THE SCHWARZ REFLECTION PRINCIPLE FOR
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ABSTRACT. A reflection formula for polyharmonic functions in R? is suggested.
The obtained formula generalizes the celebrated Schwarz reflection principle
for harmonic functions to polyharmonic functions. We also offer modification
of the obtained formula to the case of nonhomogeneous data on a reflecting
curve.

1. INTRODUCTION

In this paper we give a generalization of the well known Schwarz reflection prin-
ciple for harmonic functions to polyharmonic functions, where, a function u(z,y)
of class C?P(U) is said to be polyharmonic function of order p if it is a solution of
the equation APy = 0, where U is a domain in R?, p is a positive integer and AP
denotes the p—th iterate of the Laplacian. It is well known that if u is polyharmonic
function in U, then it is real analytic throughout U.

The Schwarz reflection principle for harmonic functions can be stated as follows.

Let I' C R? be a non-singular real analytic curve and P’ € T'. Then, there exists
a neighborhood U of P’ and an anticonformal mapping R : U — U which is identity
on I', permutes the components Uy, Us of U\ T and relative to which any harmonic
function u(x,y) defined near T and vanishing on T is odd; i.e.,

(1.1) u(zo,yo) = —u(R(x0,y0))

for any point (zq,yo) sufficiently close to I'. Note that if the point (zo,yo) € Ui,
then the “reflected” point R(zg,yo) € Us.

The Schwarz reflection principle has been studied by several researchers (see [1] —
[17] and references there). In particular, the construction of the mapping R has been
considered, e.g., in [1]. To describe the mapping R we consider a complex domain
V in the space C? to which the function f defining the curve I' can be continued
analytically such that V N R2 = U. Using the change of variables z = x + iy,
w = x — iy, the equation of the complexified curve I'c can be rewritten in the form

(1.2) f<z+w Z_w)zo.

2 72
If grad f(z,y) # 0 on ', (1.2) can be solved with respect to z or w; the correspond-

ing solutions we denote by w = S(z) and z = g’(w) The function S(z) is called
the Schwarz function of the curve I' [1]. In these terms, the mapping R mentioned
above is given by

(1.3) R(x0,y0) = R(20) = S(20)-
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Observe that the mapping R depends only on the curve I' and is defined only
near I' but may have conjugate-analytic continuation to a larger domain.

Formula (1.1) has been generalized to cover several other situations. For the case
when T is a line, H. Poritsky [2] proved that a biharmonic function u(x,y), i.e., a
solution u of the biharmonic equation A?wu = 0, defined for y > 0 and satisfying
the conditions

ou
u(x,0) = 9 (2,0)=0

can be continued across the x-axis using the formula
ou
(14) U(JJU, yU) = _U(R(J;Ov yO)) - 2y08_y(R($07 yU)) - ySAz,y“(R(l'Oa yO))v

where R(zo0,Y0) = (2o, —Yyo) and A, , = 33—;2 + 88—;2. He also applied this formula to
problems of planar elasticity. An analogous formula has been obtained by R.J. Duf-
fin [3] for three-dimensional case. Duffin also considered spherical boundaries and
applied his result to study viscous flows, among other things. A. Huber [4] has
generalized formula (1.4) for polyharmonic functions of the form u(Z,y), where T
denotes n-dimensional vector, having vanishing (Dirichlet) data on the hyperplane
y = 0. He showed that such u satisfies the reflection law

p—l — p+m w(Fo, Yo
(1.5) u(To, —yo) = Z ( (gj;;)l)Z A;ny( (yp_,;i ))7
' 0

where p is the order of polyharmonicity of w. For a circular boundary on which a
biharmonic function u(z,y) satisfies the conditions

UZ%ZO for 2? +y* = p?,

or
J. Bramble [5] has shown that analogous to (1.4) u can be continued using the
formula
u(wo,yo) = — u(R(zo,Y0))
1. 2 _ 2

o =T (o (R0, 0) + 5073 — 1) A yu(R(o, o).

i or 4
where 79 = /22 +y2 and p is the radius of the circle. Papers by F. John [6]
and L. Nystedt [7] are devoted to further studies of reflection of solutions of linear
partial differential equations with various linear conditions on a hyperplane.

