i.e., to construct a reflection formula).

Suppose for simplicity that I is an algebraic curve. In this case, S(z) and S (§) are analytic functions on
the entire plane C and have algebraic singularities only. Obviously, the mapping R defined by (1.3) is regular
everywhere except for the intersection of the singularities of S(z) with [R2.

Theorem 1. Under the assumptions stated above,

R(xg, Yo)
1
“(x03 yO) - u(R(x05 yO))+Z J V(x’y’ X0s )’o)ﬁ)(u(x,}’))_”(x’ y)CO(V(X, Y, Xo» yO))’ (14)
r
where the integral is calculated along any curve joining an arbitrary point on I with the point R(x,, y,), R
is given by (1.3), o(-) = %dx - 5% dy, and V(x, y, xy, ¥,) is defined as

V(x’ Y, Xo, yO) = Vl(x’ V> Xos yO) e V2(x’ Y5 X0, yO)
so that V, (i = 1, 2) are solutions to certain special problems.
We prove the theorem in the following three steps:
(1) the original problem is reduced to a special problem;
(i1) the existence of a solution to this problem is proved, and a solution is constructed:;
(ii1) the properties of the solution constructed are analyzed, and the final formula is derived.

2. REDUCTION OF THE ORIGINAL PROBLEM TO A PROBLEM
WITH PRESCRIBED LOCATIONS OF SINGULARITIES
As a starting point, we use the well-known Green’s formula, which expresses the value of the solution
to the Helmholtz equation at any fixed point (x,, y,) € U, < R?in terms of the values of the solution on a
contour Y encompassing this point:

u(xor ¥0) = [G(x, ¥, %o, ¥0)@((x, 1)) = (%, Y)O(G (X, Y, X0 ¥0)) 2.1
Y
where o(-) = 58—\-} dx — —a% dy and G(x, y, xo, yo) is any fundamental solution. Note that G(x, v, x,, y,) has a

logarithmic singularity at (xo, ¥p), and its analytic continuation has a logarithmic singularity on the complex
characteristics /, and /, through this point:

L = {yi(x,y) = (x=xp) +i(y—y) = 0},
L = {Wa(x, ) = (x-x0) —i(y - y,) = 0}.
In particular, G(x, y, xo, yo) can be represented as a restriction to [R? of the sum of two functions:

G(.\‘, Y, X0, yO) = Gl(x’ Y Xo, yO) + GZ(X7 Y X0, yO)v (22)
where
e AR
Gi(x,y, X0, ¥0) = 4TEZ 4j( .1')2 (Iny, - C)),
S o 2.3)
L (~k \Vl\l’z)J
G?.('ry ¥, Xo, yO) = 471:2 41( !)2 (IHWZ—CJ')’
j=0 J
1
Co=0, C;= 35 j=02 .. (2.4)

I=1
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Obviously, each of the functions defined by (2.3) has a singularity only on one of the characteristics.

Thus, formula (2.1) expresses the values of an arbitrary solution to the Helmholtz equation at a point
(X0, Yo) € U in terms of the values of this solution on a contour ylying within U,. Our goal will be achieved
when we deform y from U, into U,. This is done in two steps. First, v is transformed into a contour Y' lying
on the complexification I'¢ of I'. Next, the fundamental solution in the integrand of (2.1) is replaced by a

function G (x, Y» X, ¥o) Whose singularities are located in such a way that y' can be deformed from I'¢ into
U, and satisfies the condition a)(é) =w(G)on I'.

Note that the value of integral (2.1) does not change if y is deformed into a homological contour (the
integrand in (2.1) is a closed form). Assuming that (x,, y,) is sufficiently close to I', we can deform the con-
tour v into y' < I'¢ by the method described in [5].

Note that the first term in (2.1) vanishes on I'¢; therefore, formula (2.1) takes the form

u(xo, yo) = —[u(x, Y)O(G(x, ¥, %o, ¥0))- 2.5)

3
In view of (2.2), formula (2.5) is rewritten as

u(xg, ¥o) 5-—‘[“(X, Y)O(G (%, y, X0, Yo)) — ju(x, Y)O(Gy(x, ¥, Xg, Yo))- (2.6)

e : : Y :
To deform y' into U,, one must replace G, and G, by functions G, and G, whose singularities lie on the
“reflected” characteristics [, and />, which cross R?2 at points of U,. Moreover, it is obvious that the rela-

tions (x)(é,') = o(G;) must be satisfied on I'¢ (i = 1, 2). Note that y' is not closed on the Riemann surfaces of
the terms on the right of (2.6). Therefore, ¥ < U, is also an open contour for an arbitrary function: the
boundary of ¥ belongs to I'.

Thus, Green’s formula (2.1) can be rewritten as

u(xo, %) = [[G1(x, 3, %o, Yo)@(u(x, ) = u(x, )D(G1(X, Y, X0, ¥o))]
' 2.7)
+ [[Ga(x, v, %0, )@ (u(x, ) = u(x, )O(Ga(x, ¥, %o, Yo))],

5
where ¥ is a contour encompassing R(x,, y,), and G, and G, are solutions to the problems

Ax,yai(x’ Y X0, y()) + kzéi(x’ Y, xO’ yO) = 0’
o(Gi(x, ¥, X0, ¥0)) = O(Gi(%, ¥, %0, ¥0)) on Te. (2.8)
Here, f}i(x, ¥, Xg, o) has singularities only on the reflected characteristic 1.

Following Garabedian, we call the function G = G, + G- a reflected fundamental solution. (Note that a
reflected fundamental solution is generally not a fundamental solution.)

3. REFLECTED FUNDAMENTAL SOLUTION

In this section, we solve problem (2.8), to which the construction of a reflection formula was reduced in
the preceding section. For convenience, we change to the characteristic variables z = x + iy and { = x — iy,
in which problem (2.8) is written as

7, K
0z9C 4
©*(Gi) = *(G;) on T, (3.1)

el Shed >
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