Continuation of polyharmonic functions in two variables across analytic curves
has been considered by J. Sloss [8] and R. Kraft [9]. Using different methods of
H. Lewi [10], they obtained a number of boundary conditions that guarantee the
existence of a continuation, but they did not carry out any explicit formulas giving
such continuation.

The purpose of this paper is to obtain a reflection formula for polyharmonic
functions across real analytic curves in R? and to investigate properties of the
mapping induced by the formula (see the next two sections). By a reflection formula
we mean a formula expressing the value of a function u(zx,y) at an arbitrary point
(z0,¥yo) € Uy in terms of its values at points in U. Note that though all the formulas
mentioned above are point-to-point, this situation seems quite rare for solutions of
partial differential equations. In particular, for solutions of the Helmholtz equation
(Az y + k*)u(z,y) = 0 vanishing on a curve I, point-to-point reflection in the sense
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of the Schwarz reflection principle holds only when I' is a line, while for harmonic
functions in R?® it holds only when T is either a plane or a sphere [11], [12]. The
paper by P. Ebenfelt and D. Khavinson [12] is devoted to further study of point-
to-point reflection for harmonic functions. There, it was shown that point-to-point
reflection in the sense of the Schwarz reflection principle is very rare in R” when
n > 3 is even, and that it never holds when n > 3 is odd, unless T is a sphere or a
hyperplane. Reflection properties of solutions of the Helmholtz equation have also
been considered in [13], [14] and [15].

2. REFLECTION FORMULA FOR BIHARMONIC FUNCTIONS

In this section we consider partial case of reflection formula for polyharmonic
functions — reflection formula for biharmonic functions.

Suppose u(z,y), defined in a sufficiently small neighborhood U of a non-singular
real analytic curve I' defined by the equation f(z,y) = 0, is a solution of the
problem,

2 p—
(21) Az,yu(xv ) =0 near I
u(z,y). =0 (mod 2),

where, we use the notation u(x,y)|. = 0 (mod 2) if u and its derivatives of order
less than 2 vanish on I'. Let U;,Us denote components of U \ I'. Our aim is to
express the value of u(z,y) at an arbitrary point P(zg,y0) € Uy in terms of its
values in Us.

For simplicity, we assume [ is an algebraic curve. Under this assumption, the
Schwarz function and its inverse are analytic in the whole plane C except for finitely
many algebraic singularities.

Theorem 2.1. Under the assumptions formulated above, the following reflection
formula holds:

(2.2)

S(z —l—iy)-{—g'(x —iy0)\ Ou
0 0 . 0 0 )—(Q)

u(P) = —u(@Q) ~ (w0 - -

S(xo +¢ — S(wo—i
—(y0+ (2o yo)%(o Yo)

0 1 . .
)8—Z(Q) - Z(x% +y2 — S(xo + iyo) (w0 + iyo)

— S(x0 — iyo) (zo — iyo) + S (w0 + iyo)S(xo — iy0)) A yu(Q),
where P = (z9,y0) and Q = R(P).
Proof. To prove this theorem we use the idea suggested by Garabedian [16], to
start from Green’s formula, expressing the value of a solution of an arbitrary linear

p.d.e. at a point P via the values of this solution on a contour v C U; surrounding
the point P. The corresponding formula for biharmonic functions is

dAu oG ou OAG

P)= — —Au— + AG— —u——
u(P) /(Gay u8y+ Gay uay)dx
(2.3) gl

0Au oG ou 0AG
- <G—8x - Au% + AG% U ) dy,
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where A = A, , and G = G(2,y, 20, Yo) is an arbitrary fundamental solution of the
bi-Laplacian. The most suitable one for what follows is

1

“="16x

((z —20)* + (y — y0)*) In((x — 0)* + (y — 0)).

It is obvious that G is analytic function in R? except at the point P(zg,yo). Its
continuation to the complex space has logarithmic singularities on the complex
characterstics passing through this point, i.e., on Kp := {(x —z0)%>+ (y —y0)?> = 0}.
In characteristic coordinates GG can be rewritten as

1
G(z,w,zp,wp) = —E(Gl(z,w,zo,wg) + G2(z,w, z0,wp)), where

G1= (2 —20)(w—wo)In(z — z0), G2 =(2—20)(w— wp)ln(w — wp).

(2.4)

Our goal will be achieved if we can deform the contour v from the domain U; to
the domain Us. Note that since the integrand in (2.3) is a closed form, the value
of the integral does not change while we deform the contour v homotopically. We
deform it first to the complexified curve I'c. This deformation is possible if the
point P lies so close to the curve I' that there exists a connected domain 2 C I'c
such that

(i) Q contains both points of intersections of the characterstic lines passing through
the point P and,

(ii) © can be univalently projected onto a plane domain (for details, see [15]).
Taking into account conditions (2.1), formula (2.3) can be rewritten in the form

0Au oG 0Au oG

1

where contour 7/ C € is homotopic to v in C? \ {(z — x0)? + (y — y0)2 =0} =:
C? \ Kp. To deform the contour 4/ from I'c to the real domain U, we can replace

the fundamental solution by the so called reflected fundamental solution G [16],

which must be a biharmonic function satisfying on I'c the condition G — G = 0
(mod 2) and having singularities only on the characteristic lines intersecting the
real space at point ) = R(P) in the domain U, and intersecting I'c at Kp N, If
we find such a function, we will be able to deform contour to the domain Us and
the value of the integral does not change. It is easy to verify that the following
function satisfies the conditions mentioned above:

~ 1 ~ ~
G(vavz(hwo) = _]_G—W(Gl(z7w7Z07w0) +G2(Z,U},ZO7’U}0)) Wherev

(2.6) CN¥1 = (2 — 20)(w —wo) In(S(w) — 20) + (z = S(w))(w — wp),
CN¥2 = (z — 20)(w —wp) In(S(2) —wo) + (w — S(2))(z — 20)-
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With this change, we can deform the contour v/ from the complexified curve I'c to
the real domain U, [15]. As a result, we obtain

u(P) Z/ (CNJ% - Au% +ACN¥@ —uaAG) dx

dy dy dy dy
(2.7) v
~0Au oG ~ ou OAG
— (G—ax — Au% + AG% — u—ax ) dy,

where 7 C U, is a contour that surrounds the point Q and has endpoints on the
curve I'. Formula (2.7) in characteristic variables has the form,

~ 93 2 3 2 P
u(P):4i/(Gau +8G8u_ o°G 3u3G)dZ

9220w 0z0w Oz “azZaw 920w 0z
(2.8) v
B (~ APu 9’G du G 9%u 3G) d

020w? ' 9020w ow “azaw2 020w dw

If we substitute (2.6) into (2.8) and move one endpoint of the contour 5 along the
curve I' to the other endpoint, integral terms containing products of the function

u and regular part of the function G and their derivatives vanish. Integral terms
containing logarithms can be combined and written as,

(2.9)
/(ln(S(z) — wp) + In(S(w) = 20)){ (= = z0)(w — wo)% N %

5
0%u u ou 0%u
P ) — (¢ o) — o) o O P,
0z0w (w wg)) N ((Z 20)(w w0)828w2 + ow  0z0w (= ZO)) v
where 7 is the loop surrounding the point @ and having endpoints on the curve
I'. The first logarithm gets the increment 27i along the loop, while the second
—(—2ni). Thus, compressing Y to a segment joining @ to I', we find that the

integrand in (2.9) reduces to zero.
Thus, we obtain

(2.10)

~

i ((w —wp)(S(w)) u, . (z = 20)(S:))u,  2(S(2)u

u(P) = - Sw) — 20 S(z) — wo S(z) —wo

C(2=20)(S()"u | (2= 20)((S(2))?u (2 = 20)(w — wo)(S(2)) uzw 3
SG —wo T (5(2) —wo)? S(2) — wo )

~

_ ((“’ — wo)(S(w)'uw | (2= 20)(S(2)) "t _ 2(S(w))"u
g’(w)—zo S(z) —wo g’(w)—zo

~ ~

= o)) | (o= ) (G _ (o= ) = wn) ) e,

~ ~ ~

S(w) — 2o (S(w) — 20)? S(w) — zo
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Calculating the residues we finally obtain,

(2.11) u(P) = = (@) ~ (0~ S(ao)) 9-(@) ~ (w0 — S(z0)) 5 (Q)
= (20 = S(uw)) o = S<ZO>>£5§U (@)

Formula (2.11) in variables z,y is equivalent to (2.2). Note that this formula gives
continuation of a biharmonic function from the domain U; C R? to the domain
U, C R? as a multi-valued function whose singularities coincide with one of the

functions S or g’, where Uy, U, are components of U \ T'. |

Remark 2.2. Formula (2.11) can be easily verified by expanding the function
u(z,w) in Taylor series at the point (). Moreover, this method allows us to obtain a
reflection formula for biharmonic functions having nonhomogeneous conditions on
the curve I'. To see this, let us expand the function u(z,w) in Taylor series at the

point @:

ou ~ 1 0%u ~
u(z,w) =+u(Q) + 5(@)(2 = S(wo)) + 5@(@)(2 — S(wo))? +---
du 1 0%u 9
+ %(Q)(w = S(20)) + 5@(@)(“’ = 8(20))" + -+
(212) + (@)= = o)) w0 = S(0)
0z0w
1 Ou ~ )
392007 @)z = Swo))(w = 5(z0))" + -+
1 Ou ~ 5
2920w (Q)(z — S(wo))”(w = S(20)) + - -~
Note that in (2.12), we used the condition
ititiy, o
W =0 for 17]20,1,2,"' .
Substituting the point A = A(zg,S(z0)) into (2.12), we obtain
ou ~ 10%u ~
(2.13)  w(4) —u(@) = &(Q)(zo = S(wo)) + 5@(@)(20 — S(wo))® + -+ .
Similarly, substituting the point B = B(g(wg),wg) into (2.12), we obtain
0 10*
(214)  u(B) —u(Q) = 5-(Q)(wo = S(z0)) + 555 (Q)(wo — S(=0))* + - -
Differentiating (2.12) with respect to z at the point B, we obtain
(2.15)
ou ou 0%u 1 0%u 5
5(3) - 5(@) - 828w(Q)(w0 —S(z0)) = §W(Q)(wo = 8(20))" + -+~
And differentiating (2.12) with respect to w at the point A, we obtain
(2.16)
ou ou O%u ~ 1 du ~ N
%(A) - %(Q) - %(Q)(zo = S(wo)) = 5@(@)(20 —S(20))" 4+
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Finally, using (2.12) at the point P and taking into account (2.13) - (2.16), we
obtain that

(2.17)
u(P) = ~u(@)+ u(4) + u(B) + (20— S(wo)) (22(3) - 244
+ (o~ 5G0) (24) = 24Q)) — (20 ~ S(wo)) (wo — 5(20) (@)

Note that A and B are points of intersection of the characterstic lines with the
complexified curve I'c. Therefore, formula (2.17) generalizes the well known non-
homogeneous formula for harmonic functions [17]:

u(P) + u(Q) = u(A) + u(B).

Thus, formula (2.17) allows us to construct a reflection formula for biharmonic
functions satisfying on the curve I' the following nonhomogeneous conditions:

U(JJ, y)|r :g(l'),
Z_Z(xvy)h“ :gl(x)v

where ¢ and g; are holomorphic functions in a neighborhood of the curve I'.

Remark 2.3. For the special case when T is a line with equation f(z,y) = ay +
br + ¢ = 0, formula (2.11) in (x,y) coordinates has a simpler form

ou 0

u(P) = ~u(@) = H(2b5 (@) + 207 (Q) + F(P)Asyu(Q)),

where 3 = f(P)/(a®+b?) is a known number. In particular,if a = 1 and b = ¢ = 0,
this formula coincides with formula (1.4) of H. Poritsky [2].
The corresponding nonhomogeneous formula (2.17) for the case of a line becomes

ou %

u(P) == u(Q) = B(2b52(Q) +2a5.(Q) + f(P)As,,u(Q))
(2.18) +u(A4) + u(B) +ﬂ(b+ia)(%(3) —ig—Z(B))
+B(b— ai)(%(A) + ig—Z(A)).

Remark 2.4. For the special case when I is a part of a circle with equation 22 +
y? = p?, formula (2.11) reduces to formula (1.6) of J. Bramble [5].

Example 2.5. Let us consider the simplest example of applying nonhomogeneous
formula for continuation of biharmonic functions. Let u(z,y) be a biharmonic
function defined in the upper half-plane and satisfy on the x-axis the following
conditions

u(z,y)),_, =1,
(2.19) u
8y 'Y ly=0 =T

Note that if the point P has coordinates (o, ¥o), then the reflected point Q =
Q(zo, —yo), A = A(zo + iyo, 0 + iyo) and B = B(xo — iyo, 0 — iyp). Thus,
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nonhomogeneous formula (2.18) for this case can be rewritten in the form

ou
u(xo,Y0) = —u(To, —Yo) — 2Yo 5~ By (0, —y0) — ¥ Au(zo, —yo)

+ u(zo + iyo, xo + iyo) + u(zo — iyo, To — iYo)
(2.20) ou
+(

. . Ou . . .
%(960 — %Yo, To — Zyo) - Za—y(fvo — %Yo, To — lyo))lyo
ou ) ) Ou . . .
- (%(900 + iyo, o + iyo) + Za—y(fvo + %Yo, To + lyo))lyo-
Taking into account (2.19) we finally have,
ou
(2.21) wu(xo,y0) = —u(wo, —yo) — 2yoa—y(ﬂ?m —yo0) — yg Au(zo, —yo) + 2z0yo + 2.

Note that formula (2.20) generalizes Poritsky’s reflection formula (1.4) to the
case of nonhomogeneous conditions on the reflecting line.

3. REFLECTION FORMULA FOR POLYHARMONIC FUNCTIONS

In this section we generalize the reflection formula obtained in the previous
section to polyharmonic functions.

Let u(x,y), defined in a sufficiently small neighborhood U of a non-singular real
analytic curve ' defined by the equation f(x,y) = 0, be a solution of the problem,
(3.1) { AP ju(z,y) =0 near T

u(z,y);, =0 (mod p).
Theorem 3.1. Under the assumptions formulated above, there exists a point-to-
point reflection formula which, in z,w coordinates, has the form,
p—1 -

u(P) = —u(Q) - Xxmmg%—ﬂ%»<w—swmm&uw@

1 '« 1
(3.2) +—wo = S(20))™ S (20 — S(wo))" D" 0 AL, u(Q)
n=0 n:
1 P m = 1 n m-—-n n
+ m(zo = Su0)™ 3 [y = S(e0)" D0 AZ,u(@)),
where, A, = azaw7 D¢ = c; and D¢, 8«5&'

Proof. We will prove the theorem using the same idea as in the previous section.
A fundamental solution for this case has the form,

L ((x—20)” + (y —90)*)""

G=—— 1
4rr (p—1

or, in characteristic coordinates,

(3.3)

n((z —x0)” + (y — y0)?)

G(z,w, z9,wo) = T
_ p—1 _ p—1
Gl = (Z ZO)(p _(lf)m wO) IH(Z — ZO)v Gz =

(G1(2,w, 20,wo) + G2(z,w, 20, wp)), Where,

(z — 20)P H(w — wp)P L

(p—1'

In(w — wyp).
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Green’s formula for polyharmonic functions becomes,

p—1
B4 wP) =2 / (AL u) APFTLG — AR e w(AZIG),
kZO’Y

where p is the order of polyharmonicity of v and w = a%dx — a%dy. We will be able
to deform the contour v to the domain U, if we can construct the corresponding

reflected fundamental solution G. It must satisfy the following problem

(3.5)

A? G =0,
G—-G=0 (modp) onTleg,
G has singularities only on the characteristics [; = {¢; =0},j =1, 2,

where,

~

Uy (w) = S(w) — 20, ¥y(2) = S(z) — wo.
Lemma 3.2. The reflected fundamental solution é has the form

(3.6)

G _% (2 — Zo)é’p_(lf); wo)P~ In(S(w) — 20)(S(2) — wo)) + v(z, w, 20, w0),

where v(z,w, 29, wo) s a p-harmonic function that is analytically continuable along
any path free of singularities of the Schwarz function and its inverse.

Proof. We will seek 5 in the form

~ 1 ~ ~
G(z,w, 20, wo) = —E(Gﬂszvzmwo) + Ga(z,w, 20, wo)),
where G, j = 1, 2 are p-harmonic functions with singularities only on the char-

acteristic complex lines [; and satisfy the condition G; — G; = 0 (mod p) on the
complexification I'c . To prove the lemma it is sufficient to show that, for example,

the function G5 has the form

(3.7)
~ z— 20)P7 (w — wp)P~? Ca (w = S(2)
Gy = ( 0)(p _(1)!2 0) In(S(2) — wo) + %@k(z,zmwo)v

k=1

where ®;’s are functions that are analytically continuable along any path free of
singularities of the Schwarz function. It is obvious that such function (3.7) is p-
harmonic, since differentiating it p times with respect to w gives zero. Let us find
the functions ®;, from the condition

8k52 _ asz
owk |,_s.,  Owk’

(3.8) k=1,..,p—1.
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Differentiating function G5 k—times with respect to w gives

8’“&2 (2 - 20)P~H(w — wp)PFL
owk p-Dip—k—-1)

In(S(2) —wo) + P (2, 20, wo)
(3.9) o o
L5 wese)

(m—k)' @m(Z,ZO,’w[)),

m=k+1

and restricting this to I'c yields

8’“62 (2 - 20)P " H(w — wo)PF!

(3.10) In(w — wo) + Pr(z, 20, wo).

owk p—Dlp—k—-1)
Differentiating G (using Leibnitz rule), we obtain
(3.11)
OFGy (2 — 20)P M w — wp)P7F ! (z — 20)P Hw — wp)P~F—1
= In(w —
ot p-Dip—k-nr TR o1 G

where C} is a known constant depending only on k and p. Comparing (3.10) and
(3.11) we see that

(z = 20)P (S(z) —wo)? *!
(p—1)! '

This proves the lemma. [l

¢, =Ch

Since we have constructed the reflected fundamental solution (3.6), which has

singularities only on the characteristic lines [; intersecting the real plane at @) =
R(P) in the domain Uz, we can deform the contour v from the domain U; to a
contour 5 in Uy surrounding the reflected point @ and having endpoints on the
curve I'. Therefore, using z,w variables, Green’s formula (3.4) can be rewritten as

p—1 N N

(312)  w(P)=4""1% / WA u) - AP LG - AR e wt (AT FLG),
k=0 -,
p

where w* = i(Ldz — L dw).
Another important result from Lemma 3.2 is the fact that the reflected funda-
mental solution (3.6) does not ramify in the neighborhood of the reflected point

Q(S(wo), S(#0)). This is “not a trivial fact” since, for example, the reflected fun-
damental solution for the Helmholtz operator does not have this property [15].
According to this, if we substitute (3.6) into (3.12) and move one endpoint of the
contour 7 along the curve I' to the other endpoint, terms containing products of
the functions u, v and their derivatives vanish. Sum of integrals containing loga-
rithms is equal to zero. The rest of terms have pole at the point ) and therefore,
calculating the residues, we obtain a point-to-point reflection formula. However,
direct transformation of (3.12) leads to cumbersome calculations, so knowing that
point-to-point reflection formula exists, we can now use the Taylor series to obtain
it. Moreover, we will also obtain it for nonhomogeneous conditions on the curve I'.
Indeed, let us expand the p-harmonic function u(z,w) in Taylor series at the point
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= 1, (w=SG)™ > %(z—g(wo»”w?wm)(@)
m=0 n=m-+1 !
(3.13) + Z wo))™ Y —(w—S(20))"(Diy(DTu)(Q)
n=m+1
+ Z (wo))™ (w — S(20))™ (DT Digu)(Q)-

Formula (3.13) implies:

(3.14) o . .
Z E(ZU—S(’LUU))TL(D?DZLU)(Q)’ m:0, 7p_]-
n=m+1
and
DIu(B) = 3 (o~ S(:0))" (D DTu)(@) =
(3.15) 0

S L wo = SG0)"(DEDIW)Q), m=0,.p—1

where A = A(zp,S(20)) and B = B(g(wg),wg).
Finally, replacing the infinite parts of the sum in (3.13) at the point P by the
finite sums given by (3.14) and (3.15) we obtain,

u(P) = —u(Q) + u(A) + u(B)

p—1 -
-3 (ﬁ(% — §(w))™ (g — S(20))" AT u(Q)
m—1 1
(316) + (w0 = SGo)™ 2, 2o = S(wa))" Dy 0 AL,u(@)
+ (e = Swo)™ 3 Jywo = S(ea))" DI e Az ,u(Q))
+ Z ( (10 = §(:0))" Dpu(4) + = (20 — S(w0) " Du(B))
where A, ,, = 828111’ D¢ = 7= and D$ = 8;.

Thus, we have obtalned a reﬂectlon formula for polyharmonic functions with
nonhomogeneous conditions on a curve I'. Note that points A and B lie on the
complexification ¢, and therefore, if the function u satisfy (3.1) we have (3.2). O

Remark 3.3. Formula (3.2) for the case of a line with equation y = 0 reduces to
Huber’s formula (1.5) with n = 1.
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